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so we may solve for one of the ⌦’s in terms of the others. Typically we choose the curvature, so

⌦k = 1� (⌦m + ⌦r + ⌦⇤) (2.92)

The Friedmann eq. can then be written as
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H2(t)
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2.4 Solutions to the Friedmann Equation

Matter

For a Universe with only matter, we have

ȧ2
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integrating and setting imposing a = 0 at t = 0, we obtain
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For an Einstein-de Sitter (EdS) Universe, ⌦m = 1 and the age of the Universe (t =today, with
a = 1) is .
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Radiation

For a Universe with only radiation, we have
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integrating, we obtain
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or

a(t) =
⇣

2
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(Radiation Domination) (2.94)

Notice the Universe grows slower than in matter domination. For ⌦r = 1 we have the age is
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0 (2.95)

Cosmological Constant

For a Universe with only cosmological constant, we have
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integrating, we obtain
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p
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and we find
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Notice the Universe grows exponentially fast in this case. In this case we cannot set a = 0 initially.

Curvature Dominated

For a Universe with only curvature, we have
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integrating, we obtain

a(t) = H0

p

⌦k t (Curvature Domination) (2.94)

With ⌦k = 1 the age is

t = H�1
0 (2.95)
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Matter + Curvature

For a Universe with both matter and non-zero curvature, we have
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It turns out that it is easier to first solve for the conformal time d⌘ = dt/a. We have
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Let us assume we have a closed universe, i.e. k > 0 and therefore ⌦k = �k/H2
0 < 0. Then let

u2 = �⌦k/⌦ma, so that u =
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or inverting

u = sin(✓/2) (2.96)
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Under the same change of variables (a ! u), u2du = 1/2(�⌦k/⌦m)3/2a1/2da, and the equation for
t becomes
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Now changing u = sin(✓/2), du = cos(✓/2)d✓/2, we have
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Now using cos(✓) = cos2(✓)� sin2(✓) = 1� 2 sin2(✓/2), we find
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Finally, recall that a = �(⌦m/⌦k)u2 = �(⌦m/⌦k) sin
2(✓/2) so that we have a parametric solution

for a cycloid
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Matter + Cosmological Constant

For a Universe with both matter and cosmological constant, we have
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Figure 2.3: Scale factor a(t) as a function of H0t (cosmic time normalized by the Hubble time H�1
0 ) for a

universe with only matter and curvature, with di↵erent values of ⌦m and ⌦k = 1�⌦m. Since ⌦k = �k/H0,
⌦k < 0 corresponds to a closed Universe (k > 0), which reaches a maximum turn-around scale factor

ata = ⌦m/(�⌦k) at time H0tta = (⇡/2)⌦m/(�⌦3/2
k ). As ⌦k ! 0, both ata, tta ! 1 and the solution

approaches that of a flat Universe without turn-around, i.e. a(t) = (3/2
p
⌦mH0t)2/3.
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which reduces to the matter dominated solution for small t:
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and recovers the cosmological constant solution for large t [sinh(at) = (eat � e�at)/2 ! eat/2 ]
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2.5 Photon Geodesics and Energy

Recall we defined the 4-momentum P↵ = (E,p) for a massive particle as

P↵ = m
dx↵

d⌧
(2.101)

But for a massless particle (e.g. a photon), both m = d⌧ = 0, so we need an alternative definition.
We define it then with respect to a general implicit parameter � along the particle trajectory:
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dx↵

d�
=

✓

dE

d�
,
dp

d�

◆

(2.102)


	General Relativity
	Special Relativity
	Electromagnetic Equations
	Special Relativity Postulates
	Coordinates and Metric
	Invariance of the Line Element: Spatial Rotations
	Invariance of the Line Element: Lorentz Boosts
	Lorentz Transformations
	Space-like and Time-like Events
	Time Dilation
	Length Contraction
	Scalars, 4-Vectors, Tensors
	Energy and Momentum
	Doppler Effect for Radiation
	Relativistic Covariance in Electromagnetism
	Energy-Momentum Tensor

	Equivalence Principle
	Geodesics
	Metric and Connection
	Newtonian Limit
	Time Dilation and Gravitational Redshift

	Tensors Revisited
	Principle of General Covariance
	Tensors Again
	Transformation of the Affine Connection
	Covariant Differentiation
	Covariant Differentiation Along a Curve

	Curvature
	Curvature Tensors
	Parallel Transport on Closed Paths
	Commutation of Covariant Derivatives
	Properties of R
	Bianchi Identities

	Einstein Equations
	Derivation (or Informed Guessing)
	Action Principle

	Summary

	Expansion of the Universe
	Introduction
	Symmetries and the Cosmological Principle
	Expansion and Comoving Coordinates

	The Friedmann-Robertson-Walker metric
	Curvature

	The Friedmann Equations
	Hubble and Deceleration Parameter
	Curvature
	Newtonian Derivation
	Density Parameter

	Solutions to the Friedmann Equation
	Photon Geodesics and Energy
	Redshift
	Sandage-Loeb Test

	Cosmological Distances and Times
	Comoving Radial Distance
	Comoving Horizon
	Comoving Angular Diameter Distance
	Comoving Luminosity Distance
	Comoving Volume
	Comoving and Physical Distances
	Conformal Time

	Distance-Redshift and Acceleration
	Energy Evolution
	Covariant Conservation
	Combined Einstein Equations
	Thermodynamics
	Solution

	Equilibrium Thermodynamics
	Cosmic Inventory
	Photons
	Neutrinos
	Baryons
	Total Matter
	Dark Energy
	Matter-Radiation Equality

	Boltzmann Equations
	Photons
	Matter

	Energy-Momentum Tensor

	Thermal History
	Boltzmann Equation
	Approximations

	Big Bang Nucleosynthesis
	Nuclear Physics
	Baryon-to-photon ratio
	Neutron Abundance
	Light Element Abundances

	Recombination
	Dark Matter Production

	Linear Perturbations in the Universe
	Perturbations
	Fourier Transform
	Geometric Perturbations
	Perturbed Boltzmann Equations
	Calculating dxi/dt
	Calculating dp/dt
	Photons
	Dark Matter
	Baryons
	Neutrinos

	Perturbed Energy-Momentum Tensor
	Perturbed Einstein Equations
	Newtonian Linear Perturbation Theory
	Tensor Perturbations
	Decomposition
	Gauge Transformations
	Correlation Function and Power Spectrum
	Configuration Space
	Fourier Space
	Filtering and Window Function

	Initial Conditions

	Inflation
	Horizon Problem
	Flatness Problem
	Unwanted Relics
	Inflation Condition: Horizon Exit and Entry
	Slow-roll

	Scalar Fields
	Slow-roll approximations
	e-folds
	Example: m22 Inflation
	Example: Power Law Inflation

	Harmonic Oscillator
	Tensor Perturbations: Gravity Waves
	Scalar Perturbations
	Super-Horizon Evolution

	Review
	Electromagnetism
	Special Relativity
	Coordinates and Metric
	Invariance of the Line Element:
	Time Dilation and Space Contraction
	Tensors
	Doppler Effect
	Covariant Formulation
	Energy-Momentum Tensor

	General Relativity
	Equivalence Principle
	Geodesics
	Metric and Connection
	Time Dilation and Gravitational Redshift
	General Covariance
	Transformation of the Affine Connection
	Covariant Differentiation

	Curvature
	Commutation of Covariant Derivatives

	Einstein Equations
	Expansion of the Universe
	The Friedmann-Robertson-Walker metric
	The Friedmann Equations
	Cosmological Distances
	Comoving Radial Distance
	Comoving Horizon
	Angular Diameter Distance
	Luminosity Distance
	Comoving Volume
	Comoving versus Physical

	Energy Evolution
	Equilibrium Thermodynamics
	Boltzmann Equations
	Thermal History
	Linear Perturbations in the Universe
	Perturbed Boltzmann Equations
	Photons
	Dark matter
	Baryons
	Neutrinos

	Perturbed Einstein Equations

	Analysis
	Introduction
	Likelihood Function
	Example
	Cosmological Measurements
	CMB Likelihood
	Cluster Likelihood
	Galaxy Likelihood

	Estimating the Likelihood
	Karhunen-Loève

	Optimal Quadratic Estimator and Fisher Matrix
	Forecasts
	Galaxies
	Marginalization
	Fisher Priors

	Monte Carlo Markov Chain

	Cosmic Acceleration: Dark Energy 
	Cosmological Constant
	Einstein Equations
	History
	Fine Tuning
	Coincidence

	Quintessence
	Dynamical System approach

	K-essence
	Coupled Dark Energy
	Coupled Quintessence
	Parametrized Dark Energy


	Non-linear Perturbations in the Universe
	Non-linear Power Spectrum
	Spherical Collapse
	N-body Simulations
	Halo Model

	Supernovae
	Cosmic Microwave Background
	ISW

	Galaxy and Velocity Correlations 
	Correlation Function and Power Spectrum
	Redshift Distortions
	Coordinates and Redshifts
	Power Spectrum
	Correlation Function


	Weak Lensing
	Deflection Angle
	Convergence, Shear and Magnification
	Lensing Correlations and Spectra

	Galaxy Clusters
	Press-Schechter
	Mass-Function
	Bias
	Cosmology

	Modern Topics
	Photometric Redshifts
	Massive Neutrinos
	Modified Gravity and Scalar-Tensor Theories
	Cosmological Simulations
	High-Redshift Universe
	Astro-Statistics
	Likelihood Analysis
	Fisher Matrix Analysis

	Surveys of Cosmic Acceleration

	Matrices, Traces and Determinants
	Parallel Transport on Closed Paths
	The Parallel Propagator
	FRW metric
	Background
	Perturbations

	Hydrodynamics in Newtonian Physics

