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Abstract

Motivated by the lack of communication between the mathematical and the theoret-
ical (especially high-energy theory) physics community, we develop the formalism of
causal perturbation theory in a language adapted for high energy physics students pe-
rusing a better knowledge in mathematical physics. We start with a historical review
to explain the necessity of a “new formulation” and proceed to some mathematical
preliminaries. The quantization of the system is done by deformation quantization,
and its relation with the “usual” Fock space quantization is briefly discussed. We
proceed with the classical theory of fields and the classical retarded product. The
classical theory is then used to impose axioms on the quantum retarded product, dis-
cussed in the next chapter. After that, we introduce the famous S- matrix and the
recipe to compute its renormalization (in position space). The very end is devoted
to a topic not present in the literature. We discuss a series of scattering amplitudes
that are widely used in quantum field theory courses but are not explored in the

mathematical physics community.

Keywords: quantum field theory; perturbation theory; causal perturbation theory;

deformation quantization; scattering.



Resumo

Motivados pela falta de comunicagao entre a comunidade da fisica matematica e a
comunidade de fisicos tedricos (principalmente de altas energias), desenvolvemos o
formalismo da teoria de perturbagao causal em uma linguagem acessivel aos estu-
dantes de fisica de altas energias que desejam obter um conhecimento mais sélido em
fisica matematica. Comegamos discutindo brevemente o desenvolvimento histérico
que levou a formulacao da teoria de perturbacgao causal justificando sua necessidade.
Em seguida, introduzimos alguns preliminares mateméaticos. A quantizacio do sis-
tema ¢é feito usando quantizacao por deformagao e discutimos a relacao entre este
método e o “método usual” de quantizagdo no espago de Fock. Entao prosseguimos
para a teoria classica de campos e a expansao retardadas de campos. Esta discussao é
a base do homologo quéantico, tratado em sequéncia. Feito isso, discutimos a famosa
matrix S- e a renormaliza¢ao da mesma (feita no espago de configuragoes). A parte
final do trabalho é dedicada a um tema inédito na literatura: estudar diversas ampli-
tudes de espalhamento usadas amplamente em cursos de teoria quantica de campos

mas omitidos dentro da literatura da fisica matemaética.

Palavras-chave: teoria quantica de campos; teoria de perturbacao; teoria de per-

turbacao causal; quantizagao por deformacao; espalhamento.
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Chapter 1
Introduction

Before presenting the work, there are some questions that deserve to be answered. Every aca-

demic must make it clear:

e What is the work about.
e What are the necessary tools to understand the work.
e What is the relevance of the work.

e Who is the target audience

The goal of this section is to answer, at least partially, the above topics.

With regard to the content of the work, it is basically a different approach to perturba-
tion theory in quantum field theory (QFT). Most of the content here was written based on the
wonderful book by M. Diitsch [24]. More concerning the first question will be explained in the his-

torical introduction. The reader of the present work is expected to have some knowledge of QFT.

The last two topics were the ones that gave a direction to the project and therefore deserve

a better explanation.

The progress in science is not linear, and there is more than one way of thinking and ex-
pressing science, for instance, theoretical physics, mathematics, and mathematical physics. For
this reason, it is not rare to find two different approaches to the same problem that cannot
communicate with each other because the ways of attacking the obstacles that appear are too
different. In mathematical physics, this problem is blatant. For example, the theme of this
thesis (perturbation theory in quantum field theory) is part of a regular course in a graduate
program in physics (sometimes even an undergraduate course). Nevertheless, most of the books
that teach these methods (and consequently the scientists who use these methods in everyday
life) very often have the basis of the theory fixed in “ideas that apparently make sense” (such as
the path integral, whose existence is not trivial [53]) and do not even mention the existence of a

more rigorous approach. When faced with other approaches that “solves problem” by fixing the



theory on a solid mathematical basis, a common reaction of several members of this community
is of surprise [31] but at the same time aversion to the theme. They say it is “interesting” but
“way too distant” from the “standard approach”. We believe that the problem is basically how

one communicated with the rest of the community.

With this problem in mind, we were faced with a “dilemma’”: we could either take the standard
approach in mathematical physics, using definitions, theorems, lemmas and so on or we could
take the “physics” approach and distance ourselves from the rigor of mathematical text hoping
to expand the set of possible readers. To solve the problem, we recall two sentences from Prof.
Jan von Delft [21]:

1. ““The style of theses is different than for papers — your typical target audience are your
fellow diplom- or PhD-students (and Professors from a different field that have no clue
about yours!). They should be able to learn, if they so wish, from your thesis precisely what
you did and how you did it.”

2. “Often, your thesis will be the starting point for the next person joining the group to ’learn
the basics’ and the ’tricks of the trade’. Therefore, somewhat more details than in a paper,

and an attempt at pedagogical presentation, are appropriate.”

With this philosophy in mind, we decided to take the second path. The book from which
most of the present dissertation is based [24] already does that, but we still think it is too
mathematical for a physicist. The way in which we tried to write the thesis is as close as possible
to a standard book in quantum field theory, omitting, when possible, technicalities and focusing
on the calculations and the relations between different approaches. Our biggest fear in doing so
(and honestly, the probability of it concretizing itself is considerable) is to combine the worst of
both worlds: Writing a text that is too technical for a physicist and not rigorous enough for a
mathematician. We hope that this fear is just a delusion from an inexperienced writer and that
the material can be useful for those who are trying to understand how perturbative quantum

field theory is done in this particular way.

10



Chapter 2
Historical review

This section is inspired by the articles |9, [34].

The story of causal perturbation theory began about a century ago. In 1929, Pauli and
Heisenberg introduced a theory of quantum electrodynamics [44] that was very similar to that
used in contemporary physics. In this paper, the quantization is done by using equal-time com-
mutation relations and relevant quantities were computed using a perturbative expansion in the
coupling constant, just as it is usually taught in a standard quantum field theory course. The
problem back then was that the theory was not manifestly Lorentz invariant, since it distinguished
between time and space arguments. This problem could be solved using very sophisticated ar-
guments, but the theory was still unsatisfactory due to another recurrent problem in quantum

field theory: the divergent integrals.

The physics community at the time believed that the problems of infinities and covariance
were deeply connected. Oppenheimer stated from this point of view in 1948 Solvay conference
([34] . paged):

“One needs a covariant way to identify these [divergent] term; and for that, not merely the
field equations themselves, but the whole method of approxzimation and solution must at all stages

preserve covariance.”

To get around the problem, Heisenberg proposed in the first half of the 1940s a completely
new setting [41} |42} 43]. Heisenberg’s approach was to avoid differential time evolution and in-
stead use an operator (S-matrix) that maps asymptotic states at ¢ = —oo to asymptotic states
at t = 0o. The idea behind the S-matrix program was to impose restrictions directly on the
S—matrix, avoiding, in this way, the need for a quantization procedure in the fields. Heisenberg
imposed unitarity SS* = 1 and Lorentz invariance U ASUX1 = § for the S matrix, but that was

not enough to compute desired quantities.

During the same period as Heisenberg developed his theory of the S— matrix, Feynman,

11



Schwinger, Tomonaga, and Dyson insisted on the theory first introduced by Pauli and Heisen-
berg. The merit of the approach pursued by those authors was to fix the problem of infinities
without changing the theoretical basis presented in the work of Pauli and Heisenberg. Within
these frameworks, the S— matrix proposed by Heisenberg could be derived, and it did not need
to be imposed. This new approach was also not completely satisfactory since it introduces too

much new structure to obtain the desired result.

The new procedure was based on the so-called interaction picture. The idea is to separate
the time evolution into an hamiltonian representing the interacting part H; and a free part Hy
(usually thought of as the state of the free particles). In this context, the Schrédinger equation

was replaced by the Schwinger-Tomonaga equation.

i = Hr(z)p(o) (2.1)

where o is a space-like cauchy surface containing the point x. The expression above is invari-
ant under Lorentz transformations, and the perturbative expansion can be found by integrating
the equation. The integration procedure automatically leads to the time-ordered product. In ad-
dition, the microcausality condition, also known as Einstein-Causality that is, [H(z), H(y)] =0
for space-like points, was imposed to make sense of the integration in the perturbative series. By

doing so, one obtains the famous expression for the S matrix in terms of the Dyson series:

st =3 S8 [ e [ an ). i)
i=1 Y™ -

T(H(t1)--Hi(tn)) = Y Hi(teq))--Hi(tr)0(te) = ta@)--0(taino1) = tam) (2.2)
Tesn

To tackle the infinities appearing in the expressions, the idea was to introduce counter-terms:
a new set of (finite) parameters as mass and coupling constants together with (infinite) terms
that cancel the infinities coming from the integrals. This recipe was incredibly successful in
describing quantum electrodynamics, leading to the Nobel Prize for Feynman, Tomonaga, and
Schwinger in 1965.

In spite of the empirical success, that was not the last word regarding the perturbative theory
of quantum fields. One of the problems was the “dubious mathematical rigor of the renormal-
1zation procedure”. The manipulation of infinities just as a usual number and the addition of
another infinity to cancel it to get a finite answer is not very reasonable. Another problem of
the theory was made explicit by R.Haag in 1955 [39]: The interaction picture used to derive the

formula does not exist.

The aforementioned facts brought renewed interest to Heisenberg’s S—matrix program. Dur-

ing the period that Dyson, Feynman, Tomonaga and Schwinger were working in their perturbative

12



program, Stiickelberg continued the Heisenberg philosophy of S—matrix. He added the causality
axiom and worked to construct a perturbative theory of the S—matrix. The biggest problem in
this approach was how to identify and eliminate acausal terms. Stiickelberg published a solution
in 1948 |66]. The solution consisted in contracting field operators to obtain distributions in such
a way that only creation or annihilation operators act separately on the vacuum. Although
Stiickelberg’s theory could have replaced Dyson, Feynman, Tomonaga and Schwinger approach,
it remained mostly unknown to the physical community at the time. According to A. Blum |[9]
page 17, this can be explained because “From a calculational perspective, his formalism compared
unfavorably to the compact, user-friendly, Feynman rules popularized by Dyson. The conceptual

foundations of this earliest version of causal perturbation theory were also rather murky”.

In order to convince the physics community that his method was the best shot, Stiickelberg
explored another type of divergence in the theory of Dyson, Feynman, Tomonaga and Schwinger
[74]. Instead of computing scattering states at ¢ = —oo and ¢t = oo, Stiickelberg tried to com-
pute finite-time scatterings. He multiplied the interaction hamiltoninan by a function g(t) that
“switches on” the interaction at ¢; # —oo and turn it off at ¢y # oco. The result he obtained is a
new sort of divergence, called “boundary divergence”. To cure the theory, one needs to consider
only a class of functions that turns the interaction on and off smoothly. Stiickelberg claimed
that these “smooth functions” contradicted the equations of motion and, therefore, this approach
should be discarded with his approach being adopted instead. Despite the fact that Stiickel-
berg’s argument is right, his work remained unknown to the western community. However it was

appreciated in the Soviet Union by a very famous physicist Nicolay Bogouliubov.

In 1951 Bogoliubov published his first papers on the subject. He did not believe that the
smooth function that switched on the interaction was incompatible with the equations of motion.
He formulated an analog formula for the S— matrix depending on those functions S(g). He ended
up giving up the attempt to unite the formalism using Dyson series with the smooth functions
not because it was impossible to do it but because, diving deeper in the work of Stiickelberg,
he understood causality was more fundamental than the equations of motion. The functions
g became more than a switch button and became a structural part of the theory. Using these
functions, Bogouliobov imposed causality directly on the S— matrix, recovering the original idea
of Stiickelberg with more clarity and mathematical rigor. Bogouliobv imposed that given two
sets F, G and two smooth functions f, g with f(z) # 0 if and only if z € F and g(x) # 0 if and
only if z € G and all points in G are in the causal future of F'. Then, we define the S-matrix of
g(x) as S(g) = S(gH ) and it holds:

S(g1+ g2) = S(g2)S(g1) (2.3)

where the expression of S is given by [2.2] This formulation is the one still used today. The
importance of the formulation above is that using only Lorentz invariance, unitarity, and the

causality condition, one can reconstruct the Dyson series inductively using it (see |9] page 24 for

13



details).

Once the problem with causality was solved, the problems with infinity remained to be clar-
ified. In order to fully understand the problem, a new mathematical language needed to be

adopted.

Fortunately for those developing the theory at the time, parallel to the development of causal
perturbation theory, the theory of distributions was also being developed. Roughly speaking,
the problem of infinities can be seen as ambiguities in the coinciding points of Bogouliubov’s
S- matrix construction, as pointed out by Stiickelberg in 1951 |73|. That non-uniqueness is due
to the multiplication of singular distributions whose pointwise multiplication is not always well
defined (for example, the multiplication é(x) - §(z) is not well defined). The concept of distribu-
tions was so influential in the development of quantum field theory that even non-perturbative
approaches define fields as operator-valued distributions [76|. This feature was already present in
the work of Schwinger-Tomonaga, whose correction was done by subtracting infinite quantities.
Since Bogouliubov imposed causality as an axiom and not a consequence of construction, the
procedure of removing the singularities could be made more carefully. Hence, as mentioned on
[9] page 32: “Renormalization was now a mathematically recast as a problem of determining the
extension of this [time-order| product to the full space of test functions,i.e., to switching functions

which are nonzero at coincident space-time points”.

The problem now was the non-uniqueness of the extension. After all, if one obtains more
than one result for something that can be measured in the laboratory, how can one distinguish
between what is right and what is wrong? The problem was solved by Stiickelbert and Peter-
mann in 1953 with the introduction of the renormalization group [58|. They showed that the
ambiguities correspond to different but equivalent definitions of the expansion parameter and
Bogouliubov showed in 1957 that the ambiguities are exactly the ones found in the “usual per-

turbative approach”.

Although the work of Bogouliobov and Stiickelbert was much more careful mathematically
speaking than the ones of Feynman, for example, they did not achieve the necessary high stan-
dard of mathematical rigor. It was only in 1973, with the seminal work of Epstein and Glaser

[29], that causal perturbation theory was made mathematically clean.

After the work of Epstein and Glaser, other approaches and new refinements were made with-
out losing the main idea of using causality to inductively derive the expansion of the S- matrix.
One of the approaches, which will be worked out throughout the next chapters, is connecting
algebraic quantum field theory and perturbative causality in what is called perturbative al-

gebraic quantum field theory.

This new approach was developed in the beginning of the XXI century mostly by Romeo

14



Brunetti, Chris Fewster, Klaus Fredenhagen, Stefan Hollands, Benard Kay and Reiner Verch
([34]page 19). The idea was to use the existing formalism of quantum field theory in curved
space-times as the starting point to construct perturbative schemes. More than “rediscovering”
known results in the perturbative approach, the results obtained through this new formalism are
often the starting point to (attempt to) construct non-perturbative quantum field theories [15]

as well as perturbative models in curved space-times |13} 65].

We hope that with this small historical introduction we are able to convince the reader that
perturbation theory is not as simple as it looks like, that it took many years for some of the
most famous physicists to develop it and that there still is much work to be done regarding it.
Although we have explained how one can deal with ultraviolet-divergencies, that is, divergences
appearing when the momentum goes to infinity, there are other problems with the perturbative
approach that were not mentioned here, mostly because they do not drive as much attention (yet
they should!). As an example, we would like to mention only two: the first one is the infrared
divergence, related to the adiabatic limit ¢ — 1 (i.e. the interaction is non-longer local). Not
much has been done to solve that problem, but as a counterexample, we cite the work of Duch
[23] and references therein. Another type of infinity that plagued the perturbative expansion
is regarding the convergence of the series as a whole. That problem was already mentioned by
Dyson in 1952 [28]. To the best of our knowledge, there is only one work that shows that the
series is divergent in a very limited scenario [49]. The general result is not known, but it is widely
believed that it diverges. A small discussion on that topic is given in [31]. Fortunately for us,
apparently the series is meaningful until the term of order é, where e is the coupling constant
(for QED, for example, it means that we can compute ~ 137 terms until the convergence starts

to be a problem, far beyond what is computable in practice).
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Chapter 3
Propagators and conventions

The first section is a quick review of the underling structure of the theory. It is most written
to fix the notation and conventions. We also decided to present the propagators in this section.
The motivation of each of them will be explained briefly and fully deduced in the right context.
For the physics student reading the section and thinking that it contradicts what has been said
in the introduction: That is the only section that has the style of just defining things. The later

chapters are more fluid.

3.1 Minkowski space-time

The physical space on which we will be working during the project, except when explicitly stated
the opposite, is the Minkowski space-time in d— dimensions denoted by M. A vector x € M
is denoted by z := (2°,%). The sign convention is ¢ = 1 = diag(1, —1,—1,...,—1). The inner
product in Minkowski space-time is simply written as pr = p ot = p220 — Z - 5. We define the
forward and backward light cones as:
Vi :={zeM|z?>0,2°>0} V_:={zecMz?>0,2°<0}. (3.1)
The sets V1 are the closures of the forward and backward light cones. The thin diagonal
is defined as

Ap = {(x1,.s7n) EM |21 =22 = ... = 20} (3.2)

In the present work, we use natural units:

h=c=1. (3.3)

However, we introduce a parameter i later in the text. This parameter is not to be understood
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as the Planck constant. Instead, we fix i € {0,1}. The “quantum world” is obtained when i = 1
and the “classical world” i = ([

3.2 Formal power series and notations

As usual in perturbative approaches, most of the measured quantities are written as formal power
series in some constant A. For V a C— vector space and A € R, we define the set of formal

power series in \ as:

V[A] := {V = i ANV, = (Vi)nen| Vi € V} . (3.4)
n=0

In general, in the cases studied in quantum field theory, the convergence of the series is not

under control. A notation that will be widely used later in the text is:

o0 ®TL
eg =1® @ Vn!
n=1
F) =ho0) + 3 (Vo). (35)
n=1

where f,, : V¥ — W a vector space is linear. We write the argument of f,, as

a1 @2 ® ... @vy) = fn(v1, ..., Un). (3.6)

We postpone the definition for another moment.

3.3 Multi-index notation

We will use a shorthand notation for higher derivatives. For a := (ai,...,a,) € N® and z :=

(1, ..., o) € R™ we define:

lal :=a1 + ... +a, a:=al.a,! %=y apr O = 0..0p". (3.7)

In the case of Minkowski spacetime, the notation is analogous a := (a¥, ..., a%) € (N9)™:

n the text we usually write h — 0 or A — 1 instead of A = 0,1. The idea is that we “take the
classical / quantum limit”, but since we have not specified the topology, the limit should be understood
as substituting 7 = 0,1
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n d—1 n d—1 n d—1

’a‘ = Zzag al ;= H H a?' = H H(xgi)ag

j=1 u=0 j=1p=0 7=1p=0
n d—1
0" f(z) = | [T TT@)" | £(@). (3:8)
j=1p=0

We also use a different notation for the d’Alembertian operator:

P =0=0,0" =0} — (V)% (3.9)

3.4 Distributions

Distributions are probably the first topic that is not properly studied during the bachelor’s de-
gree in physics, but it is widely used. We will follow mostly [2] (in Portuguese). A classical
reference to the subject is [64] and [47]. Although not very common as reference, there is also a

very pedagogical playlist on YouTube by Stanford University [69].

We start with the definition of the set of smooth functions f : Q@ C M — R (that is,

continuous infinity and differentiable functions). The set is denoted by:

C := C®(M,R) = C®(R% R). (3.10)

The support of a function is defined as the set:

supp(f) := {z € Q|f(x) # 0}. (3.11)

We denote the set of all smooth functions with compact support by D(2). If f € D(), we

say that f is a test function.

As an example of test function f € D'(R), consider:

exp (— g — —y | <5
f(CL‘) — p( (z+5)? (:p—5)2) | | (312)

0 |z| > 5

.We can plot this function:
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Figure 3.1: Test function: a smooth function with compact support

We say t : D(2) — R, ¢ linear is a distribution if ¢ is continuous (the notion of continuity
for linear functionals can be found in the Appendix). The set of all continuous linear functions
from D(2) — R is denoted by D’(€2). The application of t € D'(Q) to a test function g € D(Q)
is denoted by:

tg) = (t,g9) = (t(z),9(x))s = /Qdd”fvt(ﬂﬁ)g(fv)- (3.13)

When working with many variables, we use the notation:

dxy...dz, = dX,,. (3.14)

When the domain of integration is not written, it is implicit that the integral is over the
entire space. The support of a functional t € D'(2) is defined as the smallest closed subset
K C Q such that t|p\ ) = 0. The support of ¢ is also defined as supp(t). Usually we “abuse
the notation” and write t(z) = 0 to denote t|p(q) = 0.

Remark: The notation of an integral is only symbolic and must not always be understood as

an integration over a certain domain.

3.5 Examples of distributions and propagators

Some distributions that every physics student has used are 6(x) € D'(R) and 6(z) € D(R). They
are defined simply by:
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(5(z), f(z) = / 4z 8(2)(x) = £(0)
0(x), f(x)) = /dx O(x)f(x) = /000 dz f(x). (3.15)

Remark: we can write 8(z) as a function:

1 >0
O(x) := v= (3.16)
0 <0

An important theorem states that if ¢ € D'(R) and supp(¢) C {04} where 04 = (0,0, ...,0) is
the null-vector in d dimensions. Then
t(z) =Y Cadda(x). (3.17)

Where 64 is the delta distribution in d— dimensions, C, € C and the sum is finite. [47]
page.46 Theorem 2.3.4

The next examples of distributions are known as propagators due to their physical inter-
pretation. The ones presented here are propagators for the free theory of neutral scalar field ¢.

We will return to them in the near future for a proper introduction.

The retarded propagator A™'(z) € D'(R?) is defined by:

A o) = oy [ oivs (3.18)
" (2n)d P = m2 +ipdo '

where pr = p,a# and ip?0 = lim,_,o+ ip”¢. The retarded product appears naturally when

one tries to find a perturbative solution to an interacting field.

The Jordan-Pauli function or commutation function is defined by:

—1

Aw) 1= A" (@) — A () = ooy / dp sgn(p0)5(p® — m2)e P (3.19)
T

This propagator is mostly defined for convenience in practical calculations.

The Wightman two-point function also known as the positive part of ¢A is defined as

the propagator of the scalar field (Q|p(x)d(y)2) (see chapter about the Fock space). After some

work, we can write it as follows:
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At(r) = / dp (p°)5(p* — m2)e—r". (3.20)

(2m)

The Wightman two-point function is important for quantizing the theory.

The last propagator that we define is the Feynman propagator:

AT (z) == 0(2°) AT (2) + 0(—2") AT (—z) = (22)d /ddp]ﬂ_iirm (3.21)

The Feynman propagator is important in the construction of the so-called S— matrix, prob-

ably the most important object in scattering theory.

We will briefly summarize some properties of the propagators (page 470 [24]). Almost all of

them are classical exercises in the quantum field theory course.

(9° +m?*)A™ () = =5(x) supp(A™) C V"

1)
Alz) = —=A(—z) (*+m>AT(z) =0
supp(AT) = (VT UVT) A2)0(z°) = A™(z)
I1I)
—i(AT(z) = AT (—x)) = A(z) = A™(z) — A™(—x)
(> + mA) AT (z) =0
IV)
AP (z) = () AT (z) + (—2") AT (—x) = iA™(z) + AT (z)
AP (z) = AT (—2)
V)

(0% + m*) AL (z) = —id(x)
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VI)

P (pr) = A (@), p>0.

In the last relation, the subscript m from A indicates the mass of the field.

3.6 Technical remarks

An important feature to emphasize is that even if distributions are worked as if they were a usual
function, they are not. Hence, we point out some technical details that are going to be used. For

a shallow but didactical introduction to the theme, we recommend [69).

3.6.1 Derivative of distributions

The spirit of the derivative of a distribution is to imagine that the inner product with a test
function is indeed an integral and not just notation. If that were the case, we could calculate

the derivative of a distribution ¢ € D'(R) acting on g € D(R) using integration by parts:

- [t

[ e (tg(e) < = tag(o)|
_ —/dxt(:n)(dig(:r)). (3.22)

In the last step, we have used that g is compactly supported and therefore lim, 1~ g(x) = 0.

Unfortunately, the integral above is just a notation. Luckily, we define the derivative of a

distribution to do exactly what is mentioned above:

(t',g) = (%t,m = —(t, %g) (3.23)

A classical example is the derivative of 6(x):

(¢'(2), 9(z)) = —(0(x), g'(x)) = — Ooo dx g'(x)
= —(g(o0) — 9(0)) = g(0) = (4, 9) (3.24)
and the derivative of d(x):
(5',9) = ~(6.6') = ~(0) = §'(a) = () - (3.25)

More generally, we define the derivative of a distribution as:

22



(8%, g) := (=1)lel(t, 5%g). (3.26)

3.6.2 Fourier transform

We define the Fourier transformation of a distribution u € D'(M™), F(u)(k) = u(k) analogously

to the derivative:

(Fu) (), F())e = (ule), F(F)(x)) (3.27)
where
) = 1 dn eikz ] )
o) = / a7 f (k) (3.28)

Remark: Actually, the Fourier transformation is defined for a slightly “bigger” space, J(M"),

the space of “rapidly decaying functions” or “Schwartz functions” see the Appendix and |[2]

Remark 2: The relation (3.27)) is just a fancy way of writing:

dng.
(Fu)(k), f(k))k = /dd"’f (/ (Clmelkxu(l’o (k)

27) 2
— dnmu T ﬂeikx — (u(x "
- [ aonto ([ 100 = o ) 520

As an example, we can calculate the Fourier transformation of the delta function in R ( [69]
Lectures 13 and 14):

FOW L0 = 0. D) = [ e = (= 630
Hence:
F@)(k) = \/12? (3.31)
We also introduce the inverse Fourier transformation:
dn . ) 5
FUNW) = [ Grarse 1@ = F-b). (3:32)
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The proof of F~'F = FF~1 =1 can be found in |2] Theorem 39.3 (The inverse Fourier
Transform) (In Portuguese).

With the definition of the inverse Fourier transform, we can obtain a very important result:

F) = @ F ) = VER( =, F )

= V2r(F(8), F'(f)) = V2r(F 1 (F(5)), f) = V2r (5. f)
1 —ikx __ 1 eikm _ - xeikx S,
N /da: o / e = V() = /d oms(k).  (3.33)

The above result will be used a lot to compute scattering amplitudes.

3.6.3 Multiplication of distributions: The wave-front set

To introduce the problem, we try naively to calculate d(x)f(x) applied to g(z) € D(R) (this
argument was constructed by prof. Jodo Barata in a private conversation). To do it, we consider
the relation @'(x) = 6(z) discussed above and 6%(z) = 6(x) (3.16). Hence, using the “product

rule”(Leibniz rule) for derivatives, we can write:

(L 42(2), g2)) = 200(2)0(x), 0(2)) £ (- 0(a), g()) = (3.0)
= (5)0(2). () = 5(6.9) = 39(0). (334)

So far so good. The problem is that we can repeat the same calculation by changing 62(z)
to ™(x),n > 2 and the result would be:

(5(2)6(2), 9(2) = —(6.9) = ~g(0). (3.35)

That is absurd. What we learned from this example is that one has to be careful when mul-
tiplying distributions. To guide us in the search for a general rule for multiplying distributions,
we have to introduce the so-called Wave-front set. We will follow mostly [11] and|2]. A complete

exposition about the subject can be found in [47], Chapters 7 and 8.

Before attacking the problem, let us construct some intuition about the subject. If we want
to multiply u,v € D'(R)) at a point 2 we want to mimic the point-wise distribution, that is, we
are not interested in what happens away from = and for that reason we multiply u,v by f € D(R)
so that f((z —e,x +€)) = 1. Since the multiplication of Fourier transformation is given by its

convolution, if

(Fu-Fo) ()] = ‘ / dq fu(q) fo(q — k)| < oo (3.36)
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exists, then we can compute uv(x) using the inverse Fourier transformation. In order for
the integral above to converge, we need that in the directions of growth of u(q), v(q — k) decays

faster in the same direction. If we want to impose derivatives, we need a stronger condition:

‘ / dq Fu(q) Folg — k)| < Vn e N. (3.37)

_n
1+ |k|™

That means we need to find constants C), such that the product decays faster than any poly-
nomial in k. The reason for this statement is that a derivative is equivalent to a multiplication by
k. Hence, if we want the product to be well defined, we need that for every direction of growth
q"u(q) v(q — k) decays faster in the same direction for all n. To better visualize the discussion,

let us give an example with distributions given by smooth functions:

Let v € D'(R?) be a smooth function with compact support, that is, u € D(Q C R?). In this

case, we can prove that

VN eN: |a(k)| < Cn(|1 + [K))~N. (3.38)

And the reverse is also true! If @(k) < Cp(1 + |k|)™", then u test function(Paley-Wiener-
Schwartz Theorem, page 181 [47]). The formal proof of it is very technical, but we can give
a “hand-waving argument” that shows why it must be the case. For simplicity we will restrict

ourselves to R but the generalization to R? is immediate.

Take u € D(R) with supp(u) = [a,a + L], L > 0 and sup,¢[q q1)(u) = upr. Then:

a+L dr . a+L dr )
u(k)| = —— Py (z)| < —— ey (x
=1 [ @< [ )
a+L
< dw ="l (3.39)

Uy = .
Ja \ 2T M V2T

Now we integrate by parts:

1 ik a+L dr etk
~ k,' N o oL /
] ‘m T N
1 dx uy L

’eikxu/(m) ’ <

< z E ok (3.40)

In the first inequality we have used u(a) = u(a + L) = 0 and sup,¢[q o) ¥ (z) = uj,. Note

that since |a(k)| < “UL we can write the above equation as:

Vor
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C1

u(k)| < 3.41
) < o (3.41)
where C = max{ UM L , = L } Repeating the procedure, we can derive:
A(k)| < Corore (3.42)
"1+ kD '

O
Hence, as expected, we can multiply a distribution « by a smooth function g and it will once
again be a distribution because g decays faster than any polynomial. More than that, that new

distribution is given by:

(gu.1) = [ do (g(a)u(@) F(z) = [ doul@)(g(o) (@)

= (u,gf) = (gu, f) == (u, gf). (3.43)

The objective of the rest of the section is to characterize when two distributions obey the
decay property mentioned. We call the set of points where u € D’ (]Rd) can be seen as a smooth
function with compact support regular support, denoted by reg supp(u). The complement of
this set is called the singular support and is denoted by sing supp(u). For example, in one

dimension:

sing supp(d(z)) = {0} reg supp(d(z)) =R\ {0}. (3.44)

The first case where the multiplication of the distributions u,v € D'(R?) is well defined is
when sing supp(u) Nsing supp(v) = @. To prove this assertion, let u,v € D'(R?), sing supp(u) =
Q C R? Since sing supp(u) N sing supp(v) = §, Q C reg supp(v), that is, v|o can be seen as
a compactly supported smooth function. Hence, the multiplication of distributions in €2 is well

defined and is given by:

(uv, f) = (u,vf). (3.45)

The product above also respects the Leibniz rule (for simplicity we assume 0% = 9, higher

derivatives require more complicated combinatorial but does not give deeper insights):
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<a€61 (uv)a f> = *<uv’ Oz, f> = *<u7 vax1f> = *<u7 Oz, (Uf» + <u7 (ax1v)f>
= <aw1uv vf) + <u8$11), > = <<8$1U)'U, f) + <U(8I1'U), f> (3'46)

The final step to prove that the multiplication is well defined is to extend the domain from

Q to R?. That is simple since

R = sing supp(u) U sing supp(v) U (reg supp(u) N reg supp(v)). (3.47)

In each of these domains, the new distribution is well defined.

The complication appears when sing supp(u) N sing supp(v) # (). In this case, we want to
mimic the behavior of a smooth function regarding its Fourier transformation. Unfortunately,
there is no direct path to follow as in the other cases. However, we can present the answer
(Theorem 8.2.10 p.267 |47]) and to those seeking a deeper understanding, we recommend Chapter
8 from [47].

We define the wave-front set of a distribution u as ([24] page 474):

WF (u) == {(z,k) € R x R?\ {0}|z € sing supp(u),
tfc\j/" does not decay rapidly in direction kVf # 0}. (3.48)

Rapidly decaying is synonym that it decays faster than any polynomial (just like test func-

tions).

Given u,v € D'(RY) with:

(2,0) ¢ WF(u) @ WF(v)
={(x, k1 + k2)|(z, k1) € WF(u) (z,k2) € WF(v)} (3.49)

The uv exists and follows the Leibniz rule. The above theorem is called the “Hérmander cri-
terion” in the literature. The proof of this important theorem can be found in (Theorem 8.2.10
page.267 [47]). We also recommend [11] and |24 pages 473-477.

The theorem requires a rich structure to be proven, but can be easily applied. An important
remark: It may happen that two distributions do not fulfill the criterion but the product exists
and follows the Leibniz rule, but it is not usual. There are also other possible definitions for the
product of distributions [7], but they are not generally used in this context. Next, we calculate

some examples to show the power of the criterion just mentioned.
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3.6.4 Examples

Let us start with some simple examples of the distributions in R. We mostly follow |11].

Oz —a):

The singular support of §(z — a) is simply {a}. To calculate the directions in which ¢ decays

rapidly, we consider the following:

1

Nirs f(a)et. (3.50)

73(k) = / j%eik% —a)f(z)

Note that }\3 is periodic in k, hence it does not decay fast in any direction. Therefore:

WF(S(z — a)) = {(a, k)|k € R\ {0}}. (3.51)

O(z —a):
We repeat the procedure:
* dz

fou) = [ j;ﬂe’“em —af@) = [T @) (3.52)

a

We claim that this function behaves as % for k — oco. To prove it, we take a test function

with f(a) = 1 and integrate by parts twice:

> dix itkx __ f(a) ika > di ! eikx
L V@ = e VLA
_ f(a> ika _ g/ eika > dix " eikx
V=T AC = +/a N TENC = (3:53)

Let supgequpp(r) f'(2) = fir and sup,egupp(r) £ () = f3;- From the above equation, we read:

N ez‘ka " +f/
[fO(k) — ——| < =57 (3.54)

In order for this equation to be satisfied for large k,

ika

ik

FO(k) ~ — + O(k™2). (3.55)

And this completes the proof. Hence:
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WF(O(z — a)) = {(a,k)|k € R\ {0}}. (3.56)

z—i0"*
This one is a little more tricky than the others. We start by calculating the following relation
for f,g € S(R):

Ffa)(k) = dr (2)g(z)e

\;li < j% F(Ke > ( j’%g(k")e—im) Jika
< j];, ></ % ) j;iei(’f—k’—k“)m
< \C/”;Tr ) < g(K") ) 5k — K — k")

_ / dklf(k Vi(k — (3.57)

That is, the Fourier transformation of a product of functions is the convolution of the func-
tions (one can find a “less physical” deduction of this formula in |2] page 2156). the same formula
holds for distributions.

1 .
z—10"

dr e . dr ek
im

Vor = —1i0 e, Vor  —ie

The integrant above has a pole in x = 7e. We will use this fact to calculate the integral using

(3.58)

the residue theorem. We have to divide our analyses into two cases. First, consider k£ > 0. The

contour we have to take is the following:
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h''g

Figure 3.2: The contour for k£ > 0. The blue dot represent the residue.

Then the integral is simply

ke, 3.59
V2 x — i€ \/27?6 (3:59)
If k < 0, then the contour is:
[
Z
<

Figure 3.3: The contour for k£ < 0.The blue dot represent the residue.

and the integral is simply
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dx eik:p

B \2m x — 1€

Hence, in the limit € — 0, we can write:

1
xz — 10

= V2mif(k).

Using the results discussed above:

P

Fts 0= [ 55 (Vamiote— i) F) = i /k W fiw),

x — 10 o —oo V2T

To complete the proof, we use the fact that f is compactly supported, therefore:

Ch

Vn e N|f(k)| <W

where C), € R. If k < 0 the integral decays faster than any polynomial, since

koak - C k 1
j K| < —2 / k' ——
i / e« o [
Cn 1 F . CN"n,—l
S n—1V2r (LK)

On the other hand, if k > 0, the argument does not hold since:

(L+ (kD=

—0o0

k , 1 0 , 1 k . 1
dk! ——— = Ak’ ——— +/ dk ——
/_oo (1+[K])" /_oo 11—k " Jy (1+ k)n

1 1 0 N 1 1 k
n—1(1- k)1 n—1(1+ k)|,

—00

From the above analyses, we conclude

! —) = {(0,k)|k < 0}.

WF
(:U—ZO
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6(x)d(y)

As a last example, we consider some distributions defined in D’(R?). There is no big deal, but
this example is instructive because the notation may be tricky, so it is good to explicit the
difference. Consider §(x),d(y) € D'(R?) given by:

(0(x), f(z,9)) = f(O,y) (6(y), f(z,y)) = f(x,0). (3.67)

Then, the product §(z)d(y) exists and respects the Leibniz rule. To prove it, we can use the

Hoérmander criterion. To do it, consider:

WE(6(x)) = {(0,5;k,0)ly € R,k € R\ {0}}
WF(6(y)) = {(#,0;0, )|z € R,q € R\ {0}}
= WF(d(z)) © WF(d(y)) = {(0,0,k, q)|k, ¢ # 0} (3.68)

Since we do not have a vector of the form (z,y,0,0) € WF(§(x)) ® WF(6(y)), the product

0(x)d(y) exists. In that special case, it is easy to see that:

(0(2)o(y), f(z,y)) = f(0,0)
WE(6(2)d(y)) = {(0,0,k, q)[k, ¢ # 0}. (3.69)

The example above is very simple, but the action of the product of two distributions u,v €
D'(R?) in f € D(R?) is, in general, not that simple. The wave front set of the product is also
not always WF(u) @ WF (v). Nevertheless, we can give general statements on the wave front set

of the product of distributions as long as they respect the Hérmander criterion:

WF(uv) C (WF(u) UWF(s) U (WF(u) ® WF(v))) . (3.70)
The proof of the statement can be found at |11], pagell and references therein.

Using the Hérmander criterion, we conclude that

° (ﬁ)n follows the criterion, thus is well define and follows the Leibniz rule.

e 6%(z),8(x)0(x) does not follow the criterion and does not exist.
e 6(x —a)f(x — b) respects the criterion as long as b # a.

e 0?(x) does not respect the criterion, but it exists. The Leibniz rule does not apply for it.
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3.6.5 List of Wave-front sets

For the distributions with which we will work (the so-called “propagators”), it is not easy to find
the wave front set. For being a very technical calculation, we present the wave-front set of the
propagators and where one can find the proof of it.

Wightman two point function

WE (AT (2)) = {(z,k)|2* = 0,k = 0,2 = Mk, K > 0,\ € R%}. (3.71)

The “square” in the above definition is to be understood as the product in Minkowski space-
time 2% = z,2#, k* = k,k". The proof can be found on [63] page 106 (Theorem IX.48).

Retarded product
WE(A™ (1)) = ({0} x (R%\ {0})) U{(z, k)|z? = 0,k = 0,2 = Mk, A > 0}. (3.72)
The proof can be found on [24]| page 477.

Feynman Propagator

WF(A"(2)) = ({0} x R\ {0}))
U{(z, k)22 =0,k = 0,2° > 0,k # 0z = Mk, A € R%}. (3.73)

The proof can be found on |24] page 477 or on [11]| page 22, preposition 26.

Jordan-Pauli function

WF(A(z)) = {(z, k)22 = 0,k = 0,k° # 0z = Mk, X € R%}. (3.74)

The proof can be found on [24] page 30.
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Chapter 4

Fock space: Just the basics

4.1 Introduction

To motivate the discussion of causal perturbative quantum field theory, we take a step back and
discuss the Fock space. The discussion is also fruitful for fixing notation. For now, we work only
with the scalar field, since it is the simplest choice. Once the concepts are clear, we introduce

fermionic fields and gauge fields.

4.2 The bosonic Fock space

The quantum mechanics of a fixed (and finite) number of particles is defined in a Hilbert space. In
quantum field theory, particles can be created or annihilated; therefore, the structure of Hilbert
space by itself is not enough. For that reason the concept of Fock space was first introduced in
the early 30’s [32]. Since the introduction here is very superficial,for mathematical details, we

recommend [4]. We will follow a mixture of [33, 67 [35].
We start our discussion with [24] in Appendix A5.

Given M* the momentum space belonging to the Minkowski space M equipped with the mass

shell and a Lorentz invariante measurement:

My, = {p = (0°,9) € M*[p* = m® p° > 0}, m > 0
dd_lﬁ dd_lﬁ

= = d,. 4.1
5 /7(15,)2 gy 2y Hp (4.1)

The Hilbert space of one particle system is defined as:
Hi={o:H), = Clgllu < oo}, [0lF = ﬁ/duplw(ﬁ)lg- (4.2)
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The wave function 1 (p) is related to the wave function () by Fourier transformation:

o1 > P
@)= / A (p). (4.3)

The bosonic Fock space § can be defined as a direct sum of the bosonic Hilbert spaces of n

identical particles with mass m:

5= @ GHE"
n=0
HO:=C (4.4)
Here & means symmetrization:
1
St Q2 @ ... @y = ZS: (1) ® - @ Y- (4.5)
TES™

We also introduce the vectors ®,, € § corresponding to a system with n particles:

B, = VnlSY, @ s @ ... @ Uy, (4.6)

Remark:The factor v/n! is to obtain the right normalization since |Gy ® ... ® 1, ||? = 1.
We could have defined & preserving the norm, but we would lose % = &.

The inner product of ®, ¥ € § (in momentum space) is defined by:

(,0) := Y (D, Up)pyn. (4.7)

n

Where ()n is the inner product in the subspace of n- relativistic particles given by:

dd— 1171 dd_lﬁn
2&)13‘1 2wﬁn

—

(pn(plv"vpn)\lln(pla”'7ﬁn)‘ (48)

@ Wy =1 |

With wy = y/p?+m?2. Just as an example, let us compute (& = V26(¢1 ® ¢2)|¥ =
V2611 ® 1ha):
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<¢>1®¢2+¢2®¢>1 ¢1®¢2+¢2®¢1>
V2 V2

! <<<z>1|w1>m<¢2\w2>m (o, (bl

(Galta) s (1 [, + <¢2\wg>yl<¢2w2>m). (49)

We introduce the “creation operator” (in momentum space) a*(¢f) : H®" — H®" 1 that

act in 11 ® ...1, by creating a particle with wave function 1) :

a* (V)1 @ by =V + LYy @ 1 ® ..1py) € HE T
a*(¥f)vo = Yy (4.10)

where ¢g € C = H°. The factor /n + 1 can be deduced imposing normalization on the state
a*(Yy)1 ® .40, We can deduce the adjoint operator a(vy) using:

(1)1 @ . p_1la(Pp)x1 ® ..xn) = (@ (V)1 © tbn_1]X1 @ .. Xn)
= VnWr @Y1 @ .bp1lx1 ® . Xn) = VR(UrIx1) (01 © . Un|X2 @ .. xn)- (4.11)

Comparing the results, we conclude:

a(p)X1 © . @ Xn = V(Ur[x1)X2 @ o @ X0 € HETL, (4.12)

A special case is a(vf)io, ¢o € C:

a(t 7)o = 0. (1.13)

Note that the definitions above imply:

[a(thg), a™(¥p)]th1 @ ... @ ¥ = (altbg)a™(Yf) — a™(Vr)a(thy)) 1 @ ... ® Yn
= Vn+1a(tg)Vr ® Y1 @ ..hp — Vn(glth1)a* (Y y)e @ ... @ Py,
= (n+ 1) (Yg|Y) 01 ® ... @ Y — n(hg01) s @ h... @ Py (4.14)

The operator a(1)f) is called the annihilator operator. It has this name because, when
acting on a state of n— particles, it returns a state with n — 1 particles. Note, however, that this
is not the operator acting in the Fock space since the Fock space is constituted by symmetric

products. We can extend the definition to the Fock space by first symmetrizing ¥1 ® ...1, so
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that it becomes an element of the Fock space, applying a(if) or a*(1)f) and then symmetrizing

the result once again. In mathematical terms:

a3(1y) = Ga*(4))& (4.15)
ag(17) = Galiy)G. (4.16)

Although the formula above is well defined, there is some redundancy in it. For example, in
the definition of G§(¢f) we consider all the permutations of Y1 ® .... ® ¥y, add 1 ;® to the first
entry, and then consider all the permutations once again. We can simply add 1y to the first

entry and then take the permutations. Hence, we conclude:

az(vy) = Ga*(¢Yy). (4.17)

Regarding the operator ag(1¢), we could do a similar analysis as in 33| or we can simply

take the adjoint:

az(vy) = (a3(¥y))" = a(yy)6. (4.18)

These operators are well defined in the Fock space of bosons. A similar construction can be

made for the fermionic Fock space [33]. A special case to look at is the action of ag(tf) in the
vacuum defined as:

Q:=(1,0,..). (4.19)

We expect az{) = 0. That is indeed the case since Vn:

(Qag(y)|Pn) = (Qaz(1y)Pn) = (1{0)30 + Ap{0|&(f ® Pp))pon+s = 0. (4.20)

Using the properties above, we can calculate the commutators (we omit the symbol for the

tensor product in the following calculation):

a5 (1hg), a5 ()]t n = (az(vg)az(vy) — ag(r)ag(vg)) ¥r..1hn
= (a(1g)66a" (¢5) — 6a™(¢r)althy)S) 1. ¢hn (4.21)

To make reading easier, we perform the calculation separately. In the first term, we use
62 =6.
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a(?/)g)Ga*(W)%---% = a(l/}g)G vVn + 1¢f1/)1~--7/)n

— Y
- (n+1) wg Z wﬂ' T/fﬂ wﬂ(n)

resntl
+1
= (:+ 1) ¢g|¢f Z ¢7r(1) ¢Wn
TesSn
1
+ (:‘—:1)' Z <¢g‘¢ﬂ’ (%) >1/}7T(f 1/}71' (7) T/Jﬂ(n (4.22)
T weSnHl it f

Where m means that the term is not part of the tensor product. In the above equation,
we divided the sum in two terms, one proportional to (4|1 s) and the other excluding exactly

that product. The reason for doing it will become clear once we have calculated the next term.

Ga*wf)a(wg)wl...wm—f@a (Wp)a(bg) Y vaq)

TEST
— ﬁ@a*(wf) Z <wg|wﬂ(1)>wﬂ(2),,‘¢ﬂ(n)
’ TES™
= 26 3 (Wltn()) ¥ tn(a)
TesSn

n(n —1)!

= 2 Wl (423)
rESTHL it f

The last factorial term is far from obvious and deserves a better explanation. For that,

consider a fix term 7(1) from the combination = € S™. We want to calculate

G egnt <¢g|wﬂ(1)>¢f".wﬂ(n). Note that since it is a finite sum and 1) is fixed, we can write:

S D Woltn(n)) Vs ()

resn—1

= (Wgltr)) D SUpethrin

resn—1
( )

= (1)) D Cr(p) U (4.24)

Tesn

A quick explanation of the combinatorial factor: The n! term in the denominator is due to
the definition of &. The (n — 1)! in the numerator is because & acts on (n — 1)! terms in the

sum over 7 € S™ 1 and the action of & is the same in all those terms.

Combining the results above, we conclude:
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[az(¢g), a%(¢fﬂ¢l-~-¢n
1 1 —

( ) neSn (n+1)! reSnHL £
—1)! o
a n(:;'n') Z <¢9|¢W(i)>¢w(f)---¢7r(i)--%(n)
reSntliLf
1 1
- (n+ 1)! (o) D m-bu) = (Woltir) D V() Yn(n) = (Yglthp) Y1t (4.25)
mes” mesSn
Hence:
[ag(vg), ag(V5)] = (WPgliby)- (4.26)

Using similar arguments, we can also prove:

[a5(¥7), a3 ()] = lag(¥5), ag(vg)] = 0. (4.27)

In order to define a field, we “decompose” a3(¢) and ag(¢) in terms of operator-valued

functionals that express the linear map ¢ — a%(z/}) as follows:

awww:/‘” ). (4.28)

Using (4.26)), one can show that:

[0”(P), ()] = 2hwpd (P = @) (4.29)

Last but not least, we introduce the time using the Schrodinger equation:

ih%w = Hip = 1p(t) = ey, (4.30)

These functions are used as arguments for the creation and annihilation operators:

%wt»a/@<t@a@ /¢mWﬂwv

/ / )elort =T x (5. (4.31)

Remark about notation: Based on the equation above, one usually defines
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a*(t,ﬁ) — a*(meiwpt

* * = 1 dp ipT K
a*(z) =a*(t,7) = (“/2pep a* (p) (4.32)
(27‘(’) 2 Wp pO=wp
Such that
P(t,T) = /d:f:a*(t,:ﬁ')w(f). (4.33)
From the above definition, we also deduce easily
S 1 dpdq  _ipey
la(t, 7),a"(t,7)] = - / e~ T a(p), a*(q)]
(2m)d=1 ) dwpw, PO=wp,q0=w,
_ W —inziavgy, 15— @) = BA*(z — 1) (4.34)
(2m)d—1 4wpwqe WpholP —4q =Y :

4.2.1 Normal ordering

The last step we need to introduce is what is called normal ordering or Wick product. First,
we define the field as:

¢P(z) :=a(z) +a*(z) = 1 — /dﬁa"‘(ﬁ)ei’”C + a(p)e P* : (4.35)

(27‘(’) dT 2wp pO=wp

The sup-script “op” is to distinguish the field as an operator (valued-distribution) and the field
as a distribution (will be introduced later). For now on, we use the notation z = (¢, %) = (2°, ¥)

and pr = p,at.

The normal ordering is basically “ordering the creation and annihilation operators such that
the annihilation operators are on the left and the creation operators are on the right”. A formal

definition can be written as [24]:

L¢P (1) () m= Y [ a(xy) [ alzw)- (4.36)

JC{1,...n} jeJ keJe

The formula above is well defined, but it is pedagogical to calculate some examples:
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y)a*(w)a*(z) = a*(z)a* (w)a(y)a(z). (4.37)

We also define the product of normal ordering product following common sense:

(2 67 (1) ™ () 2)(: 6P (1) () 2) 1= 6™ (1) ()9 (). 0P () 1 (4.38)

The main reason to introduce the normal ordering is to avoid pathological product of fields

such as:

(QU(0%P(2))*Q) = (Ql(a*(z)a* (z) + a(z)a(z) + a*(z)a(z) + a*(z)a(2))Q)
= (Q]a*(2)a(x)Q) = (Q|[a*(x)a(x)]Q) = RAT(0) = oco. (4.39)

In the above equation, we used a*af2 = 0. On the other hand, using the last line of (4.37):
Q : (¢°P(z))?*: Q) =0. (4.40)

Thus, the expectation values of the physical quantities are described by the normal ordering

of those quantities and not the usual product.
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Chapter 5

Classical fields

5.1 Introduction

Now we turn our attention to the formalism we will use for the rest of the work. The idea
is that the fields in the Fock space are operators that when computed in some state return a
distribution. We want to construct our formalism independent of the state, so we introduce the
field as a functional: an object that receives a function as an argument and returns a number
(in general a complex number, for the real scalar field a real number). The main difference from
this formalism to the usual one (just discussed above) is that the field is not an operator and
does not respect any kind of “field equation” in general. The goal is to make the construction

precise and self-consistent. We will follow the first chapter of [24].

5.2 Basic structure

For our proposes we define the fields as functionals acting on the configuration space with image
on R or C. The configuration space, unless explicitly stated otherwise, is the set of smooth
functions on Minkowski space-time in d dimensions, i.e., C*°(M) = C. A scalar field is defined

as

o(x) : CoR (5.1)
h+— h(z)

.We can then build the derivative of fields in the same way:

C—R
¢(x) : (5.2)
h — 0%h(x)

.Where « is an abbreviation for a multi-index. We denote the set of polynomials formed
by 9%¢ by P.
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5.2.1 The space of fields F

We define the space of fields as the set of all functions F' = F(¢) of the following form:

N
F=fot Y [doneodeg fuon, - anpten) - olen) (53)
n=1

where N < oo and fy,(z1,- -+ ,x,) is a C-valued distribution (i.e.,
fn € D'(M9,C)) that is

(i) symmetric in its arguments: fy(Tx(1),"** ,Trn)) = fal®1,-+,2,) for all permutations
mesS"
(ii) whose wave front set satisfies the following property:

WF(fa) € {1, ke ko)l o k) @ V2OV

Where V, _ is the forward/backyard light cone.

Figure 5.1: The red arrows indicate the allowed directions of singularity propagation

The set V4 is simply the closure of V4. The first property is imposed by simplicity and
the second one is a (very important) technicality needed to construct a consistent theory. We
will not explore many of these technicalities, but we strongly recommend the discussion of .
A crucial remark is that since f,, has compact support, we do not have to impose any decay

properties on h € C.
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5.2.2 The set of local fields

We define the set of local fields as a subset of the set of fields formed by a linear combination
of fields of the form ([5.3)). More explicitly:

A e P,gie DM), K < oo} . (5.4)

K
Floc i= {Z/dxAl(x)gz(x)

Most of the development done in perturbative quantum field theory is done in the set of local
fields.

5.2.3 Derivative of functionals

The next tool we introduce is the (functional) derivative denoted by ﬁ(x). Given a field F € F,

N
F=fot Y [ donoedon fufon, o 0a)olan) - o(on),
n=1

then its derivative with respect to the field ¢ is given by:

Sk F
do(y1) -+~ 6 (yr,)

N

|
= Z ﬁ / dml T d$n_k¢($1) T ¢(xn_k;)fn(y1, Yk, T, w”n—k) (55)

Although not very illustrative at first, the formula is quite simple in practice. All you have

to do is make the substitution

[ de 1350 = [ de f@ita =) = o) 5.6

If we have more than one field:

(Mf(g)/dxldx? f(z1,22)9(21)P(22)

_ /dIldLL"Qf(xl?x?) (55¢;(ZJ1))¢($2) + ¢(x1)5;;((xy2))>

- / dry f(z1,9)d(x1) + / dy (g, 22)p(a2) = 2 / d f (x,4)6(z). (5.7)

In the last step, we used the symmetry of f. Using the properties above, we can also write:
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OF d
d —(h)=—| F(h . 5.8
J o5 = 5| Fhte (58)

We could check the formula above explicitly, but it is more instructive to calculate an
example since it generalizes trivially. Let us take as an example the field discussed above
F = [dxidzy f(x1, 22)¢(x1)¢(22). On the right-hand side of (5.8) we have:

[ st = [asgte) (2 [ ay stepon) o

— / dady 29(x)h(y) f(x,y). (5.9)

On the other hand,

(h(z1) + eg(21)) (h(22) + eg(x2))

d d
—F(h+eg) = /d$1d$2f($1,932)
e=0

de de

= /dxlda:g(g(xl)h(xg) + g(x2)h(z1)) f(z1,22) = /dwld:ﬁg 2h(z1)g(z2) f(z1, 22) (5.10)

and these prove the assertion. Using these properties, we can also prove the Leibniz rule:

5(F-G)  O6F G
so(e) ~so@) T e

That is a direct consequence of the properties of the derivative:

VF,G € F. (5.11)

j (F-G)(h+eq) = % (F(h + eg)G(h + ¢h))

de
F h
— MG(h—i— €) + F(h+g€)dG(d:_€g)

de
5F 5G
_ / dz g(x) ((sd)(m)(h)G(h) +F(h)5¢(x)(h)>. (5.12)

If F is not only a function of the field but of 9%¢, then we can compute the derivative of F

using integration by parts:

F= [ o f@0ro() = (-0 [ de @ f@)o@) > 5o = (D0 ). (513)

A detail that we will not explore in this work but write just for completeness, we define the

support of a functional using its derivative:

45



supp F' := supp 53}1(?) = U supp (%(h) (5.14)
heC

5.2.4 Classical product

From the above discussion, one can easily check that both F and Fj,. form a vector space.
Since we do not introduce a proper topology in these spaces, convergence is understood in the

pointwise sense: For F| F,, € F, we say F,, — F'if and only if

lim F,(h) = F(h), VheC. (5.15)

n—oo

The product of fields is also understood as a pointwise product:

F-G=FG:hws F(h)G(h). (5.16)

We also introduce a conjugation F' +— F™*:

F* .= Z(ﬁ, %" = Z/dl’l codzy G(m1) - dn) fr (@1, ). (5.17)

where f denotes the complex conjugation of f. And the parity transformation:

a(F) = Z/dml...dwna(¢(x1))...a(qﬁ(mn))fn(azl,...,xn)
a(d(z1)) = —p(z1). (5.18)

Technical note

To prove that the classical product is well defined, that is, - : F x F — F, we need to prove that
the defining conditions ([5.2.1]) are satisfied. The symmetry is immediate from the definition. For

F = den flx1, oy xn)p(x1)...0(zy) and G = dem 9(Y1y s Ym) O(Y1) .- O (Ym )
FG(h) = /andef(xl, oy Tn) g1,y - Ym) h(x1). b (20 R (Y1) - R (Ym) - (5.19)
The wave front set condition is also immediate. To simplify the notation, suppose that

F = [dz f(z)$(z) and G = [dyg(y)¢(y). The generalization to fields with higher powers is

immediate:
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WE(f(z) @ g(y))
= {(2,y, ks, ky)|x € sing supp(f),y € sing supp(g), k7 < 0,k; < 0}. (5.20)

(Note that we have a tensor product of distributions, i.e. f® g € D'(M?). That is different
for the product of fg € D'(M). The same argument holds for f(z1, ..., 2,)

5.2.5 Classical theory

Now that the technical structure has been introduced, we can start discussing physics. We start
with the field equation for the free field:

Sy = /dac; (auqb@“qb — m2¢2) = /dx Lo(x). (5.21)

Note that Sy ¢ F. Even though it seems counterintuitive at first, that is not a problem since

we normally work with the derivative of the free action

350
0p(x)

=—(0* +m?) ¢(x)

Remark: we denote 0,0/ = 0% =0

5.2.6 Generalized lagrangian

We define the generalized Lagrangian as the interacting part of the action but, differently from
the free action, the interacting lagrangian is local. This means, it is defined through
L:DM) — Foc. (5.22)

with the properties:

supp L(f) Csupp f, VfeDM), L(0)=0
L(f+g+h)=L(~f+g)—L(g)+ L(g+ h) if supp(f) Nsupp(h) = 0. (5.23)

Note that the property above basically states that we can factorize the Lagrangian if its

arguments do not overlap. The idea becomes clear if we set g(x) = 0:

L(f+h)=L(~f)+ L(h). (5.24)
We can give an explicit example. Consider £(¢) = [ dz g(x)¢"(z),then:

47



cir+n = [

supp(f)

g9(x)(f () + h(z))" + / 9(x)(f () + h(z))"

supp(h)

= / g(x)(f(z))" + / g(x)(h(z))" = L(f) + L(h). (5.25)
supp(f)

supp(h)

The interacting Lagrangian is local, therefore we do not have problems with convergence in
the IRE|, since for large distances, all elements of D(M) are 0.

We are also able to define equivalence relations between different Lagrangians. £1 = [ dz f(z)L1 ()

and Lo = [dx f(z)Ls(z) are called equivalent if and only if

d—1

0L 0Ls
supp, ( 555 (1) = 5025 (1) ) = supp(La(f) = L2(f) € | suppa,f. v
o <5¢><x> 56() > PPl = L) € U son
<— L1 — Lo :c+8uA“. (526)

The free action of a real scalar field is then the equivalence class of a generalized Lagrangian
Lo(f) := 3 [ dx Lo(x) f(x). Last but not least, we define the action of the interaction S € Lio:

S= / Lo (2):  Lone(w) = —rg(x) L (2); (5.27)
The field equation is:
5(S + So)
56() (5:28)

If S depends only on ¢ and 9"¢, we recover the Euler-Lagrange equation:

O(L + Lo) LO(L + Lo)
= ; 2
05 O o@rg) >:29)
The space of smooth functions that solve the equation above is denoted by:
0
Cs+s, i= {h € C‘ (?;(—;)S) (h)=0 Vzxe M} . (5.30)

The fields that solve the equation of motion are denoted by Fg := F ’CSo +s and are called the
“on-shell fields”. Fields that are not restricted to this domain are called off-shell fields.

!Convergence in the infrared is to be understood as convergence for large space-time arguments.
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5.2.7 Poison algebra of the free theory

The main question of this section can be expressed as follows: we want to construct the poi-
son algebra of the classical theory without mentioning the Hamiltonian and use the fact that
our interaction is limited to a specific spacetime region. Such a construction has already been
developed by Pierls in the early fifth’s in [56]. The poison bracket of F,G € F is simply given
by:

OF ret o _ Aret — 57G
(PG 1= [ oy S8 =) - Ay — ) 5
= /dxdy (Sg(Z(Fg;)A(x - y)(siz), Alr —y) = A™(z — y) — A™ (y — x). (5.31)

A(z) is called the commutator function.

We can find a motivation for this definition in chapter 2 from [14]. The idea is simple: we
start with an action S restricted to [t1,te] X K, K compact, and ¢ € Cg. Then, we consider a
new action given by S + AG and suppose that there is a function ) that maps solutions of S
to solutions of S + AG such that the solutions coincide for ¢ < t;, before the interaction takes
place. Similarly,we suppose the existence of another function a)r that maps solutions of S to
solutions of S + AF' that coincide for t > to, after the interaction happened. We now calculate
how F'(¢) behaves when we change ¢ by ryg(¢) and how G(¢) changes when we change ¢ by
axr(¢) in the first order of A:

DF(®) = 55| Faalo)
GFG(¢) = % )\_OG(CL)\F((ﬁ)). (5.32)

Then the Pierls bracket is simply the difference of the terms:

(F,G} := DaF(9) — AxG(6). (5.33)

Physically, we are comparing small deviations for the trajectory for a particle that comes
from ¢ = —oo and passes through a region in which there is an interaction S + AG with the
trajectories of a particle that comes from ¢ = oo and passes through a region with interaction
S 4+ AF. Hopefully, the concept will become clearer when we introduce the retarded expansion
of fields.

Another possible explanation is that we are following the process in reverse: we already

know the answer in the quantum case and are trying to recover the classical structure from it.

Although not entirely sufficient, this can serve as a motivation for defining the Poisson bracket
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in this way. Now that we have defined it, we need to prove its properties to justify the name.

The properties are|24]:

i) The pointwise product of distributions in (5.31)) exists due to the wave front set properties
of F' and G.Moreover, {F, G} again satisfies the wave front condition, hence {F,G} € F.

ii) {F,G} is bilinear in F and G.
iii) {F,G} = —{G, F}.
iv) {F,GH} ={F,G}H + {F,H}G.

V) {F{G, HY) + {G,{H,F}} + {H,{F,G}} = 0.

The properties i, ii¢, v immediately follow from the definition. To prove i, we need a gen-
eralization of the Hormander criterion for bi-distributions. The proof of this assertion will be
omitted. The item v can be proved simply by applying the definition and using A(—z) = —A(x).

The computation can be found at chapter 1 from [24].

Remark: Although not obvious at first sight, the Pierls bracket is a generalization of the usual

Poisson bracket of the classical theory. To prove the statement, we calculate {¢(y), 0ip(z) =

Oy ()}

()00} = [ aw'ay SN ) 1)
_ / dr'dy §(y — o)A — 2)r8(x — o)
= —00A(y — x) = 0,0A(z — y). (5.34)
Tn the above equation we have used: A(—z) = —A(z). Now we use:
Az — — / dp sgn(p®)s(p? — m?)e"P@Y)
= Oay Az — T / dpp” sgn(po)s(p* — m?)e”PY) (5.35)

Net we perform the integration on pg. To do it, note that:

pPsgn(p’) = [p°| §(p* —m?) =5((p°)* - w}) = (5.36)

Thus,
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/ dpp® sgn(po)d(p* — m*)e”P*

_ [P (‘w B O C e ,ei(mo—yo)wﬁi(f’—ﬁ)ﬁ)
2wy P P

:/dﬁeiﬁ(f_g) cos(wy(z? — y%)). (5.37)

Hence, we obtained:

1 =i IR
dl/dpep( 9 =51z — 7). (5.38)

y0=20

The formula above normally is the starting point to quantize the theory. Here we will keep

the tradition alive and quantize the theory in the next chapter.
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Chapter 6

(Quantization

6.1 Introduction

The passage from the classical theory to the quantum theory is done by means of a quantization
procedure. The most popular ones in the physics literature are probably the canonical quanti-
zation and the path integral quantization. The last one is polemical in the area of mathematical
physics since it is not always a well-defined object (see, for example, [53| for a discussion on the

subject).

Nevertheless, the canonical quantization is also not the best option for our formalism. The
“problem” of canonical quantization is the promotion of fields to operators (there are other more
technical problems that can be pointed out, but are not of relevance here, see, for example,
[37]). In our formalism, the Fock space is constructed only in a later stage and therefore such a
promotion is also not desired. We want the fields to remain fields! The solution of our problem
is quantizing the theory using what is called “deformation quantization”. This scheme has its
roots in the work of von Neumann [54], but was developed formally only at the end of 1970s [6].

For a pedagogical review, we suggest [45, 40|. For (now not so) recent advances [22, 38, |78|.

6.2 Deformation quantization

Just as the Pierls bracket is somehow a “generalization” of the usual Poisson bracket, the for-
malism used to quantized the theory is somehow a generalization of the usual commutators. It
consists of expanding the usual commutators (for example [g, p] = ¢h) in a power series in i. To

do it, we introduce a “star product” x : F x F — F[h] that satisfies the following conditions:

a) bilinar in its arguments

b) associative
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c) FxG—F-Gash—0

d) F*hG;hG*"F = [F’f;}*ﬁ —{F,G}ash—0

In the context presented here, the discussion is still abstract, but it can be naturally in-
troduced in non-relativistic quantum mechanics. To do it, we strongly recommend [45] |40].
The main advantage of the deformation quantization method is that one can have complicated
classical structures and still be able to perform the quantization (which is particularly useful
in curved space times). Since we are working in Minkowski space-time with polynomial fields,
we have some freedom to choose the star product as a series in A with more restrictive axioms.

Without further ado, we define the star product %, : F x F — F of two fields F,G € F by:

o0 hn
F*haz—znl/dml...dxndyl...dyn
n=0

o"F - oG
* 5p(a1) - 06 (xn) [[ #nfan = yl)5¢(y1) - 0B(yn)

=1

(6.1)

~

The star product has to obey:

a) Bi-linearity in its arguments

b) Associativity

c) Fx, G- F-Gash—0

d) &[F,Gls =7 (F*, G — G+, F) = {F,G} for h— 0

¢) (0% +m*) Hp(z —y) =0 <= (97 +m?)(d(x) % ¢(y))o = 0 for ¢(x) € Feg,
f) Lorentz invariance: H,,(Az) = H,,(2)VA € El

g) All powers of H! (y — x) must exist

h) H,,(x) = H(—z) which is equivalent to (F x; G)* = G* xj, F'*

Remark: The series above does not have infinitely many terms, since the fields in which we
are working are polynomial. For non-polynomial fields one has to be more careful about the

series, but it is still possible to define a suitable star-product.

6.2.1 Wightman two-point function

As discussed in the articles on quantization deformation in quantum mechanics, we have several
distributions H,, that satisfy the axioms listed above. In the treatment of perturbative quantum

field theory in Minkowski spacetime, we will use the Wightman two-point function:
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Hyn(2) = Ah(2) = o / dhp 6(p°)6(p? — m?)e P

(2m)
= (27;1—1 /dd_lﬁezw;;pzpz, Wwp = \/W (6.2)
Note that
Al (2) = Af (=2) = iA,(2) = i(A™(2) — A™(—2)) (6.3)

We will remove A from x; to make the notation more transparent. The proof that the star
product as defined above exists and fulfills all the desired properties can be found in Chapter 2
of |24]. We restrict ourselves to some comments. First of all, we will explain why one chooses the
Wightman two point function instead of the commutator function of the classical product whose
choice would be more intuitive. Let us consider fields of the form F = [ dx g(x)¢*(z),n > 2 and
naively try to calculate F'(z) x F'(y) using the commutator function instead of the Wightman

two-point function:

F(z) * F(y) = / dady g(2)g(y) (@) 6 (y) + 4h / dzdy g(2)g(4)(@) Az — y)d(y)
2
+ 55 [ dadyg@igy) (B -y, (64)

Note that we naturally have powers of A(z —y). An important question to be asked at this
stage is whether the product is well defined. This question can be answered by studying the

wave front set of the commutator function mentioned in the beginning of the dissertation:

WF(A) = {(z, k)|z* = k* = 0,2 = Mk for some \ € R, k? # 0}. (6.5)

The Hormander criterion for the multiplication of distributions states that for ¢, s € D'(R%),

the multiplication st of distributions exists if the set

WE(t) & WE(s) := {(z, k1 + ko)|(z, k1) € WE(L), (z, ko) € WE(s)}. (6.6)

does not contain an element of the form (z,0). Hence, the product A(z)-A(x) does not follow
the criterion and therefore is a bad choice for the propagator (as we have seen, the product does
not actually exist). Hence, if we use the commutator in place of the Wightman functions, we
would exclude fields of the form F' = [ dx g(x)¢™(x),n > 2. To solve this problem, we consider
only the “positive frequencies” of the commutator function (the Wightman function).The wave

front set of this new distribution is:
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WF(AY) = {(z,k)|z? = k* = 0,2 = Mk for some X € R, k* > 0}. (6.7)

Hence, products of the form (AT (z))" exists. If we restrict the space of fields and consider
only fields of the form F(¢) = [dX,, f(z1,...,2n)d(21)...¢(xy), both definitions of the star prod-
uct work. More than that, they are, in fact, equivalent(more details can be found in |14] chapter

2 and references therein).

Note that the usual condition for canonical quantization is recovered in our formalism. Just

as in the classical case, consider F' = ¢(y) and G = 0;¢(x). We can calculate [F, G, given by:

[F, Gl = ¢(y) * Op00(x) — Op09(x) * p(y). (6.8)
Using
_ T o dy dé(y) R 60,09(x)
05) * Dy00(w) = D()0.00(w) + 1 [ dr'af TIN5/ — ) TS
= 6w)0u0(a) + 1 [ da'dy/ Sy — AN~ )0ubc — )
= ¢(y) 00 (x) — MO AT (y — x) (6.9)
and
) % — 00z o dy 60,00(x)  + e — 5 (y)
0,00(a) 5 (1) = Dyoo(w)oly) + h [ da'dty “ECD A ! =) 20
= 000(x)p(y) + ﬁ/dx'dy' Opod(x — 2 NAT (2 — 3y )o(y — o)
= 0,00(2)$(y) — "D AT (z — y) (6.10)
we obtain:
[F,Glx = h0yy (AT (x — y) — AT (y — ) = ih0,0 A(x — 3). (6.11)

In the above equation, we have used the III from (3.5)). Hence:

[6(y), Drp(x)] = ihd" (7 — 7). (6.12)

£0=y0

The usual canonical commutation relation.
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Remark:there are other quantization schemes that lead to interesting physics. We emphasize
the quantization done for treating thermal states |50] and the quantization procedure to work

with quantum field theory with curved background and/or external potential. |51} [12].

6.3 States

A good introduction to the formalism behind the idea of states we use here, called GNS construc-
tion, can be found (in Portuguese) at |5| (Representacio de Algebras C*). The text presented
here was extracted (almost literally) from Chapter 2.5 |24].

Let us introduce some notation: We denote the space of fields that are polynomials in A by

Frn, more precisely:

S
Fp = {Z F.h¥|F, € F,S < oo} . (6.13)
s=0

A state w on the algebra A = Aj, := (Fp, *) is a map:

C
w: A= (6.14)

F— w(F)=w(F),

N

w itself my be a polynomial in £, i.e.,, w =) wph!V for some N < oo and which:

e Linear: w(F + aG) =w(F) + aw(G), VF,G € A, a € C,

o Real: w(F*), =w(F),, VF € A, Vh > 0,

o Positive: w(F*x F), > 0, VF € A, Vh > 0,

e Normalized: w(1) =1, where 1 € Fj, is the functional 1(h) = 1Vh € C

Note that

a) If F* =F, w(F) € R,
b) Linearity implies w(F) =w (32, F;h") = 3,  ws(F)R""*. and the sum is finite!

We can now define a vacuum state wy and a coherent state. Given F = fo+ Y, <1 (fn, ¢®™),

we define the vacuum state as:

wg(F) = f[). (615)

The natural next step is to justify the name “states” relating the concepts presented here to

the ones usually studied in quantum field theory in Fock space.
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6.4 Bijection of on-shell quantized fields and normal

order products

The goal of this section is to connect the star quantization of the fields and the Fock space
representation of it. Before stating the general result, let us give an example of what we mean

by it. Consider the following products:

o(x) * dy) = dp()(y) + hAT (z — y). (6.16)
and
1 9P (2)0P (y) =2 (a”(2) + a(z))(a”(y) + aly)) :
= a*(z)a’(y) + o’ ()a(y) + a(z)aly) + a*(y)a(x). (6.17)
Using
[a*(2), a(y)] = hAT (z — y) = a(y)a*(z) = a*(z)a(y) + RAT (z — y). (6.18)
We can write:
L P ()9 (y) == ¢P(2)9°P(y) + AT (z —y). (6.19)

Hence, at least in the simpler case, the operator formalism and the quantization using star
product are very similar. As one could already expect, it is not coincidence. The case we have

just presented is a special case from a more general theorem page 65 [24]:

Let ¢™(x) be the free, real scalar field (for a given mass m) on the Fock space § and let
]:(gfz) = J-"ﬁ\cso. Then the map

P: féz) — @(féz)) C {linear operators on §}

s given by

N
Fy = Z/d:cl cdzy do(x1) .. do(@n) fu(T1, ... T0) (6.20)
n=0 N
O(Fy) = Z/dml coodzy s 9P (x) L PP () fr(xr, .o ) (6.21)
n=0
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s an algebra isomorphism

F(] * GO — (I)(Fo *Go) = q)(Fo)(I)(Go) (622)

for the star product on the left and the operator product on the right, which respects the

*-operation:

(1, (E o) = (D(Fo)tbn, ¥a)g,  VFo € Fyy) (6.23)

and for all 11,1 in the domain of ®(Fy) or ®(F), respectively. The same map ® also gives

an algebra isomorphism
FO . GO — (I)(FO . Go) =: <I>(F0)<I>(G0) . (624)

We are not going to write a formal proof; rather we will simply indicate how one can prove it.

We want to show that given F = [ dX; f(x1, ..., 2;)$(x1)...¢(x1) and
G = [dY, g(v1,-yk)d(y1)-...0(yx), the bijection holds. The strategy is to write the star product

and compare with the expression of normal ordering. The star product is given by:

min{l,k} S F

FxG= 7;) /dU A "S5p(ur)...00(u) H W (6.25)

On the other hand, normal ordering can also be written as an exponential map via Wick’s
theorem [24] pg490:

PP L = 0P () G BAT () (6.26)

Where:

) =14 Z/anf(:rl)...f(xn) L %P (21)...0%P () -
n=1

A*(f,g) == / drdyf () A* (z — y)g(y). (6.27)

From which we deduce
- e10°P(f) .. (i8°P(9) . . (6P (f+g) . ,—hAT(f.9) (6.28)
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5l+k
zk)0g(y1)---09(y1)

from the expression above leading to:
f=9=0

Now we compute 5f(x1).0f(

9% (1) 0% (k) 2 9P (y1)-- 0% (m1)

min{l,k} n

B L¢P (21)... 8P (z) 11 P (Y1) 0P () .
Z /dU v, : <5¢op(u1)...5¢op(un) 5500 )...(5¢°P(vn> H (w — vr). (6.29)

Since the multiplication by test functions f(x1,...,2;) and §(y1,...,yr) do not change the

results above, we conclude:

mln{l k}
F G = /dU dVi, :

577/
d°P (uy). 5(;50? (up)

06
5¢°p(v1) 0P (vp,)

(6.30)

,,:]3

The above formula is essentially the same as the star product. Since the classical product
o(z)p(y) agrees with : ¢°P(x)¢°P(y) : we have indeed a bijection. Probably the best way to

understand the bijection is by using examples.

6.5 Some examples

6.5.1 Vacuum state

In the definition of star product we have defined the vacuum state as
wo(f + ZnN:Odenf(a;l, ey Tp)O(21)...0(2r)) = f. The definition agrees with the vacuum of

Fock space since:

N
QU+ 3 [ X 1) s 6P(a0) 6% ) - ) = 1. (6.31)
n=0

6.5.2 Scattering of free theory

To motivate the discussion, consider the following problem: we have a particle described by
Y(t,p) and another described by ¢(t', 7). We want to study the amplitude of one given one, so
we can measure the other. For the free theory, it is simply given by (¥ (t,Z), #(t,7)). In the

formalism of Fock space, we can translate it by writing:

29



Bt F) = a5 (—t 7)Q = / diewwma*(m

2w
ot = axu(-t. e = [ juj’;eiw%@a*@ﬂ. (6.32)
Hence:
((t, ), (', 7)) = / fiiie%t“wﬁ’w(m(qxﬂa*(p)|a*(q)sz>. (6.33)

The object in which we will be most interested while the studding scattering process is
the term T (p,q) := (Qa*(p)|a*(q)?). For example, considering a process of 2 incoming and n

outgoing particles, the relation of the amplitude with the cross section is given by:

(2m)°

do = — 2227
44/(pq)? — m*

m
So+a=Y_pi | 1T01, . pms 0, ) dptp, ..dpip,. (6.34)
j=1

for a deduction of the formula we 35| pg 76 or [16].

Hence, most of the energy devoted to this project is to show how to compute those amplitudes,
the famous “Feynman rules” and show it is as easy as to compute using other methods usually
thought in QFT courses.

We will construct the S— matrix in a latter chapter, for now we consider the simplest possible
problem: The “scattering” of 2 and 4 particles in the free theory. In the absence of interactions,

the matrix S— is trivial, i.e. S = 1.

2-particle “scattering” in free theory The amplitude of 1 incoming particle and 1 out-

going particle is given by:

(Qa*(p)la®(g)Y) (6.35)

First, let us calculate the amplitude using the formalism of the Fock space. To calculate it,
we first “take a3 (p) to the other side”™

(Qa*(p)la®(9)) = (Qa(p)a™(g)). (6.36)

And use the commutation relation of a(p)a*(q) to write
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a(p)a™(q) = a*(q)a(p) + [a(p), a*(¢)] = a™(q)a(p) + 2hwyd (P’ — §)

Hence:

(6.37)

(Qa™(p)a”(9)2) = (Q]a”(q)a(p)$?) +2hwpd (' — ). (6.38)

To compare to our formalism we need to write a*(p)Q2 as a function of the fields in the
configuration space. To do it, let us compute ¢°P(y)Q2

9P () / ePTa* () + e~ P a(p)) 1d - /;feim’a*(mﬂ. (6.39)

en

P
Now all we have to do is invert the above equation to get a*(p)f2. To do it, we do the inverse
Fourier transform:

1 / L ihE 1 dxdp
— d7 et x¢op(x)Q: / zwp:c z( —p)-& *(mQ
= er T | 2,
dﬁ iwpa® i’ * (7
:/m P8 - Pa’ ()2 = G —a (B2 (6.40)
p
Hence:
* 2w dr IPT 1O 2w = _—ipT O
@ (PR = 2 / 5 )uep 6P (2)Q) = 5 )5’ /d PEGOP (1)) (6.41)
) 2 mT) 2

PO=wp
Remark: even though the notation above suggested that the expression is dependent of time

it actually is not. Essentially, what we are computing is the emission operator|67| page 77. in
the configuration space. The expression for the emission operator is

¢(+)(1‘0,f /‘2(,u zwpxofiﬁ-fa*(ﬁ).
p

(6.42)
Note that the exponential containing x" cancels

Nevertheless, it is worth it to keep the
exponential explicitly in the expressions. As we will see later, they act by canceling time factors
coming from the propagators

Last but not least, we compute
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T2 = (Qa”(p)a"(9)2) =

2wp Te PT . p°P (1)
<Q<<2w>d?/d )

] = / dje™ ™ ¢°%(z) : Q
pO =wp (271—) 2 qO =Wwq
4wpwq

- / dEdif (QePTI : 6P () 12 6P () : Q). (6.43)

The translation to our formalism reads:

dwpwy

T(p,q) = W

[ dagen(ota) = o)) . (6.44)

PO:wp:qozwq

We can easily compute the star product:

$(x) x d(y) = o(x)p(y) + hAT (z — ) = wo((x) * 6(y))

h —ik(x—

ko=wg

Now we need to work out the multiple integrals in the formula above. The strategy is to first

integrate in the # and ¢ then k:

dwpwy

e [ dgdge o)« o(0)

Awpwyh = 1= ipr—iqy ,—ik(z—
- (2F)p2(;_1)/ukd:rdyep 0y o~ ik(z—y)
_ 2wpwy h
o W (277)2(d_1)
_ 2wpwy h
B Wi (271.)2(11—1)

= 2,0 (5 — ). (6.46)

ko=wpg

—

eiwk(xoyO)Jriwpriwqyg/dk’dfdgei(ﬁ%)fei(ig)y

o~ iwie (20 =) Fiwpa® —iwgy" /dE(Zﬂ)Q(dl)fs(ﬁ— k)o(k — q)

In the above equation, we have used the fact that after the integration w, = w, = w; =
VP2 +m?2. We can interpret the result above using Feynman diagrams:

.
o

p q

Figure 6.1: The diagram represents a incoming free particle with momentum p and out-
going particle with momentum ¢. Since they do not interact, p = ¢

4 particle “scattering” in the free theory The only allowed process involving the
scattering of 4 particles in the free theory is 2 incoming particles and 2 outgoing particles. In

the formalism of Fock space, the amplitude is given by:
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T = (Qa”(p1)a” (p2)]a” (p3)a™(pa)Q2). (6.47)

To calculate the above amplitude, we use a slightly different approach. Instead of working

with the Wick theorem, we commute the annihilation and creation operators. Explicitly:

a(p1) (a(p2)a’(ps)) a”(ps) = a(p1) (2hwp,6(P2 — P3) + a”(p3)a(pz)) a” (p4)

= 2hwy, 0(P2 — P3)a(pr)a™(pa) + a(p1)a”(ps) (2hwp, 8 (P2 — Pa) + a”(p1)a(p1))

= 2hwy,0(pa — P3) (2w, 6(P1 — Pia) + a*(pa)a(pr))

+ (2hwy, 6(P1 — P3) + a”(p3)a(p1)) (2hwp,6(P2 — Pi) + a*(pa)a(pr)) - (6.48)

Applying the above operator in vacuum and using af) = 0 we obtain the following.

T= 4h2wp1wp25(ﬁ1 — ﬁg)&(ﬁg — ﬁ4) + 4h2wp1wp26(ﬁ1 - ﬁ4)(5(ﬁ2 - ]73) (6.49)

To translate to our formalism,we repeat the same procedure of inverting the Fourier trans-

form: Thus:

4
T = <H 2wl:_1> /d_}f4 i (P1o1+paza—p3rs—paza)

i=1 (271—} 2
X (2 @(z1)p(x2) : | = Pas)e(za) - Q)
Qsz

4
= <H (2 ) )/dX el (P121+p2z2—p3ws p4$4)w0(¢(l‘1)¢(1‘2)*gb(l‘g)(b(:m)) (6.50)
i=1 (4T

Using the result:

B(x1)p(2) * d(23)p(x4) = d(x1)d(2)P(23)P(4)
+ h/dYg GG N G G2

S (y1) 3o (y2)
" 82p(x1)(x2) , 4 Y 62p(x3)P(z4)
o el S W TR W I 5a ) (651

The only term that is important to us is the one involving the second derivative (the other

terms are proportional to the fields and, when computed in the vacuum, do not contribute):

62 (1) p(w2) 5% p(3)p(w4)
[ O & 1~ A =) R
= 2(AT (21 — 23) AT (z2 — 24) + AT (21 — 24) AT (22 — 73)). (6.52)
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Hence:

wo (1) (2) * p(x3)P(24))
= h2(A+(a:1 — .%'3>A+(1'2 — a:4) + AJr(a}l — .%'4)A+<272 — 5133)) (6.53)

Finally, we can compute the amplitude:

4 2w
7— — I;i_l ) h2
e

% {/d)a; (A*(xl _ xS)ei(plxrpsxs)) (A+(.%'2 _ x4)ei(p2:crp4a:4))

+ /d)f4 (A+(:U1 _ $4)ei(p1x1—p4az4)> <A+(w2 _ xs)ei(pzm—pga:a)) } (6.54)

The integrals above are analogous to the ones in the first example:

‘ d—1
/dfld:m A+(LI?1 — x4)ez(p1x1*p4x4) = (27T) 5(]71 — ]74) (655)

2wp1

Thus:

4
2wy, | (2m)2d-D)
T=r (H “ > ) (551 — 5)0(F — 1) + 65 — 51)3(7s — 7))

1 (2m) Awp, wpy
= 4h’wp,wp, (6(P1 — P3)0 (D2 — Pa) + Awpywp, 6(D1 — Pu)S (D2 — D))
= (p1|p3) (p2|pa) + (p1lp4)(p2|P3)- (6.56)

In the above equation, we used (p|q) = 2k (P — q).

The corresponding Feynman diagrams are:

1
P 2

pl p3

p2 p4 p2 p4

Figure 6.2: The diagrams represents free particles propagating. The “jump” in the second
one is to make clear they do not interact.

The examples above show that both formalisms are compatible, at least in the free case.

From the examples above, we can already read some general features of the amplitude, even

in the interacting case. The general formula for a scattering amplitude is given by
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(Qa*(p1)...a*(pn)|Sa™(q1)...a™ (gm)S2). (6.57)

To translate (2 : ¢°P(z1)...¢°P(xy,) = |S 1 ¢°P(y1)...0°P (ym) : Q) into the formula T (p1, ..., Pn, q1, -y @)
we need to repeat the inverse Fourier transformation. Hence, every incoming particle contributes

to the amplitude with:

2
“pi / 7P (6.58)
(27'(') 2 pzo:wpz
The outgoing particle contribute to the amplitude with:
2w .
i /dye iy (6.59)
(2m) 2 0—
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Chapter 7

Classical retarded product

7.1 Introduction

The main limitation of quantum field theory is that it is hard to exactly solve the theory and
one has to use perturbation theory to extract results. The goal of the next section is to motivate
the solution of a classical interacting field theory as a series in the coupling constant. The result
obtained using this method will be the starting point for the quantum case, where the “intuition”
used in the classical case is no longer valid and must be replaced by axioms. Most of the text is

based on chapter 1 from [24]

7.2 Retarded fields

The philosophy of perturbation theory is to write the interacting quantities as a function of the
non interacting ones. To do it, the first step is to construct a map rg 455 : C — C that has the
following property: If h is a solution of the free field, i.e., h € Cg,, then 75,45 s(h) is a solution
of the interacting field, i.e., r5,45.5(h) € Cstg,. This family of maps is called the retarded wave
operator and they obey:

(1) 7sy+8,5,(h)(z) = h(x) for z “sufficiently early”, that is, before z “arrives” in support of the

interaction.

-y 0(So+S S
(i) 25 0 msoes.s0 = sy

Explicitly, an h € C is mapped by 7g5,+s,s, to f(z), where f(x) solves the equation:

L0+ m2)f(x) + 22 (f) = (@ + m?) hiz). (7.1)
5gb(:1;) T
5S0+S W(Oz)

0o (x)

Note that if x ¢ supp(S), we recover the equation:
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—(& + mA)h(z) = —(8* + m) f(a). (7.2)

which agrees with h(z) for x “sufficiently early”. The existence and uniqueness of r is discussed
in [24] and references therein. In our work, it is not necessary to discuss the existence and

uniqueness in the general case since we are able to construct such a map as a formal power

series. We call a retarded field FE* the field defined by:

F&' :=Forg,ss,:C— C. (7.3)

7.3 An explicit formula for the classical retarded prod-

uct

The goal of this section is to expand F§* into a series in the coupling constant A.A very important
remark: The power series is to be understood as a formal power series, we can not guarantee the

convergence of these series. We denote:

dn

o F% =: R(S®", F) = R 1 (S¥", F). (7.4)

Using these notation, F§** is understood as a formal power series:

A" =1
FIet ~ Z - R(S¥" F) =) —R( (S®", F) = R(ef, F). (7.5)
n=0 n=0

where

S . —
S:=\S. (7.6)

7.4 Some examples

Before “giving the answer”, it is a good idea to construct an intuition about these series. To do

it, we examine three examples. The goal is to solve the retarded interacting field equation

5(S + So) 550

so() T o(a) i
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fora) S = =\ [dxg(z)¢(x), b)S = =\ [dzg(z)¢(x)? and ¢) S = - [ dzg(z)p(x)*T1. First,
we define the retarded field ¢™'(z) := ¢org,+s.5,- Now let us find what equation this field obeys.
Using

05 _ 0 1 2.2 a2 2
S = 5o | @ w0 —mte ) =~ + mo() (78)
we get
d(S + So) 0So
Toala) OTSo+5,50 = 5o(x) O TSy+5,5 + 36(x) © T'So+S,50
= — (0 +m?)¢(x) 050455, + 522;) O T'54+5,50
1 05 (a2 2
= o) (0% + m*)p(x). (7.9)
Hence, we obtain the equation of motion for retarded fields:
(82 _’_m2)¢ret(x) — (62 +m2)¢($) + ( 65 )ret ' (710)
oo (x)

Example a)

Now we can calculate the first example. For S = —\ [ dxg(x)¢(x), we get:

5S4
0o(x)  d¢(x)

—A/@mwmmz—wu» (7.11)

Hence, the retarded field equation is simply:

(0% + m?) g™ (z) = (0% + m?)p(z) — A\g(x). (7.12)

The idea to solve this equation is basically to multiply both sides by “(9? 4+ m?)~!" and

obtain:

¢! (z) = ¢(x) = A(0” +m*) " g(a). (7.13)

Of course now we have to show that such an inverse exists, and, more than that, we need
to show that ¢™'(z) = ¢(z) for “a” sufficiently early. The way to do it is via the retarded
propagator. We define the retarded propagator At € D'(R9) as:
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(0% + m*) A = —§(x), satisfying supp(AS") C z + V. (7.14)

It is easy to check (and also a classical exercise of quantum field theory) that for the scalar
field:

ret 1 d e P
AT (x) = o)l /d pm. (7.15)

A short remark about this specific propagator: It is a possible choice of the inverse “(9% +
m?2)~1”. Tt is chosen such that the solution of the field equation is a free field in the distant past.
We could also change ip°0 — —ip°0 and it would also be an inverse “(9% + m?)~!” but with the
free field as a solution in the distant future. There are other possible combinations that solve
the problem. We have chosen that specific one because that is how quantum field theory was
developed [8]. In this scenario, the incoming field is known and we want to connect the outgoing
field with experimentally observable quantities. For this proposal, an inverse that respects the

form of the incoming field is very useful.

Returning to the solution of interacting field equation, we claim that the solution to our

problem is simply

() = B(x) + A / dy ATz — y)g(y). (7.16)

To show that it fulfills the field equation is quite simple, one just has to apply (9% + m?) on
both sides of the equation. To prove that ¢**(x) = ¢(x) for “2” sufficiently early, we need to
consider two cases. If x and y are space-like, then A'(x — ) = 0 because supp(At) C V.
If z and y are not space-like, we are interested in the case where x < supp g(y). The notation
a < b means that a is in the causal past of b. In that specific case, supp g N supp(A') = () and
therefore the integral is zero. One can visualize it better with a drawing. For simplicity, let us

consider the integral over the space time as an integral over an axis:

Figure 7.1: The red regions represents supp A™"(z — y) and the blue one supp g(y). They
do not intercept.

Hence, it is the desired solution. In this context, we want to emphasize what happens when

x > supp g(y). If ¢(x) solves the field equation, then:
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!

(0% +m?)¢™ (x) = (0% + m*)d(z) — Ag(x) = 0. (7.17)

Hence, the retarded field is also a free field, but with different “initial conditions”. Diagram-

matically, our procedure can be sketched as follows:

supp g

Figure 7.2: The line denotes a propagating free field and the gray dot the region in space
time where g # 0

We can construct a physical picture of it: the interaction is restricted to a finite region of
space-time; therefore, for times in the distant past, the interaction was not felt yet and for times

in the distant future, the interaction has already been turned off.

Example b)

The first example was useful for introducing some of the concepts, but it was so simple that the
expansion ended at the first order of the coupling constant. The second example aims to clarify
the philosophy behind the expansion in the coupling constant, but it is also “exactly solvable” in

the sense that we can find a simple closed formula for all orders in perturbation theory.

Once again, we start by calculating %;
5 2 B 55 ret B ot
5o A / dy 9(y)*(y) = —2Ag(x)d(z) = ( 5 (x)> = —2\g(x)d™ (x). (7.18)

Plugging the above result into the retarded field equation (|7.10):

5 () = o) — 2NDP + m?) " Lg(2) 6" ()
§4(x) = d(z) — 2 / dy ATz — y)g(y) ™ (y). (7.19)

To pass from the first line to the second we used the same arguments as explained in the
previous example. We will try to solve the integral equation following the usual strategy of

perturbation theory. We start with the Ansatz:
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¢ (x) = Ro (go,qb(x)) — AR14 (S, gi)(x)) n (_;)232,1 <§®2,¢(x)> ¥

= ER,, (59 6(a) (7.20)
n=0 ’

n

Once again we stress that the expansion above must be understood as a formal power series

whose convergence cannot be always guaranteed. Substituting into the equation, we get:

S M g (30, 60)

= n!
re - —A)" SRn
= ¢(x) —2A/dyAmt(w—y)g(y)Z( n!) Ry (S® ,¢(w)>- (7.21)
n=0
Now, all we have to do is compare order by order in the coupling constant A. Finally, we
obtain:
Roy (5, 6(x)) = 6() (7.22)
=¢(z1)
——

Riy (5.0(2) =2 / oy A5 — 21)g 1) Bon (8, 0(x)) (7.23)

Ray (8%2,6(x)) =22 / iy A — 2)g(e) Ry (8.0(1))

=2.22 / dridry AT (x — 1) AY (21 — 29)g(21)g(22) P(2) (7.24)

Roy (557 6(a)) = n 2 / dey A — 2)g () Rar (57 0(a))

= 2"n/an g(x1)..g(@n) A™ (2 — 1) A™ (21 — 22) ... A" (2,1 — ) P(20). (7.25)
Where we define d.X,, := dx1...dz, = szl dxy. There is an important feature on the above

equation. Since supp(Ar*) C V4, we have a causal ordering on the integral, i.e., 20 > 2§ >

29 > ... > 2). Pictorially, we can imagine the series above as a sequence of interactions:
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Figure 7.3: We can imagine the series as every interaction happening in a small space
time region. The time goes from past (bottom) to future (top).

Example c)

The last example cannot be exactly solved as the other two, but it illustrates the usual difficulty

when working with perturbation theory and it is also a good “prelude” to the most general

solution. As usual, we start with <25~
o¢p(x)

M:S(l‘) - A/dyg(y)eﬁk“(y) = —(k+DAg(x)¢" ()
= (550) =+ D@ @) (20)

Plugging the above result into the retarded field equation (|7.10):

5Ux) = d(x) — (k + DA + m?) g (a) (3 (2))*
54 (x) = o(x) — (k + 1)A / dy ATz — y)g () (6 ()" (7.27)

We start with the Ansatz:

¢ (x) = Ro (So,qs(x)) — ARy, (5', ¢(x)> + (_;)23271 <§®2,¢(9€)> ¥
= i (_73)" Roi (5@”, gi)(x)) . (7.28)
n=0 ’

Substituting the Ansatz into the field equation we obtain:
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> N R (87, 6(2)

n=0
o0 n k

— 6(@) — (k+ 1)\ / dary A (2 — 1) [Z (_73) Ro (57, ¢(x1))] . (729
n=0 ’

Unlike the examples that were worked on previously, in these cases, we have a combinatorial
factor to compute in each order of perturbation theory. We can calculate ¢™(z) to third order
just to illustrate the problem.

\Y order:

The first case is trivial:

Ro1 (57, ¢(x)) = (). (7.30)

A\l order:

The first non-trivial term is also not hard to calculate. Since

k
= Ro1(S, ¢(x))*(x1) + O(N). (7.31)

5 (ko)

n=0

The first term is simple:

Ri1(5,6(z)) = (k+1) /dfvl A (z — 21)Ro. (S, ¢(«))" (a1)
= (k+1) /dwl ATz — 1) (7). (7.32)

A2 order:

This term is already a bit tricky. We have to expand (¢*")* accounting for all terms of the

order A2. The other terms can be neglected for the calculation:
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o n k
Z MRn,l <S~®n7 <Z5(9U1)>]

n!
n=0
2 [Ro(z1) — AR1,1($1)]k = Z (j) ng;j(fﬁl) [—)\Rl,l(ffl)}j
j=1
2 kAR (21)RET (). (7.33)

In the above equation, we have used the notation Ry, 1(z1) = Rn,1(5’®", ¢(z1)) and the sym-

bol & to mean that we are neglecting all terms that are not of order \".

Hence:

R2,1(5’®2, ¢(1’)) = Qk(k + 1) /dxl Aret(.%' — :Ul)g(xl)Rl,l ($1)R§EI(JZ1) (7.34)

A% order:

That term is truly more complicated than the last ones to be computed but the way to do it

is the same. We expand (¢"*(x1))* up to second order in :

k

g (5 )

A2 k
= [Ro,l(xl) — ARy 1(z1) + 2R2,1(1‘1)]

k 9 k—j '
=> (k> [23271(3?1)] [Ro,1(z1) — AR1,1 (1)

k k—j J .
=> k [AQRM(M)] jz ’ Rl (1) [ ARy 1 (z1)]
—\j) L2 —\1
i kfRz,l(xl)R’gj(m + k(k;l)R’gf(m) [~ ARy (21)]% . (7.35)

Finally:

Roa(o) = <31(k+1) [ doy A™(a — a)g(an)

k(k — 1)

k _
X <2R271({L‘1)ng711($1) + 9

RISEZ(M)R%J(JM)) - (7.36)

74



Although this example is not very elucidating, it already shines a light on patterns that
will lead us to the final form of the “R products”. That is, every term R, ; has exactly n
retarded products and a causal ordering. We will use it to construct the “close formula” for
Ry 1(F1 ® F.... ® F,,_1,G) in the next sections, as well as some of its features. Later we will
use those silly examples,as the main building block to construct the quantum version of the
expansion. In the latter case, the philosophy described here must be imposed as axioms to the
construction of the quantum retarded product. We will return to these questions in a further

chapter.

7.5 The “close” formula for the retarded product

Using the structure above, we can explicitly construct a retarded product with the desired
properties. Those properties will be imposed as axioms. These axioms will also be imposed for
the quantum case together with some properties that can be deduced in the classical expansion
but are not immediate in the quantum one. The axioms for the classical retarded product
Ryi(Fi1 ®@ F...® Fp; F) = Ry 1 (F1, ..., oy F) are:

e Symmetry in the first n arguments
e linearity
e factorization property, that is, R(e®%; AB) = R(e®°; A)R(e®%; B)

o off-shell field equation: (02+m?)R(e3, ¢(x)) = (8°+m?)¢(z)+R(e3, 52&), with R(e3; A(z)) =

A(z) for sufficiently early x

The construction of the retarded product can be done as follows. Let S € Fio and define

the operator:

0S

At (y — gc)L (7.37)

RSER::_/dyéng(x) ™ 560y)

For all F € F, the pointwise product of distributions appearing in R(x)F exists and
[ dxR(z)F lies again in F. For F € Fio, the retarded product R(S®", F) is obtained by

the formula:

Rn1(S®™ F) = n!/ dzry - dz,R(z1) - R(xn)F. (7.38)

29 <at
The proof that the above retarded product solves the field equation is unique and coincide
with the starting field in a sufficiently distant past can be found in |24] page 36 and [26|. Linearity
and factorization properties can be shown by using the definition of a functional derivative. With

respect to symmetry, the result is obvious when the first arguments n are equal. In case we have
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R, 1(Fh, ..., Fy; F) with at least one Fj # Fj, we can derive a specific formula for these products.

These formulas can be interpreted as “proto-"Feynman diagrams. The formula is as follows.

dry---dzy Y Rp, (31)-- Re,, (2n)F. (7.39)

Roi(F1®--® Fp; F) Z/
TESR

0 0
29< <20

To prove it, first we have to show that if given V, W vector spaces, f(v1®...Quv,) : V™" = W

symmetric and linear, then f can be written as

n

FIO M), (7.40)
A1=...= =0 k=1

a’l’b

1
fo1 ®...@v,) = n! OM...0N,

Where Ai, Ao, ..., A, € R.The proof is written in the Appendix.

Returning to the original problem, since symmetry is imposed as an axiom, we can use the

formula above and ([7.38]) to write:

871
w1 (FL, . B F) = ! dX, Ry (2n)F
R (Fy T N / oy PR )R ()
:/ dX, Y Rp, (1) Rp,, (zn)F. (7.41)
RS g

where F) = >"}'_; A\pFg. The above result has a diagrammatical interpretation. To make the

construction clearer, consider an example: We want to calculate Ry, (z1)Rp,(z2)F"

R (21)RE (22) F
0F 0 > 0Fy OF
— dY- Aret _ Aret _
v (st = 0557 g~
§Fy 62 F,y §F
= dY- Aret ) ret _
e R ey e LR
o . 6F, . §2F
re — re —T9)——. 7.42
e R P r R R T T (742
Diagrammatically, we can represent the result above as:
Fe E
+
Fye F1°/ \'Fz
Fie

The first diagram represents the second line of ([7.42)) and the second diagram represents the
third line of (7.42)). The rule to construct the Feynman diagram and read it is to imagine the

time direction flowing from the bottom to the top. The points represent the field. The inner
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lines represent the propagators A™!. If a field F' is connected to a field G and F is above G,

the correspondent expression is %Amt(y — x)%. On the other hand, if G is above F', the
correspondent expression is given by %Amt (x — y)%.

There are some rules that can be made explicitly to facilitate construction. Consider
R (21)RE,(22)...RE, (xn) F.To build the diagrams we have to consider every connected diagram
with n vertices and n inner line. The easiest way to construct such a diagram is by induction.
PActing with Rp, (z1) on Rp,(22)...RE, (zn)F is equivalent to connecting every point in the
diagrams to F}. F] must remain in the bottom of the connected point. Let us calculate explicitly
the example discussed previously once again to make the idea clear. Since we have explicitly
calculated R, RE, ' we can check our “rules” for order n = 2 and construct the diagrams for

order n = 3 (we will not write the whole expression). For n = 1, Rp,(x3)F is given simply by

— [dys 5(252’)Aret(y3 — xg)% Diagrammatically:

F

F3

Following the rule, R, (x2) R, (x3)F basically connects the points in the previously diagram
to Fy while keeping Fb below the connected point:

F
+ F1
F2

F2 F3

Last but not least, we can compute Rp, (21)Rp,(z2)RE,(x3)F":
F
F
F
/h + {\ /ﬁ )
F2 L - F2
F1 F1
F1 F3
F2
"
F F
+ + + F2
F1 F2 F2 F3
F1 F3 F1
F3

We end the discussion in this section using the diagrams above to recover the result obtained
in example ¢) in third order in perturbation expansion, namely, we will use the diagrams above
to compute Ry (([ dz g(z)¢F+1)®3, ¢(2)).

Since th)Qig;(y) = 0, all the diagrams with more than 2 lines connecting F' to the other points

are zero. Hence, only the last two diagrams contribute. The first one reads:



F

F2

F1 F3

Figure 7.4: let us call the contribution to the first diagram F'D just to name it.

FD :/ dX3/dY3{
2 <w§<af

0Fy ret o 53F2 ret o 0F3 ret o 5F($)
5o 0 ) St A e A s S (4
Using
SF(r) _ 09lw) _
50us) ~ Solys) ) (r4)
5Fl(l')_ 0 $$k+1$: aka
) = 0 [ dwo@)d @) = (k + Dola)o(a) (7.45)
5 Fy(x) _ a1 (a)s(a —
Sl = (+ Dkg@)d~ (@)dfa b (7.46)
O°Fi(x) = (k+ Dk(k — 1)g(a)¢"2(a)d(a — b)d(a — c) (7.47)
6p(c)op(b)dg(a)
We get
FD = 0.0 ong/dYB{
<(k +1 9($1)¢k(l‘1)) A (yy — x1)
x ((k+ D)k(k = 1)g(w3)0"2(25)3(y1 — 25)3(y2 — 3) )
A = ) (se2)6(02)) A — )50 — ) (7.48)
Integrating in dY3; we obtain:
FD = / e dx3{g(x3)Aret<x ~23) ((k 1) g(an) 6" (a1) AT (a5 — xl))
(06 + 1)g(w2)6" (22) A™ (5 — w2) ) (b + Dk (k = 1)6* 2 (w5) A (5 — 1)) }
=310k +1) / dirs Az — z)g(as) Y RE2 )R (). (7.49)

That is exactly the expression obtained in ((7.36])!

the second diagram is
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F
F2
F3

F1

Figure 7.5: let us call the contribution to the first diagram SD just to name it.

The translation reads:

Sp— X / dYg{
<:1:0<a:3

yal ) 52 F;y
o) T S6(01)06(xa)

Substituting the derivatives:

SD = / e / dYg{
m(l)gxggmg

(k + 1)g(1)e" (1) A" (y1 — 21)(k + 1)kg(z2)¢" " (w2)d (w2 — 1)

x A" (yy — 22) (k + 1)kg(23) ¢ (23)0(y2 — 23) A™ (y3 — 3)5(ys — x)} (7.51)

82F,
6 (y2)dg(x3)

ret ( ret (

Y2 — T2)

N } (7.50)

Integrating in y:

SD: O . ng{
(0 + D)g)ot (21)) AT (@5 — 1) ((k + 1)kg(w2)d" (22) ) A (5 — )

((k: + 1)kg(x3)<bk71(x3) A (2 — x3)

k
=-3(k+1) /dxg A (2 — 23)g(x ) R 1(:1:1)R0 1 (:Ul) (7.52)
Hence, to construct the product Ry, 1(F1, ..., Fy; F') we have to construct the diagrams as

mentioned above considering all the possible permutations of F,.

7.6 Properties of the classical retarded product
This section is based on Section 1.10 of [24].

1. Causality: If (supp F' + V_) Nsupp H = ), then: R(e§+>‘H,F) = R(e5, F).

2. Field independence: The property above is basically the “Leibniz rule”:
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SR(e3,F) s 0S8 g OF
D) _p(e0% F)en(e i) =

3. The GLZ relation: So called after Glaser, Lehmann and Zimmermann|36].

Let F, H,S € Fioc. Then the Poisson bracket of two interacting fields satisfies the relation
[26]:

{R(e3, F), R(eg, H)} = —

= R(eZ ® F,H) — R(e2, ® H, F). (7.54)

4. Retarded product in terms of Poisson brackets The classical retarded product can be

directly written in terms of the classical Poisson bracket of the theory:

Roa(57",F) = ! [ dXudy glo).eglen) F0° — 22)
0(x0 — 20 )...0(x — e {L(x1), {L(x2),..{L(x,), P(y)}...}}. (7.55)
This formula will be useful when constructing the quantum version of the retarded product.
The proof of the statements above can be found in Section 1.10 of [24].

5. Parity and * transformations

From the general expression of retarded product it is easy to show (|24] page 42) that:

(R(e3, F))" = R(e3, F")
a(R(e3, F)) = R(e), a(F)). (7.56)
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Chapter 8

Quantum retarded product

8.1 Introduction

Once the quantization procedure and the classical theory are done, we can move further to the
real goal of this work, the construction of the retarded (quantum) product and the scattering
matrix S. Although most courses in quantum field theory focus on the scattering matrix, there
are some that use the retarded expansion instead [10, 79, 71]. The construction is done via axioms
based on the classical theory. Those axioms are, only for simplicity, divided into two groups. The
first, called the “basic axioms” allows us to construct the retarded product using induction on the
coupling constant in a restricted domain. The second group, called “renormalization conditions”,
expands the domain of construction done using the basic axioms and incorporates the quantum
nature of the theory. The construction will be done as follows: first the retarded product in a
narrower domain is constructed using only the first group of axioms; then the second group will

be introduced.

8.2 Construction part 1: Basic axioms

As one could expect, the first feature we have to adapt to pass from the classical word to the
quantum one is the classical product. By these we mean that given A, B € F:
A (z) - B (z) £ (AB)™ (x). (8.1)

Hence, the inductive construction presented in the preceding chapter does not hold anymore.

To recover the retarded product

FiC—C
5 (2) = R(en?; o(x)) (8.2)
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of a given interaction % = % with coupling constant A\ we introduce four axioms.

8.2.1 Linearity

We impose the retarded product is linear in its arguments. This axiom allows us to write:

AS = ~om
R(eg", ¢(r)) = Z WRn,l(S® s o(z))
n=0 )
Ry ]-"Sc(nﬂ) — F is linear. (8.3)

Just as the classical retarded product. We emphasize: The sum above is to be understood as
a formal power series, the convergence of it is not under control. Note that R is a formal power
series both in A and in . We denote the space of such a formal power series as FJ[[\, h]]. For
fields containing derivatives Ay, ..., Ap, A € P, A; = > a; 0% Ba,, we define:

Rn,l(Al(xl), ceey An(xn), A(x))
= Y 09..0%98 Ry 1 (Bay (1), ooy Ba, (€0); Ba()). (8.4)

at,...,an,a

The above definition implies the “Action ward identity™

O Rt (. A(1)...) = Rt (.00 A(z2)...). (8.5)

8.2.2 Symmetry and initial condition

Just as in the classical case, we impose R, 1 to be symmetric in the first n arguments:
Rn1(Fry®@ . @ Friy, F) = Ry (F1® .. @ Fy, F), 7€ 8™ (8.6)
The condition above allows us to write a similar formula (7.41)):

hn
Rn71(F]_,...,Fn;F) = m R(eg)‘,F) (87)
n | \;=0Vi

where F) := Zzzl AL F),. Another axiom we impose is the initial condition:

Ro1(F) = F. (8.8)
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8.2.3 Causality

Last but not least, we want that only events that occur in the causal past of F' can interfere with

its dynamics. This feature can be mathematically stated as:

supp Ry 1(A(z1) ® ... @ A(zy); F(x))
C{(21,.sn ) EM" 2 € (2 +V_)Vji=1,..,n}. (8.9)

The condition above can be equivalently formulated as follows:

R(eT ™" F) = R(ed/"; F) it (supp P + V) Nsupp H = 0. (8.10)

The proof of equivalence can be found in |24] page 77.

8.2.4 GLZ relation

In classical field theory, we can prove the GLZ relation, but in the quantum case one has to im-
pose it. The reason for imposing it as an axiom is because it is a fundamental tool to construct

the retarded product. The GLZ relation is the last of the basic axioms.

The GLZ relation provides a split of the commutator [A(z), B(y)], into advanced ((z —y) €
V_) and retarded ((z —y) € V;)part. It reads:

% [R(es/ﬁ; F),R(e¥" H)| = R(e"® F/h; H) — R(e%/" @ H/h; F). (8.11)
1 *

Or equivalently

Rn—l,l(Gl R ... 0 Gp_o @ F; H) — Rn—l,l(Gl ® ... 0 Gp_o ® H; F)
= thfgyg(Gl ® .. 8Gp_9; F® H) (812)

Where:

Jn_Q’Q(Gl R .0 G 9, F® H)

== Y [Bua(Gr F), R (G5, H)]

= (8.13)
IC{1,...n—2}

*h'

The proof is given in [24] page 78.
Some properties that can be shown using this formula are the Jacobi identity and support

condition [24] page 82:
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Jn72,2(F1, ceey ang, Fn,Q(l‘n,Q); F(y), G(Z)) + CyChC(H, F, G) =0 (814)
supp Jn—2.2(F1, o Fo3, Fa(rn—2); F(y), G(2))

- {(xla -'-axnf%yvz) {xlv"wxnf%y} c (Z +V*) or {xl’ "-7xn7272} - (y+V)} : (815)

8.3 Construction part 1: Algorithm to construct the
retarded product

We will follow [24], more specifically Sections 3.1 and 3.2. Unlike it, here we will try to give a
more intuitive picture of how to construct R, ; using induction, emphasizing some details that
are present but not explicitly written in [24]. For that reason, although the construction is es-
sentially the same, the final result might look a bit different. The strategy is as follows: We first
show how to construct the retarded product, and then we show that our construction respects
the basic axioms. Later, when we introduce the second package of axioms, the renormalization

conditions, we return to the construction and show that it is also coherent with it.

The example we must keep in mind is to calculate Ry, 1(S®", ¢(x)) with S = [ dx g(z)L(x) €

Floc- Using the linearity of R, 1, we can write this product as:

Ru1(S®™, ¢(x)) = /an g(x1)...9(xn) R 1 (L(21)®, ..., @L(zy), ¢(z)). (8.16)

Hence, if we manage to calculate Ry, 1(G1(x1), ..., Gn(2y), F'(p41)) where
Gi(x1),...,Gn(zn), F(zp+1) € P, we solve the problem. That is going to be the goal of this

section.

Let G1(z1), ..., Gn(xn), F(znt1) € P. The construction is done by induction in n. For n =0,
the axiom of the initial condition imposes Ro 1(F') = F. The case n = 1 is obtained using the
GLZ-relation:

R1,1(G1(z1), F(z2)) — RBi1(F(22), Gi(21)) = hJo2(G1(21) ® F(2))
= —i[Ro,1(G1(21)), Rop(F(22))],, = —i[G1(21), F(a2)l,, - (8.17)

For now on we drop the subindex % in the commutator. The problem in the above formula
is that we have to subtract Ry 1(F'(z2), G1(z1)) from the term we want Ry 1(G1(z1), F'(z2)). We

can bypass the problem by restricting the domain of 21, z9 € M?. We have to analyze three cases.

X1, X2 space-like separated:
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In this particular scenario, the causality axiom and the properties of the commutator guar-

antee that

R171(G(11‘1), F(ZL‘Q)) = R171(F(1‘2), Gl(l‘l)) = [Gl(l‘l), F(Z‘Q)] =0. (8.18)

x1 ¢ (x2+V_):

In this case again, due to the causality axiom:

R11(Gi(z1), F(x2)) = 0. (8.19)

X2 ¢ (x1+ V4):

That is the only case we are really interested in. Due to causality:

RLl(F(.%'Q), Gl(xl)) =0= Rl,l(Gl(ml), F(xQ)) = —3 [Gl(xl), F(xg)] . (8.20)

Note that the union of the domains cited above is equal to M? \ {z; = x5}. Hence, we were
able to construct Ry 1(G1(z1), F(z2)) in this domain:

—i[G1(z1), F(x2)] ifao ¢ (z1+ V") and a1 # a9

Ri1(Gi(21), F(x2)) = _
0 (1 —22)? <0ormy € (z1 +V_)

.Using the fact that the commutator is zero for space-like points, we can summarize the result

above as:

Rlyl(Gl(J}l), F($2)) = — [Gl ($1), F(I‘Q)] 9(1:8 — $?) (8.21)

Remark: Note that the product above is well defined as a product of distributions, since it

respects the Hormander criterion. To see it, we write A(z) = —i(AT(z) — AT(—2z)) and use

WE(6(2)) = {(0, (k°,0)), k° # 0} and WF(A™(z)) = {(0, (|pl, )} Hence, (|1, 7) + (k°,0) # 0.
We will explicitly construct the case n = 2.

We start the construction with some definitions to split the domain as in the previous case.
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Mg = {(:cl,:vg,xg) € M3|E|j e{l,2} rz; ¢ (3 +V,)}
My = {(m‘l,m’g,l’g) S M?’]ml ¢ (1‘3 —|—V+)}
Mgy = {(:cl,:rg,xg) € M3|zy ¢ (z3 +V+)}. (8.22)

First, we check that { Mg, M1, Mz} is an open cover (that is, a cover by open sets) of M3\ A3
(recall: Az : {x1 = zo = z3}).

2
U M =M%\ A (8.23)
k=0

The relation |J, My € M3\ Aj is obvious. To prove 2", let x = (z1,22,23) ¢ Asz. Then
there exists j € {1,2,3} with z; # z3. If x; ¢ (23+V_), we have z; € Mo; and if 2; & (z3+ V),

we have z; € M;.

In the next step, we restrict ourselves to My in that case, due to the causality axiom:

Ry1(G1(21), Ga(w2); F(23)) = 0. (8.24)
If (x1,x9,x3) € My, then either x1 and x3 are space-like or x; € (x3 —&—V,).Using causality:

Ry1(G(x2), F(x3); G(x1)) = 0. Now we use the GLZ-relation:

Ry 1(Gi(21), Go(22); F(w3)) — Ro1(Ga(2), F(3); Gi(z1))

=0

= hJ12(G(22); G(21), F(23))
= —i[R1,1(G2(72); G1(71)), Ro,1 (F(x3))] — i[Ro,1(G1(1)), R1,1(G2(z2); F(3))]. (8.25)

We can take the expression for Ry 1(G(z2); G(x1)), R1,1(G(22); F(x3)) from the first example:

R11(Ga(w2); Gi(21)) = —i [Ga(w2), G1(21)] 02 — o)
R11(Ga(z2); F(x3)) = —i [Ga(22), F(z3)] H(xg — xg) (8.26)

As explained above, the restriction of Ry 1 to M can be translated to z1 € (x3 —I—V_), Tl # 3.
It is also true that the commutator vanishes when the points are space-like. Hence, we can write

the final expression as:
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R21(G1(71), Ga(22); F(x3))

(2020 — 22) ([[Gg(m), Gy (1)), F(x3)]0(2 — 22)
+[G1(21), [Gala), Fas)]}0( — m8>>. (3.27)

Last but not least, in Ms, we just have to change 2 <+ 1 in the formula above:

Ry 1(G1(z1), Ga(x2); F'(23))
= (=)0 (a3 — 23) ([[Gl(xl)a Ga(m2)], F(x3)]0(x5 — 2)) + [Ga(w2), [G1(21), F(23)]]0(x3 — x?))-

(8.28)

This last formula seems complicated, but we can write it in a cleaner way if we impose some

causal order in x1,zo. If x? < xg, Ro 1 in My can be written as:

Ry1(Gr(21), Ga(w2); F(x3)) = (—i)?[Gi(21), [Ga(w2), F(x3)]]0(2§ — 29)0(x5 — 2).  (8.29)

For completeness, we check that the results agree in My N M;. To do it, just change

0(z9 — 29) — 6(29 — 29) as in the equation above:

Ry 1(G1(21), Ga(22); F(x3)) =
(—i)? ([[Gl(iﬁl)a Ga(x2)], F(x3)] + [Ga(22), [G1(21), F($3)H> 0§ — 25)0(xf — 2?)

= (=1)°[G1(21), [Ga(22), F(w3)]]0(25 — 25)0(3 — a¥). (8.30)

In the equation above, we have used the Jacobi identity:

1A, B],C] + [|B,C], A] + [[C, A], B] = 0. (8.31)

On the other hand, if 2§ < 29, Ry in Ma can be written as:
Ry 1(G1(1), Ga(wa); F(3)) = (—i)*[Ga(wa), [G1(w1), F(x3)]]0(25 — 27)0(2} — 23).  (8.32)

Using the Jacobi identity, one can check that the result agrees in My. Therefore, if x1 #

T9 # x3, we can summarize the result as:

87



R21(G1(71), Ga(22); F(x3))

2 Y 0 — a0 )0, — %) (G m) (G (), Fas)]l (333)
weSs?

The above result is exactly the classical one:

R,1(S°" F) = nl / AX iy g(1) - g(n) F () — 22)
0@ — o2 1). 0 — eD{L(er), {Le2)s . L), Py)}}). (3.34)

with the change {.,.} — (—i)[.,.]. As one can expect, that is not a mere coincidence. The

above result will be imposed as a renormalization condition later.

8.3.1 General construction

The construction of Ry,_11(G1(x1), ..., Gn(xn—1); F(z,)) is a generalization of the construction
shown above. As stated above, the construction is done by induction. Suppose that we have
constructed Ry 1(G1(z1), ..., Gg(ag); F(z41)) for all k € {1,...,n—2} satistying the basic axioms

outside the diagonal Ay := (z,...x), k-times. We consider the following sets:

Mo = {(z1,...,2n) | Fj € {1,...,n— 1} with z; & (z, + V_)},
M i={(z1,...,zn) |z & (xn+V4)}, fork=1,...,n—1. (8.35)

Just as in the previous, we check that { Mgy, My,..., M, _1} is an open cover (i.e. a cover
by open sets) of M"™ \ A,,, that is:

n—1
U Me=M"\ A, (8.36)
k=0

The relation | J, My C M™\ A,, is obvious. To prove D7, let z = (z1,...,2,) ¢ Ap. Then
there exists j € {1,...,n — 1} with z; # z,. If z; ¢ (2, + V_) we have z € My; and if
z; ¢ (xn + Vi) we have x € M;.

We impose Ry,,—1,1(G1(21), ..., Gn(xn-1); F(zy)) = 0 on My due to causality.

Using the GLZ relation, we can construct R,,—1,1(G1(21), ..., Gn(n—1); F(zy)) in every subset
My:
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Rnfl,l(Gl (1‘1), ey anl(fEnfl); F(l‘n)) — R’nfl,l(Gl(l’l)a e ,F(Cﬂn); Gk(l‘k))

=0
= hp22(G1(21), -, Gr(@h)s - - . Gt (Tn1); Gi(@r), F ()
= —1 Z [R\I|71(GI; Gk), R\IC|71(G137 F)] , (xl, ,J}n) € M. (8.37)

IC{1,...,n—2}

where G1 := ®erGy and I¢ :={1,...,n — 2} \ I. Remark: I\ I = {0}. Note that R,,_; 1 was
constructed using only Ry 1, k € {1,...,n — 2} which are known by hypotheses. If we can show
that the object above is well defined, then, by construction, it is unique. To show that it is well
defined we have to show that the formula above coincides in M, N M, V5, k € {0,...,n —1}.page
109 [24].

(X1, ey Tp) € Mo N My,k # 0:

Due to causality, we have:

Rn—l,l(Gl (:El), ey Gn—l(xn—l)S F(:En)) = Rn—l,l(Gl(l’l)y e F)(l’n), Gk(xk)) =0. (8.38)

Thus, we need to prove that:

In—22(Gi(x1), ..., Gn—2(xn—2); Gk (zx), F(xy)) = 0. (8.39)

It can be easily done using the support condition ({8.15)). A necessary condition for J,_29 # 0
is zp € (v, +V_) or x, € (x, + V_). If 23 € (x,, + V_), then by definition (21, ..., z,) & Mo.
On the other hand, if z,, € (zx + V_),then xy, € (x, + V) = (21, ..., ¥n) & My. Hence, if

(xl, ey xn) c M() N Mk = Jn_zz(Gl(xl), v Gn_Q(xn_Q); Gk(xk), F(.%'n)) = 0. (8.40)

(1, ooy Tn) € MGN My, j#k #0:

In this case, we have:

Rn—l,l(Gl(x1)7---’Gn—l(xn—l);F(fEn))
= th_Q’Q(Gl (:pl), ceey Gk(xk), Gj(.%‘j), F(I’n))
é th_Q,Q(Gl (:pl), ceey Gj(xj); Gk(:rk), F(xn)) (8.41)

Hence, we need to show that both “J’s” are the same. We can do it using the Jacobi({8.15|)
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identity and (z1,...,x,) ¢ My (this case was already discussed above). To simplify the notation,
we will abbreviate Gj(x;) = 2; in the argument of the function.
The Jacobi identity reads:

!
In—22(es T3 Tj, n) + Jn—22(cee, Tj5 Ty k) + Jn—22(..s Tns x4, 25)) =0

=0, (21,....zn)¢Mo

:>Jn_2’2(...,l'k;$j,$n) = —Jn_Q,g(....,xj;xn,xk) = Jn_g,g(....,xj;:pk,xn). (8.42)

In the last equation, we have used the skew symmetry of J,,_2 o with respect to the last two

arguments.
The above results confirm that the product exists and is unique per construction.

We claim that the construction above satisfies all basic axioms. Causality is imposed when
restricting the domain to My, and is therefore satisfied. The initial condition is also imposed
on the construction of Ry ; and is therefore satisfied. Symmetry can be proven using a similar
argument that is used to show the existence. If (21, ..., z,) € Mo, then Ry,_1 1(x1, ..., Tpn—1;2n) =
0 for every permutation in the first n arguments. If (z1,...,2,) € My and (21, ...,z,) ¢ Mo.,

then using the GLZ equation:

Ry 11(x1, e, T, Ts Tn) = hdp_22(x1, i Tk, ). (8.43)

The permutation of x1, ..., z,_1 except for x; is immediate from the definition of
Jn—22(21, ..., ; Tk, Tn). The only tricky part is what happens if we change x; <> z. If (21, ...,2,) €
M, the calculation was done in the last section, and the change is allowed. If (1, ..., 2,) ¢ M},
then z; € (z, + Vi) and Ry—11(21,...s Tn—1; ¥,) = 0 outside the thin diagonal to every permu-
tation. The GLZ relation outside the thin diagonal holds by construction. Further commentaries
on the GLZ relation can be found at [24] page 110.

8.4 Why we need more?

One could ask the following question “since we have constructed the retarded product using this
set of axioms, why do we need the second group? Why can not I just assume the formula and
perform the calculation?”. That is a very good question, whose answer is also very subtle. To
motivate the answer, we consider the distribution ¢t = Hzl||2 € J'(R3\ {0}). When integrated

with a test or a Schwarz function:
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o 1 0o 2 (=
(t,g) :/ dgzng(xg = lim d(p/ dcos@/ dr ) < 00. (8.44)
R\{0} |zl 0 -1 €

e—0 7”2

In the above equation, we could extend t € J'(R3\ {0}) — J'(R?) using the same formula,
and the product is still well defined.
On the other hand, the distribution W is a legitimate distribution in J’(R3\ {0}), can be

seen as the “square” of W and if we simply “expand the domain:

2 1 e’} 2 =
<t279> :/ d‘%ﬁ(ﬁi = lin%) dgp/ dcos&/ dr " gia:) — 0. (8.45)
R\{0} x «=0Jo -1 € r

Hence, we need a better way to calculate the distribution passing through the singularity.

This problem is not new; it is actually well known (see the appendix).

Similar problems arise in the star-product of fields. We will explicitly work out an example
further in the text.

Technical remark: It is easy to prove that r% is a well-defined distribution. To do it, note
that %4 is proportional to 53722%2 and that the derivatives of a distribution are well defined as a

distribution.

8.5 Construction part 2: Renormalization conditions

The second group of axioms is called “Renormalization conditions”. They control the behavior of
R,,1 on the diagonal. The name “Renormalization conditions” is due to the singular behavior of
those distributions on the thin diagonal. In QFT jargon, expanding the retarded product to the
thin diagonal is equivalent to “subtracting infinity” in such a way that the final result remains
physically relevant (see |9] for a historical review). We again appeal to our classical intuition
when imposing the axioms. Essentially, the “quantum part” of the theory is manifested in the

procedure of regularizing the theory.

As explained in the beginning of the section “ Construction part 1: Basic Axioms”, the con-
struction is first going to be explicitly done in the lowest orders, and then we give the general
recipe and show the construction respecting the desired set of axioms (basic axioms + renormal-

ization conditions).
The renormalization conditions are:

Field independence

This axiom is inherited from classical theory and is simply:
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b - §F;
Riin(F1®..@F,) =Y RynF1®..0 <

5000 3 5oy & © F,). (8.46)

A consequence of the axiom is that we can relate the retarded expansion of local fields with

the derivatives of the field and its derivatives. More specifically, for

N
F=fot Y [ dX fular, o mn)dfan).d(zn) (5.47)
n=0

It is true that

0"F
0p(x1)...00(xy)

fu(z1, ooy 2) = nlwo( ). (8.48)

Hence:

Rn—l,l(Fl ®®Fn)

N
1 SRy 11(F®---®F,
= E l'/dxl--~d$lwo< 171( ! )>90($1)"'90($l)
=0

dp(x1) -+ - 0p(y)

1
= Z 7l1'---l '/d$11~-'d$151"‘dxnl"'dxnln

l17"'7l'n

% (R < (511F1 2 ® 5Z"Fn >>
wo (B .
0 M bp(a11) - op(an,) dp(wp1) - dp(wp, )

X @(x11) - p(xi) - e(@n1) - (T, )-

Poicaré-covariance, x-structure and Field parity

These axioms are rather simple. *-structure is simply:

Rn—l,l(Fl &X...Q Fn)* = Rn—l,l(Fl* ®..&8 F;) (849)
Field parity:
@oRy_1p=Ry_1,00a%" (8.50)
Poicaré covariance:
BraRn—11(F1®..Q F,) = Ru11(BAaF1 @ ... ® BraFhn), (A a) € PJTF- (8.51)
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This implies that the expansions depend only on the relative coordinates.

Off-shell field equation

One of the most important axioms is that we still want our expansion to solve the field equation:

67 @) = ole) — [ dy Ao y)((s;ffy)fet. (8.52)

The equivalent equation for the retarded product can be derived by substitution:

Roi(F ®...® Fy, ¢(2))
5F

= _h/dyAfgt(x — ) ZRH_M(F1 ®.0N®..QF, W)' (8.53)
=1

Scaling and mass expansion

This axiom cannot be so easily introduced as the previous ones. To properly introduce it and its

motivation, we need some definitions.

(Almost) homogeneous scaling: We say that a distribution in D'(R¥) or in D'(R* \ {0})

scales almost homogeneously with degree D and power N € N if and only if:

(B 4+ D)V (21, .y 20) = 0
N+1,.D N+ D
= (p0,)" T (p"t(p21; s p2n)) = Wﬂ t(pz1,.., p2n)) =0

and

(B + D)Nt(21, ..., 2) # 0. (8.54)

where Ep = Zﬁzl ZT‘% = Zle al%(%) When N = 0, we say that the distribution scales

homogeneously with degree D.

The mass dimension of 0%¢ € P is defined by:

dim(9%¢) := % +la|, aeN (8.55)

In practice, one uses the usual rule to determine the mass dimension: Each term in the
Lagrangian (in d dimensions) must have dimensions d and dimm = 1.

The final definition before the last axiom is:
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Scaling and Mass expansion (Sm-Expansion) page 98 |24]:

A distribution ™ ¢ D/(RF) or f™ e D/(R* \ {0}), depending on m > 0, fulfills the
Sm-expansion with degree D € R if and only if, for all [,L € N, there exist distributions
ul(m), ™ e D'(RF\ {0}) such that

L+1
L
FX) = mbu™(X) + r7(X) VL eEN, m>0,. (8.56)
1=0
where X := (z1,...,xp), and the following properties hold true:

(a) The leading term ug = u[()m) is independent of m and it agrees with f(m=0)_ 4y = f(m=0),

(b) For [ > 1 the m-dependence of ul(m) (X) is a polynomial in In {7, where M > 0 is a fixed
mass scale. Explicitly, there exist m-independent distributions w;, € D'(R*\ {0}) such
that

Zlnp ( ) up(X), P <oo, VYm> 0. (8.57)

(Of course, the distributions u; , may depend on M.)

(c) ul(m)(X ) scales almost homogeneously in X with degree D — [ and, hence, this holds also

for all w; p, p=0,1,..., .
(d) TIST)I (X) is almost homogeneous with degree D under the scaling (X, m) — (pX, m/p).

(e) Tg_t)l is smooth in m for m > 0 and

‘ m\~(LHDFe (o
Tim. (M) M =0 Ve>o. (8.58)

All properties are meant in the weak sense; e.g., property (e) holds for <tgi)1,h> for all
h € DR\ {0}).
Finally, the last axiom states that for monomials A1, ..., A, € P that do not depend on m,

the numerical distribution:

(A1 (1), s An(2)) = wo (BT (A1 (21) © oo © Ap(a0))- (8.59)

Fulfill the Sm-expansion with degree D :=>"" ; dim(4;). One could use a weaker version of
this axiom and impose that 7™ fulfills the axioms with sd(r("™)) < D.
Strong Sm-expansion axiom

There is another axiom that can be imposed on the retarded product called ” a stronger version

of the Sm expansion”. It states that in each inductive step,when expanding the distribution from
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D'(R¥\ {0}) to D'(R¥), one needs to map the zeros of ug, uy, to the zeros of the new distributions.

Renormalization has to be done in each order of &

. " . Stla;)/2 0
This condition requires 75,1 (A1(21), ...; Ant1(Tng1)) ~ h&=i=1 9V= for |Aj| ~ h°V; (we use the
notation 0 ~ A" Vr).

Using this axiom we guarantee that 0 € D'(R™ \ A,,) is extended to 0 € D'(R™) (the distri-
bution “0” is trivially extended and we do not sum any terms, since it would mean that we are
computing renormalization of something that is not of the same order in i) and that the limit
h — (E] is equal to the classical retarded product. The proof of this statement uses the T— prod-
uct that will be constructed later. It can be found at |25]. The proof that the retarded product
constructed outside the thin diagonal satisfies the renormalization condition can be found in [24]
Chapter 3.2.

8.6 Extension of distributions

The construction process shown in the previous section solves the problem to the entire Minkowski
space-time except for a point. The next step is to close that hole. There are more than one way
to do it. For example, we could define a distribution Ry, 1(z1, ..., zn; ) following the aforemen-
tioned construction outside the thin diagonal and R, = 0 if ; = 29 = ... = . Although it
defines a distribution in the entire space, it is very artificial and it certainly does not have the
properties we would expect for the retarded product (for example, the field equation). Hence,
when constructing the retarded product in the points not included in the construction above,
we have to impose some rules to guarantee that they will be “well behaved” as a distribution|70|
page 57. To do it, we introduce the scaling degree of a distribution ¢: sd(t) € R. This
number basically controls the divergency of the singularity of a distribution. For t € D'(R¥) or
D'(R¥\ {0}). Tt is defined as:

sd(t) := inf{r € R| lim p"t(pz) = 0}
p—0

inf() := —oco, infR:=0. (8.60)

The expansion needs to be done in such a way that the scaling degree is the same for the

unrenormalized distribution and the extended distribution. One can prove that

sd(AT(z)) =d — 2. (8.61)

Since:

lremember: we do not have any kind of topology, thus the limit is simply plugging A = 0
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d
8%(pm) = [ Gyt o — me

d%u U u —ippx _
PPEU:>/pd(27T)d19(O)5( —Q—m2 Je~ PP = pd QA;rm(:E). (8.62)

And similarly

sd(A™(z)) = sd(A(x)) = sd(AT(z)) = d — 2. (8.63)

One can also prove that

sd(t-u) = sd(t) + sd(u). (8.64)

hence

sd (AT (2))") = n(d - 2). (8.65)

The properties mentioned above will be important because given a distribution t0 € D'(R* \
{0}) with sd(t), then:

e if sd(r) < k the extension t of t¥ exist, preserve the scaling degree, i.e, sd(t) = sd(t?) and

is given by the same formula as t°

e if k < sd(r) < oo there are more than one possible extension t of t° preserving the scaling

degree but they are connected to each other by:

t=to+ Y = Ca0"(x), Co€R. (8.66)
lal<sd(t)—k

i.e, they only differ by local terms. [24] page 117

The (informal) idea behind the formula above is that we only need to worry about distribu-

tions that are bad behaved in the origin, i.e., can not be treated as a function near the origin.

An important remark: This is only informal in the sense that we can define the distributions
passing through a singularity |2]. The “divergence” only indicates the cases where we have some
“liberty” to sum counter-terms. We will return to this example once the necessary tools are

developed to extend a distribution.
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Figure 8.1: v(x) with o =1 and § = 2. Available at [2] pg2143.

8.7 Existence and uniqueness of extension

In we stated that there are extensions of a distribution t° € D'(R* \ {0}) — D'(R*) that
preserve the scaling degree. In this section, we will prove they indeed exist and show that they
also preserve the other axioms. To do it, we use the W-expansion. Let us start with the easiest

case first:

8.7.1 e D'(R*\ {0}) and sd(t°) < k:

To prove that there is an extension ¢ that satisfies sd(¢) = sd(t°) and t(x) = t°(x)¥ € R* \ {0}
we will adapt the prove given in [12|. To do it, we need a preliminary result: The space of
distributions sequentially is complete, that is, given t,(x) € D’ (Rk) a sequence of distributions
such that |{t, —t;, g)| — 0 for sufficiently big n,m € N for all g € D(R*) then there is t € D'(R¥)
such that t,, — t. The proof of this statement can be found in [47] Chapter 2. Once that has

been said, consider the smooth functions v(x) given by:

0 ]| > 2
v(z) =q0<g(z)<1 1<z <2 (8.67)
1 =] <1
and x(z) =1 —v(x) given by
0, ||| <1
X@)=30< x(z) <1 1< ||zf| <2 (8.68)
z]| > 2

.For k =1 we can drawn such a function:
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Figure 8.2: x(x) Available at [24] pg. 117

Forn > 0,n € N, define x,,(z) := x(nz). Note that if » € D(R¥), then x,h € D (R*\ {0}) Vn >
0. Hence, (t°, x,h) exists. Due to the definition of y, we have lim,_,o x»(z) = 1. Hence, if can

prove that a distribution ¢ defined by

t(z) = lim x,(2)t°(x) (8.69)

n—oo

is well defined, ¢ is an extension of t°. To prove that the limit above exists, we prove it is a

Cauchy sequence. Let n > m € N, v, () := v(nz) and g € D(RF), then:

(in(@)t(2), 9()) = (xm (2)°(2), 9(2)
= (1 = oa(2))t(2), g(2)) = (1 = v (2))t°(2), ()
= (U (2)t"(x), g(2)) — (va(2)t"(2), g(x))
=m @)t (mz), g(m™1z)) — n F (@)’ (n"1z), g(n 1)), (8.70)

In the last line, we have made a change in variables: nz = u = dz = n *du. We kept
the variable x for simplicity. We claim that the expression above gets arbitrary small for n,m

sufficiently big. To prove it note that defining € := n~! we have:

n~F (@)t (n"*z), g(n"%)) = (e ¥t (ex), v(z)g(ex)) — 0. (8.71)

Since n — 0o <= € — 0, sd(tY) < k and " is acting in a smooth function E| Hence,

xn(2)t°(x) is a Cauchy sequence and converges to t € D'(R?), which is an expansion of ¢°.

To prove that it is unique, let ¢; and t» be extensions of t° with the same scaling degree.
Then

supp(t1 — t2) € {0},
so that
ti—ty =Y _ Cad"y

2u(x)g(ex) is smooth because v and g are smooth and supp(v(z)g(ex)) C supp(v(x)) = B2(0)
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for some coeflicients C,. However, since
sd(t; — to) < max{sd(t1),sd(tz)} = sd(t°) < k,

while
Sd(aaé(k)) =k+ ]a|,

we see that C, = 0 for all a.

8.7.2 )¢ D'(RF\ {0}) and sd(t°) > k:

In this case, let w = sd(t°) — k € R*, |w] the integer part of w and the set

D, = D, (RF) := {h € D(R¥)|9°h(0) = 0 for a < LwJ} . (8.72)
Note that D(R* \ {0}) c D, (if h(0) = 0, then, by definition, supp(h) = R¥ \ {0} and

h € D). We claim that every t° € D'(R*\ {0}) has a unique extension t,, € D/,. To prove it,
first note that if h € D,, one can write (|1] chapter 38.2 and [2] chapter 39.2):

hz)= Y 2°a(®), ga(z) € D(RF). (8.73)
a=|w|+1

Using this decomposition, we define:

(twh) = > (2%, ga). (8.74)

lal=w]+1

The extension of £%¢°.is guaranteed by the first part, since
sd(z%) < sd(t%) — (|w] + 1) < k.. (8.75)
Therefore, if we are able to construct a projector W : D(R¥) — D,,, it defines an extension
t"W (W-expansion) by:
W, h) = (t,, Wh). (8.76)

If h € D(R*\ {0}), then Wh = h since D(R* \ {0}) C D,,. Thus:

W h) == (t,, Wh) = (t°, h). (8.77)
hence, it is indeed an extension. To prove that sd(t") = sd(t°) we refer to [12]. The W
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projections are, in general, not unique. The most general projection that one can construct is

given by:

Wh(z) :=h(z) = Y 0°h(0)wa(). (8.78)

la|<[w]

with w € D(RF), 0°w,(0) = 62 and b < |w].

As an example of historical importance, we can construct the “central solution” |29|:

Wh(z) = h(z) - Y %Taah(()). (8.79)

la|<|w]

Remark: If tY does not decay fast enough at infinity, we have to change the projection above

Whiz) == h(z) = 3 %(:w(x)aah(O). (8.80)

la|<[w]

with w € D(RF),w(0) = 1 and 9°w(0) = 0. The above projector was used in the original
paper by Henri Epstein and Vladimir Glaser |29]. Further examples of w’s can be found in [60]

and references therein.

Once the function w is fixed, (t°, Wh) is uniquely determined. But we still have some freedom
to “sum” the terms we subtracted, namely: ., -, Ca0ah(0), Cy € C. Those are the famous
“counter terms” of quantum field theories. The constants C,; need to be fixed using physical data

or some symmetry (see Chapter 4 [24]).

The great part of this formalism is that we can prove that all extensions of t (especially
those respecting the axioms) are W projections. The proof can be found on [24] page.122. The
price of using these methods is that the scaling power N may be lost but, in the worst-case
scenario, it increases to N + 1. An important remark we are not going to explore in this work is
that to maintain a symmetry, we have to impose further constrains to the projection, and that
is not always possible. When such a case occurs, we obtain the famous anomalies of quantum

field theory. For more details, we refer again to Chapter 4 [24].

8.7.3 Example

To motivate the discussion, we use a similar example of (8.44)) adapted to physics (this example
was extracted from [24] page 122). Consider the electric potential in 3 dimensions with a point

charge at the origin:
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V20(z) = ) = —4mqd(x). (8.81)
€0

The solution is well known:

O(x) = —. (8.82)
||
We could a priori say that this distribution exists only in D'(R3\ {0}).But, since sd(®(z)) =
1 < 3, we can compute the extension using the same formula as above. The intuition is that this

distribution exists because given g(x) € D(x):

— 3:I:i ) ~ = rr2g T 0. .
@.9) = [ Eaow) ~ [~ arrtlow) < (5.53)

r

Hence, the formula is sufficiently “well behaved”. On the other hand, the energy density is
given by:

lq2

—_ 8.84
12 [ (8.84)

1 =
U=—|E|*=

I8
Again, the formula above is defined only in D'(R?\ {0}). But differently from last time
sd(U) = 4 > 3. Hence, we have more than one possibility to extend this distribution and still

maintain the scaling degree. Note that differently from the electric potential:

1 3 q> o0 2 o1
(U,g9) = d x‘|wH4g(x) ~ ; ﬁg(x) ~ lim - — oo. (8.85)

- 47‘(’2 r—01r

Let us calculate an example using the central solution for the distribution (8.84)).In this case,
w =sd(U) — 3 = 1.The w subspace is given by:

D, = {h € D(R¥)|0°h(0) = 0,a = 1,2, 3}. (8.86)

And the W— projection reads:

3
Wh(z) = h(z) = Y wi(a)0"h(0) — wo(z)h(0). (8.87)
k=1

The central solution:
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h(z) — w(z)(h(0) — V - h(0)). (8.88)

The U"W is now given by:

(U, Wh) = / d%WqW (1) — w(@)(h(0) ~ ¥ - (0))) (8.89)

And the most general extension we can do is:

(U, By = (U, h) + Coh(0) + C - Vh(0), Ch = (caycy,c.) € RE. (8.90)

The self-energy is calculated for h(xz) = 1. The simplest choice we can make to perform this

calculation is w(z) = 1. Using these parameters, we conclude

(U,1) = Cy = mc?. (8.91)
The self-energy of the particle.

From the example above, we learned how to extend distributions avoiding divergences and
the “extra term” we include in the most general expansion must be fixed by its physical meaning.
This procedure is analogous to “subtracting infinity” from the usual QFT. Unfortunately, the W
expansion is not very good for practical computations. In the future, we will use other methods

of regularization that are easier to manipulate.

8.8 Inductive construction of the retarded product in

the entire space

Now we have all the tools to construct the retarded product in the entire space. The goal is
to inductively construct R, 1 in such a way that all the basic and renormalization axioms are
fulfilled. Off-the-diagonal, the work is done. If we find an extension to the thin diagonal that
preserves the scaling degree, we finish the construction of R, ;. The “formal” way of doing
it is very technical and goes in the opposite direction to what the thesis is intended to. The
construction can be found in Chapter 3.2.4, page 130 |24]. Instead of repeating the steps of the
book, we present a different approach. We take examples, show how to solve them, and show
how the recipe generalizes. To solve the extension problem, we will use what is called “differential
renormalization”. This method is the easiest to be implemented in the configuration space. We
postpone the topic because we will face similar problems in the construction of 17— product,

studied mainly in the context of scattering theory. Since the way to solve the problem is the
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same, we present it and use it to solve both the T'— and R— products. The solution can be
interpreted as Feynman diagrams. For the R— product, this representation is not very useful.

On the other hand, for the T'— product is very useful to compute amplitudes.
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Chapter 9

T-product

9.1 Introduction

Once the construction of the R—product is complete, we can focus on the construction of the
time-order product, also known as the T'— product. The construction itself is very similar, and
the R— and T— products are closely related to each other through the S matrix. Here we will
not explain the importance of the 7" product and the S matrix to scattering theory since, pre-
sumably, those reading this work are initiated in quantum field theory. If for some reason the
reader has not previously studied the subject, we can refer to a series of books and notes:The
first two are closely related to these dissertation [24] and [67] chapter 3.3. The notes of Klaus
Fredenhangen on QFT are always a good place to learn basic concepts |35]. Last but not least,

the last two references are the “standard ones” in QFT |68, |75].

Once that has been said, we will axiomatically construct the T'— product, just as we have done
with the R—product. The axioms are divided into the “basic axioms” and the “renormalization

conditions”. The axioms are partially copied without edition from [24];

9.1.1 Basic axioms:

(I)Linearity, (II) Symmetry in the arguments, (III) Initial condition 71 (F') = F' and (IV) causal-
ity:

Th(Ai(z1), ..oy Ap(zp))
=T} (AT((].) ('7;71'(1))7 ) A7r(k:) (‘rw(k’))) * Tnfk(Aw(k’—H) (‘rw(k’-i-l))v e Aﬂ(n) (xﬂ(n))) (91)

whenever {Z (1), ..., Za(iy } N {Zr(i)s o Tn(my } + V=) = 0.

Probably, the most important formula for practical computation is that the unrenormalized
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time order product on M := {(x1, ..., x,) € M"|z; # 2,;¥1 <1 < j < n} [Yis given by:

T (A1(21) @ oo ® An(n)) = A1(21) *aF oo xaF An(n). (9.2)

Where A is the Feynman propagator:

AF(z) = AT (2)0(2°) + AT (—2)0(—z") (9.3)

and xp = xar indicates that we have changed the Wightman two-point function by the

Feynman propagator in the formula of the star product.

9.1.2 Renormalization conditions:

These additional axioms for the T-product read:

(v)

Field independence:
0T, /0 =0,

or more explicitly,

m =n OF ®(n—1) v
Solm) " <5so<x> wF ) )

Similarly to the R-product, this axiom is equivalent to the requirement that 7T;, satisfies

the causal Wick expansion.

x-structure and field parity: Field parity is the condition
aoT, =T,o0a®". (vi)

The formulation of the x-structure condition is more complicated. As discussed in the
historical introduction, one of the most important features of the S-matrix is that it
is unitary, i.e, S* = S7!. We can prove that for every S € V[\] of the form S =
1+ 3220 ap A\, exist S71 € V[A]. The construction is done term by term in . H Hence,
the existence of S~! is guaranteed. The *- axiom is chosen in such a way S* = S~!. For
the unrenormalized T, (A1 (z1), ..., An(2,)) € D(M™) we can find a explicitly formula [24]
page 175:

(Tn(A1(21), oy Ap(z0)) = Th(A5 (1), .y AL (20))- (9.4)

lthe restriction of the domain is just a fancy way to write z; # zVj, k € {1,...,n}
2For example,in first order in A S~! = 1 — a, A because (1 — apA\)(1 + a,A) =1+ O(A\?)
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Where T is the “antichronological T— product” (the expansion of S™'(F) := T(eg ™).
More details can be found in [24] chapter 3.3.

(vii) Poincaré covariance:

/BA,CL ol =T,o0 ﬁ%’z V(A7 a) € P%r
(viii) Off-shell field equation:

T(p(@) ®F1®-- @ F 1) =0(@)Th-1(F1®---® F,_1)

Jr;/dm dy g(z)Ap(z —y) T (F1®- @ Fyq). (viii)

_0

dp(y)
where g € D(M).

(ix) Sm-expansion: For all monomials Ay, ..., A, € P, the distributions

HM (AL A (@1 — Ty ey Tt — n) = WO (T<M>(A1(x1) R ® An(xn))) (%)

fulfill the Sm-expansion with degree D = E?:l dim A;.

e Scaling degree: Similarly to the R-product, the Scaling degree axiom,

sdt(Ag, ..., Ap) (X1 — Xpy oo T — XTp) < idimAj VAi,...,An € Phom.
i=1
] (Scaling Axiom)
is a less restrictive substitute for the Sm-expansion axiom.
(x) h-dependence:
(A1, ..., Ay) ~ h2g=rdimA—nl4g]/2 (x)

for all monomials A, ..., A, which fulfill A; ~ hYVj where |A;]| is the order of the field.

The scattering matrix is given by:

Z'n iF

nlhn

S(F):=1+ i T, (F®™) =T(ed ). (9.5)
n=1

9.2 Construction of 7" product

We will inductively construct the T'— product. Just as in the case of the retarded product, the
basic axioms are enough to construct the 7" product everywhere except in the thin diagonal A,,.

The renormalization conditions extend the distribution to all points in Minkowski space-time.
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In this context we will first show (9.2), then following the steps of Epstein Glaser|29] show how
to construct inductively 7" in M\ A,,. The extension is completely analogous to the extension of

the R— product, and therefore we will not repeat it here.

9.2.1 Proof of Tn(Al(scl) X ... An(fbn)) = Al(fbl) K*AF ... kKAF An(l’n)

Given a T— product T}, : F2" — F that meets the basic axioms and (x1,...,z,) € M", x; #

loc

x;Vi,j. We will prove the statement using induction on n. n = 1 is trivial. For pedagogical

reasons, we will first show the case n = 2, the generalization is immediate.

Since 71 # 2, we can divide our analyses into three cases, I) 29 < 9, II) 2§ < 20 and III)

) =29 = (21 — 22)? < 0. In the first case, we can use causality to write:

TQ(Al(l’l), Ag(l'g)) = Tl(Al(iL'l)) *Tl(AQ(:L‘Q)) = Al(IL‘l) *AQ((L‘Q). (96)

The second case is exactly the same with the changed index (1 < 2):

TQ(Al(JIl), AQ(JZQ)) = Tl(AQ(xQ)) * T1 (Al(:cl)) = AQ((IZQ) * Al(:cl). (9.7)

In the third case, the two formulas above agree since for space-like distant points AT (z1 —

x9) = At (zy — z1). Explicitly:

O £l
Av(er) » Ax(za) = D T DA 0)) (A (01— 2))! Dy Aa(22)
=0
o0 4]
= > D)) (A (a2 — ) Di(Aafe2))
=0
O £l
= Z %Dl(Ag(xg))(AJr(xg — 21))'Dy(A1(21)) = As(z) * Ay (7). (9.8)
=0

where

(5ZA1 (.’L‘l)
Di(Ai(zy1)) := /dY —_— 9.9
H{Ar(m) "06(yr)---00(ur) 99
We can summarize the tree cases using the Feynman propagator defined as:
AF(z) == 0(2") AT (z) + 0(—2") AT (—z). (9.10)

Thus, in case I) Af (21 — 29) = AT (22 — 21), in case IT)AF (21 — 29) = AT (21 — 22), and in

case I11), AF (21 —x9) = AT (x1 —x2) = AT (29 —21). Hence, changing the propagator AT <+ AF
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in (9.7) contemplates all possible scenarios:

TQ(Al(.Tl),AQ(.TQ)) = Al(xl)*p AQ(LEQ). (911)

Note that the product above is also symmetric since A* is.

To finish the proof, assume that T,,_1(A1(x1), ..., An—1(xn-1)) = A1(z1) *p ... ¥p Ap—1(Tp—1)
for (z1,...,2p—1) € M™ 1 with z; # x;Vi,j. We want to show that a similar formula holds
for T,,(A1(z1), ..., An(2n)), (z1,...,2n) € M" with z; # x;Vi,j. Let us consider without loss of
generalityﬂ that 20 < l’? Vi e{2,..,n}.

Since z1 N {x2, ..., } + V_ = (), we use causality to write:

Tn(Al(l‘l), ,An(l‘n)) = Al(ﬂfl) *Tnfl(A2($2)7 ceey An(SUn))
= Al(.%'l)*p Tn—l(AQ(x2>7~--7An(xn))~ (912)

Using the induction hypothesis, we obtain:

T (A1 (1), oo, An(2n)) = A1(21) %F oo %5 A (20). (9.13)

Since the product above is symmetric and linear in each entry, it satisfies the basic axioms

and the proof is complete.

The formula above is very useful for practical calculations (we will use it later) since it en-
ables us to calculate very quickly the lowest order of the unrenormalized T-product. Usually,
the same formula defines the T- product not only in M” but also in M" \ A,. Unfortunately, the
construction of the T—product needs more than a formula in M, we need to construct it, just
as the construction of the R-product, in the entire space except in the thin diagonal. One can
construct it using the “splitting property” |67, 29, 61]. Another construction using partitions of
unity is given in [12] and [55]. Here we only indicate how one can construct it using induction,
but do not go through all the details of the calculation. For those, we refer to the references

cited above.

The formula worked on in this section has a nice interpretation in terms of Feynman diagrams.
To construct such diagrams, every point represents a field A; and a line connecting A; and A;,
a Feynman propagator. For example, consider A%(z) xp A%(y) = A%(2)A2%(y) + 4hA(x)Ap(z —
y)A(y) + 2h?A%(z — y). Diagrammatically, we can represent it by:

3If it is not the case, let us say xg < x?Vj € {1,...,n}j # k, just relabel the indices with zy = z7.
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Figure 9.1: The external lines represent powers of fields and internal lines powers of
Feynman propagator

9.2.2 Construction of the unrenormalized 7T— product on M"\ A,

We divide the space into the following sets:

Cr :={(x1, ., 2n) EM"|2; ¢ (2, + V_Wi € I,j €I
with I < {1,...,n}, I # {1,..,n}, I # 0. (9.14)

Note that any set of points (z1,...,x,) in M™ \ A,, is within at least one of the above sets.

Hence:

Ucr =M\ A, (9.15)
I

And, for a given subset I causality implies:

T (A (1), ..oy Ap(20))
:TII\ (Ail (‘ril)’ o Aim (xi|1|)) * T\I|C(Ai1 (%‘1)7 EREX) Ai|1|c (‘Tiu‘c))' (9.16)

The final step is to show that the formula above is the same when C; N Cy # (). To simplify
the notation, we divide the proof into three cases. First, we consider () # I C J and enumerate
the indices such that I = {1,..,i}, J = {1,...,4,i+1,...,j} = TU(I° N J) (which is always possible
due to the symmetry of T'). Hence: I¢={i+1,....5,..,n} =J\ (T UJ°) and J* = {j+1,...,n}.

Using the formula described above:

Tn(:pl, ,xn) = Tm(l’l, ceey l’z) *Tmc(xi_;,_l, veey .%'n)

= u|(l‘1, ,l‘l) *T|J\]|(:Ei+1, ...7$j) *T|J|c(:cj+1, ,SCn) (9.17)

In the last equation, we have used causality and (x1,...,x,) € Cy. On the other hand:

Tig)(x1, ey 5) * T e (T, ey Tn)

= |I|(LL’1, ceny xl) *ﬂ[cm]‘(xiJr]_, ceey xj) *T|Jc|(xj+1, vy :En) (9.18)
In the last equation, we have used causality and (x1,...,x,) € CT.
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The second case is I = {1,...,i}, J = {i+1,...,5} and J NI = (. Again, we organize the
indices in a convenient form for simplicity. In that case I = JU(I°NJ¢) and J¢ = TU(J°NI°).

Hence, using causality, we can write:

TI('Tla ) l’z) *7—1\15|($i+17 ey xn) = 1—1\[|($1> 7$1) *1—1|J|($7§+17 ) x]) *T‘\(IUJ)C\(ijrla 7$n)

(9.19)
On the other hand:
T|J|(£l'+h S) xj) *T\Jc\(l‘lv cy Ly L1y oeey xn)
:T|J|($i+1, vy .Ij) * Tm(xh ceey ;171) * T|(JUI)C|(37]'+17 . l’n) (920)

Last but not least, note that C; N Cy = 0 implies (z; — x;)? < OVi € 1,5 € J (basically the
intersection means that x; is not in the past cone of x; and z; is not in the past cone of z;, i.e.,

x; is not in the future cone of z;). Thus,

Tin(@1, ey ) x T g (i1, ooy 5) = T g (@15 oo 7)) ¥ Tip (21, 00y 35). (9.21)

The last scenario is the mixture of the two above, when I NJ % () but I ¢ J. In this
case, we define I = {1,...,k,....,i} and J = {k,...,4,....,5}. Using the notation {z1,..,z,} ¢
{y1,..;ym} + V_ as synonym for z; ¢ (y; + V_)Vi € {1,...,n}j € {1,...,m} we can prove that

i INJ=A_k,...,i}.

i {z1,...,x-1} and {z;q1,...,z;} are space—likeﬁ
iii {zg,..7;} € {Tip1, .o} +V_.
v {2k, it & {T1, oy Thm1, Tjs1, s T} + V
The justification to the sentences above are:

i Trivial by the enumeration

ii It is consequence of the previously case, where C; N C; = ().
iii We use (zg,...,x;) € Cr and (241, ..., Tn) are in the complement.

iv. We use (x,...,x;) € Cyand (z1,...,Z,—1, Tj4+1, ..., Tn) are in the complement.

“Here we have a similar notation: (z —y)? < 0Vz € {z1,...,25—1} and y € {Tiy1,...,z;}
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Now we just have to write the T'— product both in C; and in Cy. In C7:

To(w1, ey ) = T (T15 00y Ty ooy @) x T g (Tig 1, ooy Tn)
= |IﬂJ|(xk7 7*/131) *ﬂf\ﬂ(‘rl? 71:143) *ﬂ[c‘(xi-f-l? ...,.Z'j, 7xn)

= |IﬂJ|(xk;a ,:El) *T|I\J|(l’1, ,xk) *T|Jﬂlc\($i+17 ...,xj) *1—][0\]‘($j+1, ,a:n) (9.22)

On the other hand, in Cj:

Tn(fL'l, ,xn) = T‘|J|($k, acj) *CT|JC|(1’1, vy Th—1, Lj+1, ,(En)
=T san(@ks oy ) * T g (@it 1, ooy T5) ¥ T o (X1, ooy Thm1, Tjt 15 ey Tr)

= |Jm[|($k7 ,xz) *T|J\I|((L'i+1, ...,a;j) *T‘IQJC|((£1, ,xk) *T|JC\I\(‘Tj+h ,(L‘n) (9.23)

Since

ﬂ[\J‘(ZL‘l, ,ZEk) *T‘qu(xprl, ,l'j) = T‘|J\]‘(:L‘i+17 ,l'j) *,I]IQJC‘(ZL'L ,ZL‘k) (924)

Both expression are the same.

The proof that the aforementioned construction of the T product satisfies the axioms can
be found in [24] Chapter 3.3. We also recommend the original work of Epstein Glaser [29] and
the discussion related to causal perturbation theory in |67]. The method used in these last two
references is different, since they do not work with star products, but the construction follows

the same philosophy of dividing the domain.

This construction is different from the construction cited in the beginning of the section.
Naturally, one could ask if the construction of the T— product on M"™ \ A,, is unique? The
answer is yes and the proof can be found with minor adaptations at [47], Theorem 2.4 page 42.
Once again, we have to extend the domain to the thin diagonal. We will do it now with some

examples.

9.3 Example 1: R- product considering L;,; = —« [ dz g(x)p(x)
up to order 2

In the classical case, the example was the simplest one. In the quantum case, it will be as well.
We start with the definition of retarded field:

@) = RIS 0(@) = Roa(9(@) + Rua(S/h, 6(a)) + Roa (P o(@) + . (925)
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The axiom of initial condition gives us:

Ry 1(z) = ¢(x).

In Section (8.3), we found a formula for Ry 1(x) (8.21):

K 1K

Rua(=5 [ dugwot.oe) = [ dyan)low) s@)o60 - 0.

The commutator is very simple to calculate:

[9(y) d(2)]x« = d(y) * p(x) — d(x) * P(y)
= ¢(y)p(x) + RAT (y — x) — (¢(x)p(y) + hAT (z — y))
=h(AT(y—2) + AT (z —y)) = —ihA(z — ).

In the above equation, we have used:

At (y—z) — AT (x —y) = iA(y — x) = —iA(z —y).

Last but not least, we use one more relation involving the propagators:

A(z)0(z°) = A™(z).

and conclude:

K

R1,1 ($) = h

/ dy g(y)(—ihA(z — 9))8(= — %) = & / dy g(y) A @ — ).

(9.26)

(9.27)

(9.28)

(9.29)

(9.30)

(9.31)

The computation of higher orders is even simpler! As discussed in section (8.3)), the inductive

os(x) = Rl o(x)) = pla) + / dy g(y) A (z — ).

That is exactly the classical result (7.16])!
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construction of Ry 1, consists in calculating commutations of the form [Ry 1(¢(a)), R1.1(¢(b)), ¢(c)).
But Ry 1 € C. Therefore, all the commutators are zero and we do not have any higher orders.
Thus:

(9.32)



9.4 Example 2: R- product considering L;,; = —r [ dz g(x

up to order 2

Again, we start with

R(eS/", 6(2)) = Roa(6(2)) + Raa(S/h,0(@) + Baa (G 6(2). (9.33)

To organize the calculation, we will compute each term individually starting by Ro1(¢(x)) =

¢ ().

Ri1(S/h, é(z))

By definition:

Raa(§/h,00) = Bra(— [ drg)e?@), o) =~ [ dyg)Rs@? @), o). 030
using (8.21)):

Raa(S/h,o(a)) = =7 [ dyg)ie*(s),o(a))0° ~ 1°). (9:35)

To calculate the commutator we use:

2 x
) 0le) = o) + 15 8y )25 (9.36)
Where the ... indicates higher derivatives terms that are zero and %;b(x)) is a short notation
for:
IA(¢(2)) 3A((y))
o /dy . (9.37)
Hence:

¢*(y) » ¢(x) = ¢*(y)d(z) + 2hp(y) A (y — )

¢(2) * ¢*(y) = d(2)¢" (y) + 2hp(y) AT (z — y)
= [0*(y), ¢(@)], = 2ho(y) (AT (y — ) — AT (z —y)) = 2he(y)(~iA(z — y)). (9.38)

In the above equation we have once again used:
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AT(y —x) — AT (z —y) =iA(y — ) = —iA(z — y). (9.39)

Hence:

Ry (6(y). 6(x)) = 26 / dy 9(1)d(y) Az — ) = Ra(S, 6(x)). (9.40)

To derive the previously result we have used:

A(z)0(z%) = AT (z). (9.41)
In first order we recover the classical product and do not have any quantum corrections.

Now we proceed to the next term.

R2,1(%7 ¢(x))

Once again we start by a simple definition:

H,2
Raa (S 0l0)) = 5 [ dndeaglon)glon) Ras (6(), (@) @), (9042

Remark: We will omit the » when writing [, = [] when there is no risk of confusion.

The first step in the inductive construction is to restrain the domain. On M; we have the

following relation (8.27)):

Ro1(¢* (1), ¢ (z2); d(z))
T x9>< [[62(@2), *(a1)] . bla)] B« — 22)+

(6% (1), [¢%(22), d(2)]] 0(z° — w%))- (9.43)

Before continuing, let us calculate [¢?(x2), ¢%(z1)]:
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¢2($2) * ¢2(m1) = ¢2(x2)¢2(1;1) + h5¢2(x2) A+(az2 B x1)5¢2(l‘1)

56 56
2 §2 42 T 2 12 T
%6 quib 2 (A* (23 — 1)) qfssz ’
= ¢*(29)0” (21) + 4hop(w2)p(x1) A (22 — 1) + 2P (A™ (22 — 1)) (9.44)

Hence:

[6°(w2), ¢*(21)] = 4hep(w2)p(21) (AT (w2 — 21) — AT (21 — 32))
+ 2h2 {(A+($2 — 561))2 — (A+(SU1 — $2))2}
= 4hig(x2)d (1) Az — 1) + wo(Ru1 (6% (22); 67 (21))). (9.45)

In the last equation, we have used

_2h?
T

wo(R1,1(6°(y); ¢°(2))) {(A%(y—2))” = (AT (2 = 9))*}

Using this result we can calculate the next term,[[¢?(x2); ¢?(71)], #(x)]. To do it, we use:

(r1)p(x2) * () = ¢(2)p(w1)d(22) + RAT (21 — 2)P(22) + RAT (19 — 1) (7). (9.46)

Hence:

[[6%(22), ¢*(21)], ()] = —4h*Alzz — 21) (A(w1 = 2)p(x2) + Alzz — 2)d(21)). (9.47)

The calculation of the other term is analogous:

[6%(21), [¢% (2), 6(2)]] = —4h* Az — 2) A2 — 22)p(21)- (9.48)

Combining the results above, on M7, the expression for the retarded product is:

K,Q

T oR2
((—4ﬁ2A($2 — z1)(A(z1 — 2)p(22) + A — 2)P(1))0 (2] — 27))

Ro(z) = / daydiey g(1)g(22)0(2° — o)

— 42 A (29 — 2) Ay — 22)(21)0(2° — :):8)) : (9.49)
We can simplify the expression above using A(z)f(z%) = A™(z):
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Ry1(z) = 2/@2/d1:1d932 g(x1)g(x2) <Aret(:v1 — 1) ATz — 1) P(2)

+ A 2y — 22) ATz — 22)p(1) — A (2 — 2) Az — 22)8(2° — x?)<f>(ﬂ71)>- (9-50)

The expression is still not as we want. We factorize A(z; — x2) using the identity:

Ay — 29) = Ay — 22)(0(2) — 29) + 0(25 — 20)) = A" (21 — 29) — A" (z9 —21).  (9.51)

To finally get the final result:

Ry1(z) = 2/@2/d:131d332 g(x1)g(22) A™ (71 — 22) A™ (z — 21)p(22) + 1 < T2 (9.52)

We have used the notation z1 < x9 to indicate that there are more terms identical to the
written ones except that we need to change x to y.

Changing variables:

Ry 1(x) = 4K> / dr1drs g(21)g(2e) A (2 — 1) A™ (21 — 22)@(22). (9.53)

The expression above is clearly symmetric under exchange x1 <+ x3. To complete the con-
struction, we need to calculate Ry 1(x) on Ma. Due to the symmetry of the problem, that is

equivalent to changing x1 — 2. Since both expressions are equal, the final result is simply:

Ry 1(x) = 8K* / dridrs g(r1)g(x2) A™ (2 — 1) A™ (21 — 22)d(2). (9.54)

Once again, we recover the classical product. Just as in the case of L = —k [ dz g(z)p(z),
we do not have any quantum corrections. We can, actually, claim a stronger sentence about
quantum corrections of this interaction. We claim that there is no quantum correction in any
order of perturbative expansion. We can prove this using an induction argument. Essentially,
what we are going to show is that 7 R, 1(S®", ¢(z)) is independent of /. Since the construction
is carried out in such a way that we recover the classical expression when A = 0, the quantum

and the classical retarded product are the same.

Since we have proved that Ri1(%;¢(z)) and Rg’l(%; ¢(x)) are independent of A, the begin-
ning of the induction is already complete. Suppose that the argument holds for Ry, 1 (% o (x)).

R
Now, let us consider the field equation axioms for Rn+171(%, (2)):
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hog(y)
(9.55)

sentl n S S S, 1 68
R”H‘l 1(W7¢( )) = _h/dyAret ZRnl (1 hl ®...Q T17 l> .

Using % = 2¢(y)é(y) and that all interactions are equal, we can rewrite the expression

above as:
®n+1 on
Ry, 1(Shn+1 o)) = —(n— 1)ﬁ/dy Aret(x — y)le(Shn ’ 29(yi)1¢(y))
S®n
=—2(n— 1)ﬁ/dy g(y) A (z — Y) Bni (S 6(y))- (9.56)

Using the inductive hypothesis, le(%e;n,gb(y)) is independent of h. Thus, R,11,1 is also

independent of A and that completes the proof.

9.5 Example 3: R- product considering L;,; = — 41 f dx g(x

up to order 2

Just as in the case of the classical retarded product, the interaction described in this problem
leads to a much more sophisticated expression, compared to the case of Liy = [ dz g(z)¢p? or
Lint = [ dz g(x)¢. We will derive the expression, but we will not work through the renormaliza-

tion.

We star with the definition:

(ﬁ)
bs(z) = Reg " IO ED 60)) = Ry (6(x))
e T
+ R [ doyglanét(@): o)
A2
+R2,1((2‘%)2/d$1 g(ﬂ?1)¢4(1‘1),/d$29($2)¢4($2);¢($))+O((i\!)3)- (9.57)

Using linearity, we can write:

A
Rual-12 [ ayglensta)iote) = () [ dm g u (60; o)

A2
(4!)2 /dm19($1)¢4(9€1)7/d$29(x2)¢4(flf2);¢($))

=5 /dX29($1) (22) Ro,1(¢" (21), ¢ (x2); (). (9.58)
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The initial condition reads:

Ro1(¢(z)) = (). (9.59)

Now, let us calculate Ry 1. To do it,we use (8.21)):

A
Rur(—12 [, g(a)o 0. 0(2)

A
= [y glan) (i) [0, 0] 0a° — 22)
e

=1

(

7

[ gl 0) wola) = 6(0) # 61100 — 28)

[> =

) / da1 glar) (4h6% (21)(A* (21— 2) — A (2 — 21)) 0(° — 2)

L=

[> =

= Z(h') /dwl g(x1) (4iﬁ¢3($1)A($1 - x)e(xo - 33(1)))

A

= —G/dm,g(%l)ﬁret(ﬂc — 2")¢% (z1). (9.60)

N

In the equation above we have used:

(
¢(x) x ¢*(21) = ¢(2)¢" (21) + 416° (x1) A (2 — a1)
AT (z) = AT(=2) = iA(2)

A(2)0(—2) = —A(—2)A(—2) = A™(2). (9.61)

¢ (1) * p(x) = ¢(x)9* (1) + 4h¢® (21) AT (21 — )
(

Note that, once again, the result is the same as in the classical case.

The formula for Ro; is more complicated since we have to divide the domain. We start
in My := {(x1,22,33) € M®|z1 ¢ (z3+ V4)}. The corresponding expression is given in (8.27).

Hence:

Ro1(¢*(21), ¢ (72); 0(x)) =
0(a" — 538)( [[6*(21), ¢*(22)] , B(2)] O(2) — 29) + [0 (x2), [¢"(21), B(2)]] O(2° — 95?))- (9.62)

The calculation is long, but straightforward. To simplify the notation, we follow the notation
from [24] section 3.2.8 and denote
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Jr(@) = —i((A* (@) — (A*(=2))"). (9.63)

We start by calculating [¢*(z1), ¢*(2)]:

[[6%(x1), 0 (x2)] , d(2)] = 4%ih¢® (x1) A1 — 22) ¢ (w2)
gl g 2 g
21 j

+ 423222Z;¢(331)j3(x1_; 72) é(2). (9.64)

Now we commute the term above with ¢(z):

[6%(x1), ¢* (x2)], ¢(2)]

= 48(ih)*(¢” (x1) A(z1 — 2) A1 — 22)° (22) + ¢* (1) Az — ) A(21 — 22)¢* (22))

— 14417 ja (21 — x2) (p(a1) A1 — 2)¢° (22) + ¢*(21) A2 — 2)(2))

— 961 j3(x1 — 22)(A(z1 — 2)d(w2) + ¢(21) Az — ). (9.65)

The second commutator is equal to:

(6% (22), [8*(21), d(2)]] = [¢* (22), 4iRA(x) — 2)¢° (21)] = 4ihA (21 — )
X <4 - 3ihe® (22) Az — 21)¢%(21) +4- 32h2%<x2 — $1)¢($1)>

= —48712¢2(:c1)A(:c1 —x)A(xy — x1)¢3(x2) — 144h3qb(331)j2(x2 - x1)¢2(x2)
— 96K j3(xy — 1) (22). (9.66)

Hence:
Next we separate the terms proportional to i2. We are going to factorize then to obtain the

classical retarded product. The rest of the terms are the quantum corrections.

Note that:
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a2) (Ao — )z = )8 ~ o)
+ Az — 2)A(x; — :1:2)0(968 — x?))@(:ro — x3)¢2(x1)

+ ¢ (21)Awp — ) Ay — 22)8(2° — 23)0(2§ — a7)§” (w2)
= —¢3(x2) (Aret(:n —21)A(22 — 21) + Az — 2) A (27 — CEQ)) 0(z° — 29)p*(z1)
+ 3 (1) A™ (2 — 29) AT (29 — 1) P*(22). (9.67)

We can manipulate the first term above:

Az — 21)A(xg — x1) + A2y — 2)A™ (27 — 29)
:Aret(x _ 1’1) (Aret(.’ﬂg _ 371) _ Aret(m1 _ 1‘2))
+ <Aret(x1 — ) — A" (2 — x))Aret(:Ul — 9)
= — A"z — 21)A™ (21 — 22) + A" (2y — 21)A™ (21 — ). (9.68)

The original expression is multiplied by 6(x? — 29):

— ATz — 1) A" (2 — 22)0(z0 — 29) + A (zg — 21) A" (2 — 2)0(2” — 29)
= — A"z — 1) A™ (21 — 29). (9.69)

In the above equation, we use the fact supp A(x) C {22 < 0,2° > 0} and the definition
of 0(z) to cancel the second term and simplify the first one. Taking all the results, the term

proportional to A2 is equal to:

— 48K (3 (22) % (1) A™Y (& — 1) AT (2] — 29)

+ ¢% (1) 9% (22) A (g — 21) A™ (2 — 22))

= —48K2 3 (x2) 2 (21) AT (z — 1) AT (21 — 29) 4 1 < T

= h%g}l(xl, x9; ). (9.70)

The quantum corrections is:
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W7y (w1, w95 1) = —1440%jo (21 — 39) ((21) A (21 — 7)) (w2)
+ ¢ (21) A — 2)p(22))0(a° — 23)0(af — 2?)
— 144R% (1) o (w2 — 1) 9% (w2)0(2” — 25)0(2” — a?)

— 9671 j3 (21 — x2) (A(xl — x)P(z2)
+ 0o~ 0) )0(a” - 2§)0(a} - o)
— 96K j3(xy — 1) P(22)0(2° — 29)0(2° — 7). (9.71)

Due to the symmetry of the retarded product, Ry 1(x1,z2;x) in My basically changes z1 <>

To. Hence:

S®2 A2
Roq(—5 72 () = 7. 4,2/d$1d1’29(931)9($2)
(r2{1 (x1,x2;2) + ﬁr271(x1, To;x)) + T1 4> Ta. (9.72)

We emphasize that if d > 4, the terms ja(2), j3(z) need renormalization. We will not do it
here (instead we are going to focus on the renormalization of the T' matrix), but it can be found
on page 154 [24].

9.6 Example 4:Scattering amplitude considering L;,; =
—(%) [ dz g(x)¢*(z) up to order 2

The T— product is much simpler than the R— product. Just as in the case of the R— product,

we want to calculate:

iLingt ) ;2
In first order:
TN
—Tl < /d:nlg x1)Q m1)> = 27(14!) /dxl g(x1)d*(z1). (9.74)

Second order:
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2‘2

2h2T2(;!)\/dﬂC1 9(r1)9 /d@g 22)¢" (22))
9 2
= _2(i\m)2/dmd$2g(w1) (22)¢™ (21) *F ¢ (22) = Q(i\!hy/dX?g(‘”l)g(x?)

X <¢4(~’E1)¢4($2) + 167¢° (1) ¢ (w2) AT (w1 — 2) + T207¢% (1) % (w2) (AT (21 — 22))?
+ 3213 p(21)p(w2) (AT (21 — 22))3 + 8RH AL (21 — x2))4>. (9.75)

Using the examples above, we can compute the scattering amplitude 7. In the formalism of
QFT in Fock space, the fields that appear in the T— product are normal ordered [67]. We will
use this fact to invoke the theorem of Section (6.4]). We will focus on the scattering involves 4

particles, two incoming and two outgoing particles. The first order in A reads:

Ti = Q03 p)eipa)] [ do (o) s 6'(2) s lam)az(po)9)

X W <€iply1+ip2y2¢(yl)¢(3/2) 3 g( )¢4< )* e—ip3y3—ip4y4¢(y3)¢(y4)) . (9.76)

The calculation above is long, but not very hard. We start by attacking the star product. For
simplicity, we first calculate ¢(y1)d(y2) * ¢*(x) and then the result of the mentioned calculation
star product with the rest of the fields.

S(y1)d(y2) * 6 (x) = B(y1)d(y2)¢" (x)

+ 4 ($(y1) AT (y2 — 2)¢° (2) + D(y2) AT (g1 — 2)8%(2))

Cap2
N N

A% - 2)A (i — 2)6(a) ). (9.7
Since we are going to compute the vacuum expectation value, we need to consider only the

terms proportional to ¢? of the above equation when computing (¢(y1)¢(y2)*¢* () *d(y3)d(va),
that is, the term in the last line. Using:

122



¢ (x) * P(ys3)p(ya) = & ()P (y3)d(ya)
+ 21 ((x) AT (2 — y3)d(ys) + P(x) AT (z — ya)p(y3))

2
= (AT ) AT ) + AT (@ — gAY — )
= 20 AT (z — yg) AT (z — y3). (9.78)

We conclude:

wo(d(y1)d(y2) * ¢ () * G(y3) 6 (ya))
= 24 AT (y1 — ) AV (yo — 2) AT (z — y3) AT (@ — y4). (9.79)

Hence:

Lo
T = —iAn’ (H p)

=1 (2m) 2

X /dﬁ;d:c g(@) AT (g — 2) AT (yo — ) AT (z — y3) AT (z — yy)ePryrTP2v2—PsT3—Pazs (9 g())

We can calculate the integral on Y, above. The integral in x must be considered with caution
since the test function g complicates the calculation. The goal is to take the limit g(z) — 1V,
but to do it we need to guarantee that the integral above is well defined. The integrals that need

to be calculated are:

+ ; 1 dEl i _ .
T _ z — = ik ) ip;
/dylA (y1 — z)eP¥ = /dyl @m)T / e~ k1 (y1—2) ipiy1

2wy,
—i(k?—p?)y? dE . ip1T
€ 1 — . =\ _ikix €
gt | et a(E - e = (9.81)
1 b1
; 1 dk . . —ip3x
/dg3A+(x — yg)e P38 — W /dg3 2w: e~ tka(r—y3) ,—ipays _ €2w ) (9.82)
3 p3
Collecting all the results, we obtain:
L 2w SR A
T = —i\k® (H (2){’;1) (H 2(0) /dxg(x)eZ(pl-S-pz—p:s—m)m
i=1 (4T) 2 i=1"P
1A
= _ZWH?"S(]?I +p2 — p3 — p4). (9.83)

Note that in this case, the adiabatic limit is well defined. The above result is known as the

Feynman rule (in momentum space) for the vertex in A¢* theories. Diagrammatically:
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pl p3

p2 p4

Figure 9.2: Every vertex correspond to a factor of _Mﬁ . The d(p1 + p2 — ps — pa) just
tell us we have momentum conservation.

Remark: The difference between the usual text book result 71 = —i\é(p1 + p2 — p3 — p4) is

due to different conventions of Fourier transformations.

To compute the scattering amplitude in second order of lambda we first need To(Lint, Lint)-

2'h2
It is given by:

2'2

o2 Lint xp Lint

1
~5m2
2
= _2(4)!\)2}12 / dzy g(x)g(y)o* (x) *r ¢ (y)

2?2 F
T2 / dy g(x)9(y) <¢4(x)¢4(y) + 161¢° (2) A" (z - y)¢° (y)

2 3
MG @) (AT (x— 9))6%(0) + = 5T66() (AF (2 — 1) ()

(LGt7 LGt)

4
+ %576(AF (z — y))4> : (9.84)

Only terms with four powers of ¢ contribute to the amplitude. Hence:

o (8000] + (o [y )61 )BT (5 = ) ) 81600 ) (9:55)

Where we have used the short notation:
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4wp1 Wpo

o(p1)é(p2) (2m)d—1 /dfld@ eiplx1+ip2zz¢(1'1)¢(562)

4wpyWp,

¢(p3)¢(p4) = (27’r)d71 /d.’fgdle e—ip31‘3—ip4934¢(;p3)¢($4). (986)

The calculation of the star product is long but straightforward. As usual, we first compute

d(1)P(2) * ¢*(2) P2 (y):-

d(x1)B(22) * ¢*(2)9° (y) = d(x1)P(22)* ()9 (y)
T 2h(¢<x2><A+<x1 b)) + A (a1 — 9P (@)d(y)

T pan)(A* (o2 — 2)d(@) () + A* (e y>¢2<x>¢><y>>)

+ 12 (AT (21 — 2) AT (22 — )97 (y) + 247 (21 — 2) AT (22 — y)d(2) by
+ 12 (20% (21 — y) AT (22 — 2)p(2)p(y) + AT (21 — y) AT (22 — y)$° (a
+ 12 (AT (g — 2) AT (21 — )97 (y) + 247 (22 — 2) AT (21 — y)p(2)d(y
+ 12 (287 (9 — y) AT (21 — 2)p(2)p(y) + AT (22 — y) AT (21 — y)$° (a
= 2¢*(2) AT (z1 — y) AT (z2 — y)

+4¢(x)p(y) AT (21 — ) AT (22 —y) + 2 < . (9.87)

)
)
)
)

The relevant term is the one with two powers of the field:

202 AT (21 — 2) AT (22 — 2)¢? (y) + 27 A (21 — y) AT (22 — y)d*(2)
HAR (AT (21 — 2) AT (22 — y) + AT (21 — ) AT (22 — 2))p(2)d(y). (9.88)

Now we need to compute the term above “star” ¢(x3)¢(z4). The term that is not proportional

to any power of the field is

+

AR AT (2 — 2)A
ARAT (2 — 2)A
AR AT (2 — 2)A
tz . (9.89)

+ T+
)
NN
[
& =
> b
+ T+
N
[
8 8
NP
> D
+  +
8 <
[
8 8
P

The corresponding Feynman diagrams are:
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x1 x3 x1

x1 x3
x3 X X
X Y
+ +
x2 x4 4 4
x2 x4 x2 x4

Figure 9.3: There are other three diagrams corresponding to = <> y

Using 1) we can perform the integrals in Xy

4
(H 2‘”121_1) /dX"4 6¢(P1$1+p2z2—13393y—174334)
=1 (2m) 2

wo (¢(z1)d(w2) * ¢%(2)¢* (y) * P(23)P(24))
4pt

(27.‘-)2(d71)
4Rt

" @rpa
4pt

(271.)2((1—1)

tz ey (9.90)

ci(P1+p2)z—i(p3+pa)y

e (P1—p3)z+i(p2—pa)y
ei(P1—pa)z+i(p2—p3)y

_l’_

The terms above correspond to de diagrams drawn before them. Finally, the corresponding

expression to each diagram reads.

LN i(p1+p2)z—i(ps+pa)y A F 2
—@gaaﬁ@@'«mwg@mww (AF(z —y)) (9.91)
144)\%h? e
_m /dxdyg(x)g(y)e (p1—p3)z+i(p2 p4)y(AF(x _ y))z (9.92)
144)\%h? N
—W_l)(w/dxdyg(x)g(y)e’(m pa)x+i(p2 ps)y(AF(x _ y))z. (9.93)

Until now, all calculations have been done independently of the number of dimensions. The
problem of renormalization becomes apparent in the expressions above if d < 4. If we naively
try to compute the integrals above, we will find a divergence in the limit x — y. The reason

is,as discussed in the renormalization section, due to:

sd(A) =2 = sd((AF)?) = 4. (9.94)

In this case, the W expansion is quite simple. Let us calculate, for example,

/ﬁmwg@w@k@”””i%“mﬂﬁﬂw—wf- (9.95)
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First, we change the variables z :=x —y, =z =2z2+41y:

/dmdyg(z + 1) g(y)ePrir)EHy)—ilpstpy (AF ()2

= /dyg(y)ei(m“”p3p4)y<(AF)276i(pl+p2)Z9(y +2)) (9.96)
Since sd((A)?) = 4, following the notation from section (8.7.2), we have w = 0. Hence, the

W — projection is simply:

(AF)2, WellertP2)zg(y 4 2)), = / dz (AT (2))2(e' P HP2)7g(y + 2) — w(2)g(y))

+ CeP1P2)0g(y 4 (). (9.97)

Where Cg(y) is the counter-term. Using:

(A=) =

efipz efiqz
dpd . 9.98
/pqp2—m2+i0q2—m2+io (9.98)

(2m)®

we conclude:

(AT WelPtP2)zg(y 4 ),

:(2;)8/dz/dpdq

efipz efiqz ; B
{pz e e s w1 (Prr2)7g(y + 2) — w(Z)g(y))} +Cy(y). (9.99)

The expression above is sufficiently “well behaved” to choose w(z) = 1Vz and take the adia-
batic limit ¢ — 1. Once the parameters was chosen as mentioned, the corresponding expression

is:
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< 'P1+P2 Z> - C

—zpz e 19z (p1+p2)
(a z
/dZ/dpdq 2 m2+1/0q 7m2+10( P12 _1)

/d d(pr4+p2—p—q)—dp+q)
P = m2 1 i0) (@2 — m2 1 i0)

(27T)

oy 1 1
- (2m)t / P (P2 —m2+i0)((p — p1 — p2)2 —m2 +i0)  (p? — m2 +i0)2
_ 1 /dpp2—m2+i0—((p p1—pa)® —m? +i0)
(2m)* (p* =m?+i0)*((p—p1 — Pz) —m?+i0)
_ 1 /d 2p(p1 + p2) — (p1 +p2)?
(2m)* (p? —m? +i0)%((p — p1 — p2)? — m? +140)’

(9.100)

The integral above is not simple to calculate, but its result is well known in the literature

[19] eq.22.8 and eq22.42 or [20| page 46 eq.2.74 and page 49 eq.2.87. The result is:

ﬁ (2 — 24/ 4m2*3 arctan [ 4m§s}) , 0< s < 4m?

(AF)2, Weilpitr)zy — o m <2 + \/mln [\/5—7 \/S—W} + i7r> . 8> 4m?

VstV s—4m?2
i [4m2—s % 4m2_5—\/m
4(27r)2 <2 + |8| In |: m? —st |$|:|) 5 s<0
(9.101)

where s = (p1 +p2)?. We are left with the integral in the y coordinate. In the adiabatic limit
it is simply:

/dyg(y)ei(p1+p2p3p4)y<(AF)27€i(p1+p2)Zg(y +2))s

= 8(p1 +p2 — p3 — pa) ((AT)2, i PrFP2)zg(y 4 2)) (9.102)

Note that all integrals (9.93)) have the same format, the only difference being the combination
of momentum in the exponential. Therefore, we can summarize the expression of the amplitude

by writing:

T = (I(s) + T'(u) + T(t) + Cs + Cu + C1)d(p1 + p2 — p3 — pa).- (9.103)

Where
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8(2;)2<22\/‘W323arctan[ 4m‘§s}>, 0< s < 4m?

T } —4m s—v/s—4m? .
[(s) = —\*R? 8(2;)2 (2 +14/2 i ’In |:£+\/sfjllm2:| + Z7T) , 8> 4m? (9.104)

i [4m2—s v4m2—s—\/m
8(2m)2 <2 + B In |: F’TZQ—S"‘\/M]) 5 s<0
JIn the above expression, we have already considered the change x < y. The constants

Cs, Cy, Cy need to be fixed by physical arguments. A suggestion is done in [19]. We fixed the

scale at sg = 4m?,ty = ug = 0 imposing

L(4m?) 4+ Cy =0
(up=0)+C, =0 . (9.105)
T(to=0)+C;=0

1

Since the extension in D, is unique, the above solution is unique and the problem is com-

pletely solved.

9.7 Example 5: Amplitude of massless L;,;; = —\ [ dx g(z)(¢0,0)
up to order 1 in the ¢¢ — ¢¢ process.

The last example we want to show involves a calculation with a derivative.

2 - 2w i v ip1T1+ip2To —iP3T3 —Iipsax4
x wo(d(x1)P(22) * 20,00 d(x) * d(x3)B(74)).- (9.106)

We can calculate the star product ¢?9,¢0 d(z) x ¢(x3)d(z4):
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G (2)0,0(2) 0 D(x) % Blas)blas) = 6(2)0 ()0 b (2)b(as)blas) +
h(sz(x)(a%(x))%ﬂx ~ 3)p(a) + 20(2) (0" $(x))PAH(x — ) (z3)

— 20°(2) 0P () At (& — w3)p(wa) — 207 (2)Dup(2)H AT (& — fv4)¢(w3)>

+ 12 <(8“¢)(x))2A+(x — 23) AT (2 — 24) — 20(2)0u () AT (z — 23) AT (2 — 24)
+(0"9(2))* A" (x — 23) AT (2 — 24) — 20(2)9pd(2) AT (2 — 24) Oy AT (2 — 3)

— 20(2) 0, () AT (x — 23) AT (@ — 24) + $2(2)Dp f AT (z — 23) AT (2 — 24)

— 20(2)0, () AT (z — 23) AT (z — w4) + ¢2(2)Dp A ( — 23) AT (2 — M)). (9.107)

It is meaningful to explain why some terms changed sign. The sign comes from the derivative

of the delta function:

60" (x)  + dp(x3)
B = 96(2)

_ / didys 945(z — 1) A (y1 — y2)8(23 — o)

oMo(x) * Pp(x3) = /dyldy2 Y1 —y2)

- —/dldyg §(z — y1) (AT (y1 — y2)d (23 — 12))

= LA (x — x3). (9.108)

The term important to the amplitude is the one that contains two powers of the fields. We

can summarize it as:

" <¢2($)8x,uA+($ — 23) A (z — 4) + (0"9(2))* AT (2 — 23) A (2 — 24)
— 4¢(2)0, () AT (x — x3)OLAT (z — 24) + 23 ¢ a:4> . (9.109)

The term that does not contain any power of fields of the star product of the expression
above with ¢(z1)¢(x2) is:

130



h4
2
+ 40, A1 (z1 — ) AT (22 — 2) AT (x — 23) AT (z — 24)
+4AT (21 — 2)0, AT (22 — 2)OHAT (x — 23) AT (z — 24)
+ 40, At (11 — 2) AT (22 — 2)OHAT (2 — 23) AT (z — 24)

(4A+(x1 — x)A+(x2 — x)@x,MA"'(x — :cg)agA"'(x — x4)

+ 3 & :L'4>
(9.110)

The expression above can be “simplified” if we disconsider the permutation of the terms. To

fix the notation, consider:

P(x1, w9, 3, 743 1) := Kt (AJr(xl — 2)AT (z9 — )0, ) A1 (2 — 23)OF AT (2 — 24)
+ 0,2 AT (21 — 2) LAY (23 — 2) AT (@ — 23) AT (2 — 24)

+ 2AT (21 — )0, . AT (22 — 2)OFAT (2 — 23) AT (z — 334)>. (9.111)
Then, the full expression for the vacuum of the interaction is given by:

wo ((21)P(w2) * (H(2)0" ¢(2)) * p(x3)P(24)) =

P(xy,x9,x3,24;7) + P(x1, 22,24, x3; ) + P29, 21,23, 245 %) + P22, 21,24, x3;2).  (9.112)

Now, we plug P(x1,x2,x3,x4;x) in the expression for the amplitude:

. 4
T = _g H 2(,01;2._1 /dl»d)alg(:z)eipwl+ip2$2—ip3$3—i’p41?4
ho\ii (2m) =

x P(x1,x9,x3,24;). (9.113)

P(x1,29,x3,74; ) can be written as:

4

R4 d/;i
P(x1, 72,73, 14;7) = (27T)4(d—1)/ (H 2wk,>

i=1

(].{;3 ka4 ki - ko + 2k - k3)e—ik1(1"1—x)—ikz(rg—x)—ikg(z—xg)—ik4(m—m4)
(9.114)

The calculation of the integrals in the adiabatic limit is essentially the same. Once the

integral over all the P’s is done, the final result, i.e, the Feynman rule is:
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R

T = ZW<(p3-p4+p1-p2+2p1-p3)+(p4-p3+p1~p2+2p1-p4)

+ (p3-pa+p2-p1+2p2-p3)+ (pa-ps3 +p2'p1+2p2'p4)>5(p1 + p2 — p3 — pa)

DY

1
= _4ZW (pl P2+ 3 pat 5P+ p2) - (ps +p4)> 0(pr+p2—ps—pa)- (9115

Note that since we have the momentum of the particles appearing in the formula, it is

important to distinguish incoming from outgoing particles when drawing the diagram!!

1
p -

p2 p4

Figure 9.4: The diagram of the scattering ¢¢ — ¢
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Chapter 10

Renormalization

10.1 Introduction: The problem in simple words

Before describing the abstract theory, let us give a taste of the problem we are about to attack.
Suppose that we want to calculate the S-matrix considering an interaction of the form Ly =
—X [ g(z)¢*(z)dx in 4 dimensions. As we have seen, we need to fix the counter-terms using
physical inputs. Since these inputs are physically relevant, what does that mean? In the above
example, we were able to perform the adiabatic limit, but fixing the parameters of the theory
should not depend on how the interaction is turned on/off by the test function g(z). Is it possible
to find a formulation regardless of g7

We will answer all the aforementioned by studying the so-called “Stiickelberg-Petermann”

renormalization group.

10.2 Stiickelberg-Petermann renormalization group

Here we change the discussion presented in [24] Chapter 3.6 to a most “intuitive one”. The price
one pays by doing it is limiting the exposure to the lowest-order terms. However, the most

general discussion is not of central importance in this work.

K2 ~ g
Given two T'— products, T'(el " ),T(eg ) where ' € Fio.. We want to construct a map

Z : Fioc[li, \] = Fioc[hi, A] such that

T <eéAF) =T (%Z“F)) (10.1)

Z(F):= i %Zn(F‘@"). (10.2)

n=0
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We simplify the notation using F,, = F(x,). We also impose, for simplicity, symmetry in
the arguments Z(Fy(1), -, Fr(n)) = Z(F1, ..., F,)Vm € S™. As usual, let us construct the map Z
order by order in perturbation theory.

[A] =1:

In first order in perturbation theory we obtain:

(2 r) = 2R L TR am) = Do)
= Z1(F)=F. (10.3)

Al =2:

Now the formula gets a bit more engagingﬂ

l. . .2
el =14 220F) + 5 (ZOF)
i A2
= ﬁ )\Zl(F) + EZQ(Fl,FQ)
2
7
+ ﬁ)\ZZl(Fl) ® Z1(Fy). (10.4)
Thus:
@T(F F)—ET(Z (F F))+@T (Z1(FY), Z1(F»))
oz 12\, F2) = o di{ e (b, 1o oz 12\ 21lln), 21
i -
= Zy(F, o) = + (TQ(Fl,FQ) — TQ(Fl,FQ)) . (10.5)

In the above equation, we have used Z;(F) = F and T1(F) = F. The general formula for the
n—th order can be found using the same procedure. Just one last example to “get the feeling”
of how higher orders are constructed:

[A] = 3:

Now the combinatorial are more complicated. First, we write:

Note that we have two tipes of terms proportional to A? in the expansion from eéZ(AF)

and the other Z5

, one is Z?
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A2 A3
Z()\F) = Z[)()\F) +)\Zl(F1) + 7ZQ(F1,F2) + 7ZS(F1,F2,F3)
—— 2 3!

)\2 ®2 i 3
+ = </\Z1(F1)+ Zz(F17F2)> + - Z3(F1, Fy, F3)

h 3!
23 A3
[h3 Z1(F1) @ Z1(F2) ® Z1(F3)
;2
T2

+ Zo(F1, F3) @ Z1(Fy) + Za(Fy, F3) @ Z1(F1))

(Z2(F1, ) @ Z1(F3)

+ %Zg(Fl, B, Fg)]. (10.6)

The term in the fourth line was symmetrized to maintain the symmetry of Z. Therefore, the

T— product is given by:

,L'3 3 -
hgT(F17F27F3) ﬁT3(F17F27F3)
~ i~
+ 72 Z TQ(Z2(FW17FW2)7ZI<F7r3)) + ﬁTI(ZS(FLF%FB))
Tess
2
= Z3(F1, Iy, Fs) = hQTs(Fth,F:%) 72 T3(F1, Fy, Fs)
- % Z T2(Z2(F7r17F772)’Z1(F773))' (10'7)
Tes3

Just a quick remark on the general formula: Note that by expanding Z(AF') to the n—th

order and composing with T, the result is always of the form:

A" A" A"
T(h 'Z (Fy, ..., Fy, )) ﬁTl(Zn(Fl,...,Fn)) = 'Z (Fi,..., Fy). (10.8)
That means that we can explicitly write Z,, as a combination of the preceding orders, namely:

A"

- ‘Z (F,...,F,) = Ty (F1, ..., F,) — Combinations of lowest orders from T’s and Z’s.  (10.9)

A proof that this construction is well defined can be found in [60] and on page 227 |24].
The set of maps Z(n) defines the so-called Stiickelberg-Petermann renormalization group

[58]. There is a lot that can be talked about the group, but, for us, the importance of the group

is the so called “The main theory of perturbative renormalization”. It states [24] page
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225:

a) Given two renormalization prescriptions, i.e., two time-ordered products T and T both

fulfilling the azioms, there exists a map Z : Fioe[h, \] = Fioc[h, A] of the form Z(F) =
Zoo Zn(F)

n=0 n!

, which is uniquely determined by

T(erf) = T(er?®)) = §=Soz. (10.10)

where Z is an element of the Stiickelberg-Petermann group.

b) Conversely, given an S-matriz S fulfilling the azioms for the time-ordered product and an
arbitrary Z of the Stiickelberg-Petermann group, the composition S = S o Z also satisfies

these axioms.

The proof of the statement can be found on page 225 [24]. The theorem above basically gives
the most general transformations between two normalization conditions and also justified why is

called a group. There is also a similar construction for the R— product [|24] page 233.

The next question we want to answer is what the physical meaning of the renormalization
group is. To do it, we first introduce a change in the scale (z,m) — (pz,7)page 93 [24]. We
call a scaling transformation o, : F — F,p > 0 a linear transformation that acts on a single
field as:

op(6(2)) = p~ O 1), (10.11)

and in a generic field as:

< dXpf(z1, ..oz )¢(x1)..-¢(xn))
p‘”d1m¢/anf(x1,---,xn)¢(p‘1m)-~-¢(p‘1xn)- (10.12)

We emphasize that in the above formula o, only change the argument of the fields!!

The formula above justifies the change in the space, but what about the change in the mass?
The dependence on the mass is restricted to the propagators AT (z) = Al (z) and they appear
as argument in the star product * = ,,. The is to compute o,(F * G) and see what happens to
the mass.

In our analyses, we will consider F' = [dX,, f(z)¢"(z), G = [dY, g(y)¢™(y), co >n > m
for simplicity. The general case involves only a more sophisticated combinatorial, but the result

is the same.
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7uF 0 G) =, ([ dady f@)a(w)e 21670
- n— \m — : k
w3 RO [ sy raigten o a - 0)ken )

- / dady f(xz)g(y)p~ "M G (o7 z)p™ (o y)

" (n—k)!/(m — k)R
+k2:0( ) (k! ) /dxdy f(@)g(y)
p~ (ntmA2k) dim yn—k( =1y (A (5 — y))EgmR(p1y). (10.13)

Now we write:

—(n+m+2k) dim¢(A+($ . y))k =p (n+m) dim ¢ pf2d1m¢>A+( y))k

p2ETDAS (z —y)k

P (
(

= p(mm)dimé (d=INH (3 — y))k
(
(

=p (n4+m) dim ¢ g

= p i dme (o) dA*( —y)"

mmdme (AL (p7 e — ply))k. (10.14)

In the last equality we have used the last identity of (3.5)). Hence:

F*m /dl’dyf _(n+m)dim¢¢n(p_ll')¢m(p_ly)

m — i
— k)! (k;! k)th /da:dy J(x)g(y)
k=0

x pr (M AmOGRTR (pha) (AL (07 @ = ) ™ (07 hy)
= p~(mtm) dim( / dxdy f(x)g(y)e™(p~ )™ (0™ y)
e n — m — . k
+k§:j( ORI [ ey 5210t
< k(o LeV (AT LT —Y\\k m—k; —1
M A (T ) )

= 0,(F) %mp 7(G). (10.15)

_l’_

o

From the formula above, we see that the scaling transformation indeed changes (x,m) —

(p~a, pm).

It is not difficult to check that a new scaled S— matrix defined by
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m
S :=0,08% 00

" 1. (10.16)

p

is also a S— matrix, that is, it fulfills the axioms of the T'— product. The main theorem
of perturbative renormalization guarantees us that both descriptions are connected by a change
of renormalization. Thus, the physical meaning of the renormalization group is a change in
scale! Usually in QFT, this phenomenon is called “running of the constants” ([57]| chapter 12).
The meaning of the name becomes clearer once the adiabatic limit is taken. Fortunately, when
working with renormalization, this limit always exists. It is far from obvious to show this fea-
ture, but it can be done using the formalism of algebraic quantum field theory (AQFT).
Roughly speaking, AQFT studies the most fundamental aspects of quantum field theory using
very abstract mathematics (net of algebras, category theory, and so on). A special case is the
perturbative approach of QFT. One can show that the perturbative approach developed here can
be formulated using AQFT, then it is shown that the crucial properties of the renormalization
can be obtained if we restrict the space-time to a diamond-shaped region, and last but not least,
one can then show that in this region the renormalization can be done independently from g.
A deeper discussion can be found in Chapter 3.7 from [24]. For more statements about the
adiabatic limit, we recommend [23] and references therein ﬂ The last reference we recommend

is about the general features and advances of AQFT [14].

For now on, we assume that the limit has been taken and use it to compute the renormal-

ization of a scalar theory with L;,; = —% [ dz ¢* ().

10.3 Renormalization of L;,; = —% [ dx ¢*(z) up to order
2

The strategy for computing the renormalization is the following: We know, due to the main
theorem of renormalization, that two T'— products are connected by a sgnaling transformation.
o—1 — 13" Using
, the terms that need a non-trivial extension, that is, have a scaling degree d > 4, are
(AF)2 (AF)3 (AF)*. Unlike , we will use a different method to extend distributions. The

main reason to do so is that W — expansion is easier to compute amplitudes that can be measured,

Hence, we renormalize all the terms in 75 once and compute Z3 = 0,0T1," oo

but the computations for Z are not that clear (see [60]). The calculations become easier if we
give up the W expansion and substitute it for a method called differential renormalization
pagel93 [24].

2in this article it is proved that the adiabatic limit we simply calculated in the examples of last section
always exists for massive theories! It also established boundaries in massless theories
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10.3.1 Differential renormalization

Before attacking the problem, let us briefly explain the method. Let t° € D'(R%\ {0}) such that
sd(t) = k > d. If we manage to write t° as

t'=Df, D= C,0°C,eC. (10.17)

|al=l

With k — [ < d and (20, + k — ) f = 0. Then, we have an extension of the distribution #°.
We can prove this by writing:

(t,h)y = (Df,h) = (=1)(f,Dh). (10.18)

Since sd(f) < d, the extension is given by the same formula and the expression above is well

defined. The expression also scales almost homogeneously with degree D, since:

(20 + B)NDf = (20, + k- DN f =0. (10.19)

The challenge is that there is no general method to find such a f. The existence of counter-
terms reflect that difficulty. Given a fy with the desired properties, we can always sum ¢° €
D'(R*\ {0}) with degree D — 1 and Dg° = 0 in D(R* \ {0}). Since D¢’ = 0 in D(R* \ {0}),
suppDg C {0} = Dg = >, Ca0%(x), that is, g contributes by adding counter-terms. Fortu-

nately, we have enough tolls to fix the propagators discussed in this dissertation.

To perform the renormalization, we need an auxiliary formula.

o2 lnj((i\f)kaZ) =0, <2jx“1nj(_;2(;\£1x2) = 2k$u1n(]g)i 2+“712)>
— (2jd— 4j(k+ 1) 4jk)h1j(_;2()]\,flxz)
+(4k(k +1) — 2kd)M +45(j — 1)W (10.20)

(xZ)k—l-l (1»2)]64-1

where M is a mass scale, d is the number of space-time dimensions, and In%(z?) = (In(z)).

The same formula holds for 2 £ i0 and z? =+ ip°0 instead of x2.

To perform the calculation, we also need the Feynman propagator in position space. Although
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it can be computed with great generality for an arbitrary dimension [46|, for our porpoises, it is

easier to start from formula 2.2.3 from [24]:

-1 m? )
Al (2) = 00 +m2f(m?2%) In <—4( 2 zzOO)) +m2g(m?2%). (10.21)
Where:
F@) = e V) = 3 s
BT
I'(k+1) F’(k +2)\ (—z/4)F X .
= — = bpa”. 10.22
9(@) 167T2Z< T(h+1)  Th+2) ) kE+ 1) I;O’“‘” (10.22)
Where J;(x) is the Bessel function of order 1:
AN T i D Y (10.23)
! T 24 1) ' '
And I'(x) is the gamma function:
I'(z+1) ::/ dt e . (10.24)
0

The Feynman propagator can be computed using:

AF(2) = (D) AT (2) + 0(—2")AT(—2)

m2 2

=t 0(z°) (4”2(22—@300) +m?f(m?2?) In ( 1 — (2" — izOO)> + ng(m2z2)>
m2
+0(—2%) (M +m?f(m?2?)In <—4(22 + iz00)> + mQQ(m222)>
1
T 4r2(22 —40)

+m?f(m?2?)In <—mz(22 - z0)> + m?2g(m?2?). (10.25)
4

Note that, as expected,
P’ AL (pz) = AT (2). (10.26)
P

Returning to the problem of renormalization, we want to compute Za(Lint, Lint). Using the

main theorem of perturbative renormalization, it can be computed using:
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7 m
Z2 = % <0'p o T2P (O'p—l(Lint), Up—l (Lmt)) - T2(Lint, LGt)) . (1027)

Using (9.75)), we can easily compute o, o T27(ap_1 (Lint), 051 (Lint)):

m A2
0p 0Ty (0p-1(Lint), 0p-1(Lint)) = (41)? /dX2

(600064 (22) + 1086 (00)6° (22)? A ol — )
+ 720767 (@1)6% () (0" Al (p(21 — 72)))

+ 961°p(21)p(22) (P Ak (p(a1 — w2)))?

+ 2404 (pP? AL (p(1 — xQ)))‘*) : (10.28)
P
Let us compute term by term of Z3. For simplicity, we denote y = 1 —x and Y = —(y?—i0).
The first term reads::
)\2
EOh [ X (PAR (o) = AT (1) 0)0 a2) (10.29)

Now, the renormalization strikes with full force. Since Af(y) € D'(R*\ {0}) has a trivial

extension to y = 0 and p?AZL (py) = AF (y) outside the diagonal, the contribution of the first
P
term is zero. The second term reads:

2
T [ (AL () — (AP ))6) a2). (1030)

AF 2 need a non-trivial renormalization. To do it, we write:
Y

2
(AF(y)? = <47T12Y +m? f(m®y*) In <WfY> + ng(mQyQ))
2
= (4%21)2}/2 + Q;Y (m2f(m2y2) In (TZY) + m2g(m2y2)>
2

- <m2f(m2y2) In (ZY) + ng(m2y2)>2. (10.31)

Note that the terms in the second line have scaling degree sd < 4 and therefore, it expansion
to y = 0 is given by the same formula. The term W has scaling degree d = 4 and is the only
one that needs a renormalization. That can be done substituting d =4,j =1,k = 1 in ((10.20)):
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L _1 QM. (10.32)

n 2
: (Af/ Y)) = 2 < 4. Hence, it is renormalizable. Thus:

Note that sd(
)\2
AETE [ X (AL () = (AT (1)) 1) 6% )

)\2 1 1 M2 2Y 1 M2Y
- (4!)272712/@(2 0, n( pZ; ) _ geln ! )\ (1) ()

2
- (2027%2/(1)(2 4(471r2)2 (2111(,0)85%)@52(:31)@52(352). (10.33)

Last but not least, we use:

1 .
85? = —47%i5(y). (10.34)

To write:

2
(2)272712/60(2 (PA5 () — (AT (4)") ¢ (21)6(22)
2 » )
- (2\027%2/@(2 872 In(p)d(y)¢* (21)¢" (w2) = _i(4!))\27r2 o’ 1“(/))/%1 ¢*(x1)

1 —3h\2 h ~
e ) [ dngten = 5 [ dnColia) (10.35)

Where C' = 38’;)‘22 In(p).The factor % was kept in the above formula because the original

expression of Zy is proportional to % and the factor % will make the calculation of renormalized

A, easier ((10.3.1]).

The next term is proportional to (A (y))3. Before computing it, let us do the renormalization

of the term:

(A" (y)? = (Mlzy +m? f(m*y?) In (ﬂf Y) + m29(m2y2)>3
<47T12Y>3 +3 (47:21/)2 (me(m%ﬂ) In (”fY) + m29(m2y2)> +R. (10.36)

We denote all terms by R by sd < 4. Now we expand:
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3 <47T12Y>2 <m2f(m2y2) In <an> + m29(m2y2)>
=5 (gr) (i (57) e (55 + 1)) 7
:z:’rf <47rl2y>2 <ln (”fY) + 272_ 1) +R. (10.37)

where v ~ 0.577 is the Euler-Mascheroni constant.

Hence:
1 m2In(Y)  m2
F 3 _ 4
1 3 3(2y—1)
= mE S erane T Ten(an)e (10.38)
Remark:

There is only a small technical problem with the formula above; it does not fulfill the Sm-

expansion axiom. We can fix this by artificially introducing a mass scale M > 0. We write:

m? m? M? M? M? m
In(“-Y) = (") + In(=-Y) = In(=-Y) = In(=-Y) +21n (M) . (10.39)
Leading to:
1 m2bIn(22Y) +¢) m? m
Frnws _ L 1 m- m
(AT W) = ag + = +2b 5 In (M) : (10.40)

Remark: The “right” way to do the calculation is to star from the Sm-expansion and derive
the formula above, not the other way around. We decide to take the opposite direction to keep

the idea “as intuitive as possible”.

The term % ind=4. We fix j =0 and k£ = 2 in the formula (10.20)) which results in:

1 18
32? = (4b(b+1) — de); S ) Ly (10.41)

The term % can be written as

=P (10.42)

Thus:
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L 1l 1
5 = — 3300

1 o, In(M?Y)
Y3 8 Y2 '

v (10.43)

The term above can be expanded to y = 0 using integration by parts.

To tackle the term 1n(1\;[22Y)7 the simplest choice we can make in (10.20) is j =2 and k = 1,

leading to:

(M%) (M2 1 (MP) L1, (MPy)
y? (y?)'+! (y*)+! (y%)? (v*)? 8 y?
In(M?Y) (M?Y) 1 _,In*(M?Y)
7Ty y v

1,1
=7 - (10.44)

Since

In(M2Y)
Y

In?(M?Y)

sd( ) = sd( v ) =2< 4. (10.45)

The extension to y = 0 is immediate.

Hence, we can write:

(Af(y)’ =a

% N mQ(bln(;‘;:Y) +¢) N Qb?/f I <%>
2 2 2 2 20072
_ _:;128262111(]\}{ Y) N bT OQIH(J;{ Y) n brg a2111 (J\}f Y)
2 2 2 2
_lnzllln(4)82ln(]\}/{ Y) C?Z 82111(]\}{ Y)
LN (%) OQWYZY) +R. (10.46)

2

Thus:

3 1

IAF _(AF 3__ 6@ 292

(PPah(py) = (ALW)" =~ In(p)o20

oL bm? 5 o1 bm? o In(M?Y)

+ 5 In(p)o v + 5 In“(p)d v + 5 In(p)o —
2

cm” ln(p)('?Z% — bm? ln2(p)82%

2
2 my o1
+ bm ln(p)ln(M)a v

2 2
=—— ln(p)8282% + b% ln(p)(?2l _ b 1112(,0)82l

Y 2 Y
cm?

_ m? 21 em? SR mY gl
In(4) In(p)0? <> + 5~ In(p)9? + bm?In(p) 1n(M>a = (10.47)

m 1
— — In(4)1 2
n(4)In(p)0 v T

In(M2Y)
- = (o=
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2
Note: the non-local terms ~ 82%

cancel in the above equation.

Now we use 0%& = —472i5(y) to write the equation above as:
Y Yy

ar?i

In(p)9%6(y) — 2m%ibm? In(p)d(y) + 2w2%ibm? In?(p)d(y)
+ 27%ibm? In(4) In(p)d (y) — 2n%iem? In(p)d(y)
— 47%ibm? In(p) In (%) d(y)

ar?i 9 6B

Remark: The complete expression includes a constant Cy page 196 [24] due to the most

general expansion to the thin diagonal t = t° + C15(y). For simplicity, we set the constant to 0
in our calculations.

Where:

B
,)\627712 = —27%ibm? In(p) + 27%ibm? In?(p)
i

+ 27%ibm? In(4) In(p) — 27%iem? In(p) — 4n%ibm? In(p) In (%) . (10.49)

The constants multiplying B will become clear in a second. To finish, we compute

i A2 3

v [ ades (3607 (P25 )" - (85)") oto)ota)

\2h2 2 63
! G /dl’ldl‘g (az ! In(p)0?6(y) + MW&@/)) d(z1)p(2)

IAZh? 2il 65
= 2 [ T ()0 0(1) — 04000 ,000)) + gz )

/d$1A(¢($1)3Q¢($1) — " ¢(21)0up(11)) + Be*(z1). (10.50)

In the last equation we have used:

[ dm1desd35)6(e0)0(2) = [ dordead(u)(0s, - 02,0l
— [ dordna 85)(6(00)22,0(02) + (@2, 6(2))6(2) — 208, 0(1)0pa0(02)
—2 [ dni(@%6)0 ~ 000,0)(0). (10.51)

and
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~ iX2h? ar?iln(p) A2h2 In(p)
A= = — . 10.52
6 2 48(2m)4 ( )

The last term we have to renormalize is (A (y))*. Note that is not indeed necessary. To see

it, let us consider the general form of the last term:

N
[ dmrdes (AL () = (ML) = [ dendea o) + 30 Cu@ ). (1053)

n>0

Where C, C,, are functions of p,m, M. The last term do not contribute, since:

/dxldxg (OH"5(y) + /dzlde (@H"5(y) -1 = (—1)2”/dm1dajg S(y)(0*)"1 =0.  (10.54)

The first term contributes with a constant term in the interaction lagrangian and can be
ignored.

Therefore, what we obtained is:

Z*(Lint, Lint) = / duy A(p(x1)0*¢ (1) = 0ud(21)0" (1)) + Be* (21) + C' (1)
- - 1 -
_ / dry = 240"9(20)0u0(w1) + B 21) + 061 a1). (10.55)
Note that the result has the same formula as the original lagrangian! Actually, we can

define a new field ¢,(z) := f(p)¢(x), a new mass m, and a new coupling constant A, such that

Lo — Z(Ljpe) is the new Lagrangian. Explicitly:

1
Lo+ Z(Lint) = Lo + Z1(Lint) + §ZQ(Lmt, Lint)

1 11 A
=Lo + Lint + 5Z2(Lint, Lint) = 5 (Oudp0" 0 — mags) — qufr (10.56)
Using:
- A2h?
A=——-—-1
9621 P
- A2R2m?21In(p) In(p) m
3_78(2704 <7—ln(2)— 5 +ln<M>)
B 2
C= 3hA In(p). (10.57)
872
Thus:
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e Wayve function renormalization

iafz&aw@¢é%w¢@@¢=ﬂ@%&%%¢

_ 252
= flp)=V1-24= 1+ 18727135' (10.58)

e Mass renormalization:

1 ~ 11 1
L2+ B)? L ImZg2 = L2 (p)0?
2K2 n n
vVm? + B L+ )\8};2;)&/)) (7 —In(2) - # +In (%))
>m,=—————=m VI . (10.59)
f(p) 1+ S5t
e Coupling constant renormalization
1 Coul Mo A\ a
At ) "= %=y (0
A+ C 1+ 3hXIn(p)
S A= 2 = 16r (10.60)
f4(p) (1 PN 1np>
48(2m)1
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Chapter 11

Miscellaneous of theories of physical

interest

11.1 Introduction

This chapter is devoted to introduce a series of fields one usually works in physics. We introduce
complex scalar fields, (abelian) gauge fields and fermion fields. We will discuss briefly the star
product for these fields and an example of interaction to deduce the Feynman rules (in momentum
space) for the theory. For now, we do not mix fields with different spins. We will do it in the

next chapter, which discusses scalar and “usual” quantum electrodynamics (QED)

11.2 Complex scalar field

The complex scalar field ¢*(x) is very similar to the real scalar field field ¢(z). It is also defined

as a functional over C given by:

¢*(x) :C*°(M) = C
h(z) — h(z). (11.1)
Where h(z) indicates the complex conjugate. We can define the configuration space for a
theory containing ¢(x),¢*(z) as C := C>°(M). If we want to emphasize that the fields are

independent, we can also define C := C*°(M) @ C*°(M).
The space of fields is the set:

N M
F .= {Z Z /ande fam (1, - Zn, Y1, ,ym)¢(m1)¢($n)q§*(y1)q§*(ym)} . (11.2)

n=0m=0

The term corresponding to n = m = 0 is denoted by fy € C.
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The functional derivative is also the same as for real scalar fields:

dp(x) _ 0¢*(x) _

Soly) oy @Y
do(x) _ 06" (x)
do*(y)  0p(y)

) _
)

= 0. (11.3)

The free action for the complex scalar field is given by:

S 1= / dzx 8,¢(2)0"¢* () — m*é(2)¢" (2) = / du 060" ¢" —m?|¢[*. (11.4)

The equations of motion follows immediately:

ﬁ__ *x—m2*$:— 2 m2 *.Z'
5o(z) 90t ¢" () 9" (x) (0% +m*)p" (x)
050
5+ (z) = —0,0"¢(z) — m2p(z) = —(0% + m?)p(x). (11.5)

The Poisson structure is “twice” (one for the scalar field, one for it’s conjugate) the one of

the real scalar field:

5F 3G OF oG
L ) e T IR T Ak

(11.6)

We can check that we recover the usual commutation relation of classical fields computing

the Poisson bracket of:

F=o@), G=n(r)i= 5255 = 000 (@)
F=¢"z), G=n"(z):= 8;@) = 0,00(x). (11.7)

The calculation is the same as for the real field (5.34]).

The quantization procedure is also “twice” the one for a real scalar field:
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F*G::FGth(/dxdyé;iE)A—F(xy)

6G_, OF
do*(y)  d¢*(x)

K2 oF G
+ 2</dX2dY2 WA+($1 - yl)A+(x2 —y2)
SF e 5G
T ) oe () T T IR 2 T e
5F e 5G >
T S ey (T AT @ )

We can write the above formula in compact notation|59]:

S n+m 5 B
FxG:= Z h / dX,,dY,,dX,dY,
= nlm)
grtmp
0¢(1)...00(2n)00* (Y1).-.00* (Ym)
H H AT (2 — ) A (yi — i)
=1 k=1
sntme

0¢*(1)---00* (T )0D(§1)--- 00 (Gim)

The construction of the T product is basically the same.

AT (@ —y)

5¢* (y1)d8* (y2)

(11.8)

(11.9)

11.2.1 Example: Scattering of 2 particles — 2 particles consider

Li = —4 [ dz|p(2)]*

We compute the amplitude of two different processes ¢ — ¢*¢* and ¢pp — ¢ in the first order

of perturbation theory in the momentum space. Since our theory is massive, we already took

the adiabatic limit. The proof that the limit is well defined can be found in [23].

P — ¢*¢"

The T'— product in the first order for this process is given by:

1 i\
T = *Lint =

i = — 1 [ o (9(@)" ()"

The amplitude is given by:

T1 = wo(p(p1)d(p2) x Th * d(p3)P(pa))
= 2 [ n(B()3(2) * ()67 () % 6" (05)6 (1))
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Where we have used the short notation:

_ 2w .

¢(p1,2) = (2 ;jifl /d$17261p1’2$1’2¢*($172)
T) 2

« 2wWp; 4 = —iP3,4T3,4 ¥

¢*(p34) == ) dTs ge” PHATI Y (23 4). (11.12)
) 2

We want to emphasize that the fact that the field is now complex does not change the sign
on the exponential. The sign is a consequence of the interpretation of the creator operator acting

on the vacuum, not on the field itself!

Essentially, we need to compute

wo (¢ (21)9" (w2) x *(2) (9" (2))? x ¢* (23) 9" (2:4)).- (11.13)

However, we do not need to go through all the calculations to obtain the result. Since the
star product only acts on a pair ¢p¢* and we have 6 ¢*’s and 2¢’s, the final result is necessarily

proportional to (¢*)*. Hence,

T =0. (11.14)

The above result is one facet of charge conservation. Roughly speaking, we can attribute
the field ¢ to a charge +1 and ¢* to a charge —1. Every process preserves the charge, that is,
we have the same number of ¢*’s and ¢’s before and after scattering. A better explanation and

further discussion can be found in [59).

P — oo

The tree-level amplitude is given by:

Ti =iy [ drwo(@o(ma) * 6*(2)(6°) (@) * 6036 (p)). (11.15)

We can write the star product as:

(6" (21)0" (w2) x () (9" (2))? * P(w3)$(w4))
eI=0 RAAT (21 — 2) AT (20 — 2) AT (2 — 23) AT (z — 24). (11.16)
The notation 1910 indicates we are only considering the terms that does not contain any

powers of ¢. Hence, the amplitude is:
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. 4
T = ;TZ;‘F# (H 2("}1:_1) /dX'4d$ £ P1%1+ip2L2 —ip3L3 —ipaTs

-1 (2m) 2
x AT (z1 — 2)AT (20 — 2) AT (2 — 23) AT (2 — 24)
iAR3
= —Wf;(m + P2 — p3 — pa)- (11.17)

11.3 (Abelian) Gauge fields

The next field we have to worry about is the spin-1 field called the “gauge field” or (specifically
in our context) photon field A*(z):

Cphoton := C®(M, R?) — R4
h=(h")u=01....a-1 — A(z)(h) = h(z)

(11.18)

The set of fields Fpnoton is defined as the set of functionals F': Cphoton — C of the form:

R
F = Z/dYTfﬂl“'”T(yl, o Ur) Ay (Y1) Ay (yr) = (FP1H7 AL AL (11.19)
r=0

Where R < oo, fo € C and ff''*" € F/(M) is defined analogously to the scalar field (5.2.1)).

The * operation is introduced as

F* = < #1"'“T,AM...AMT>, A (z) = A(z). (11.20)

It transforms under action of (A,a) € 771 as:

Bra At (z) := (AHEAY (Ax + a). (11.21)

We define the field strength tensor F},, as usual:

Fu :=0,A, —0,A,. (11.22)
And the free action as:
1 1
So 1= ~2 /d:r Fr(2)Fpu(x) = 5 /dx A, (x)D* A, (z). (11.23)

152



Where DMV := n*¥9? — 9*9. The functional derivative is done component by component:

0A, ()
=0,,0(x —y). 11.24
Hence, the free field equation is simply:
0S50 1
920 _ pur g (z) = 0. 11.2
oy (1) £ 0 (11.25)
As usual, the retarded field equation reads:
050+ S o 1 05
5A, Sot5:5 54,
5‘51 ret
= DM A™ (z) = D' A, (2) — | —— () . (11.26)
0A,

The next step would be to invert D#”. The problem is that D*¥ is not invertible. That is a
direct consequence of the gauge invariance of the action. To avoid these problem, we introduce

a gauge-fixing term:

set— ;)\/dx(aﬂA“(x))Z. (11.27)

Leading to a different differential operator D"

DY = 9% — (1 — \)OMo". (11.28)

Next we chose A = 1, known as the “Feynman Gauge” leading to the massless Klein-Gordon

field equation:

DI A, = 0% Ar(z) = 0. (11.29)
Hence, we have really 4 copies of scalar fields.

Last but not least, the star product is defined through:
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FxG = Z (=h) dX,dY,
n=0

n!
o"F - hile:
D (z; — : 11.30
54, (21) 0 A, (2n) E 5 vy o o (11.30)
As an example, let us compute A*(z) x A”(y):
_ . 0AM(x . L OAY
AR (z) % A (y) = AM(2) A (y) — h/dxdy i Ex; +(x—y)5AaEg. (11.31)

To compute the derivative in the last line, we have to match the indices. This is done using

the metric:

;=10 — ) = 3w~ 7). (11.32)

Hence, the star product is simply:

At (z) x A" (y) = A" (2)A” (y) — " D™ (z — y). (11.33)

Remark: to do the quantization properly we also need ghost fields. Since they decouple in

the examples we work in this dissertation, we will skip this discussion.

11.3.1 Free photons

If we naively quantize the photon field as

AP(z) = /dﬁau(ﬁ)ei’“ (" (7)) et (11.34)
(2m)2 J 2wp

We are, basically, quantizing 4 different scalar fields, one for each component of the photon
field. However, the photon has only two degrees of freedom, corresponding to two different
polarizations. To solve the problem, we have to separate the Fock space of particles in the
physical Fock space (where only transverse polarized photons are allowed) and the nonphysical
Fock space (containing longitudinal and scalar photons). The entire discussion is presented in
|67] chapter 2.11. For our porpoises, it suffices to state that a physical photon with wave function

X(p) is created from the vacuum by:

05 -0) = [ G| (11.35)
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where eu(l;) is called the polarization vector:
(11.36)

eu(P) == (0,€)
With this choice of polarization vector, we guarantee that only physical photons are allowed.

Note that the indices of the photon and the creation operator are “down”, i.e,they do not represent
a Lorenz contraction. Hence, external photons needed a different Feynman rule in our formalism:

e Incoming photons with momentum 5 and polarization €, (p) contributes with
(11.37)

"
2wy,

3

— [ e A

(2m)2
(11.38)

—€

2wy

1

e Outgoing photons with momentum p’ and polarization €, (p) contributes with
(2m)2

[ L ) At

11.4 Fermion Fields
This section is a simplified exposition of |24] Chapter 5.Just as in the reference, we will do the

construction for fermion fields in only 341 dimensions.

In this chapter, we are going to mimic the construction of the scalar field. As introduced in
(11.39)

the text of the scalar field, a single spinor field is characterized as a function C*°(M, C*) — C*:
C>(M,C*) — C*
h = (hi)k=1,..a— V(z)(h) =h

The field v is restricted to the Fermi statistic and transforms according to DGO g pO.3)
under the action of L’l. Associated with the field 1) we define the “complex 1 field” denoted by

(11.40)

=iy
O (M, C4) — Cx*
h= (hi=t,..a = Y(@)(h) = K@) = Ypoy B (@),

where ¥ is the usual gamma matrix of the Dirac theory and the superscript ¢ denotes the

complex conjugation.
The product of fields IS NOT defined as the “usual QFT of textbooks”. In these references,

the product of the fields is defined as the product of two vectors in C* — C:
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4
W (y)v =Y hi(yh(e) € C. (11.41)
I

k=1

In our formalism, we define the product of two fields using the “wedge” product:

DY) A(z) = 20 (y) ®as Y(@) : C(M,C?)*? — C16 (11.42)
(h1, ha) = (K} ()7°) ® ha(z) — (R (y)7°) @ I (). (11.43)

where ®,s stands for antisymmetric product tensor. Note that by using this definition, we

also have products of the form:

() A(y), d(x) Ad(y) - C(M, C?)*2 — CI°. (11.44)

The usual objects of the theory involving products of 1), for example, the current j* :=
(x) AyPap(z) = Zél:l v (z) Ay (), are no longer numbers but vectors in C*", n = number
of fields. With this definition, we guarantee the anti-symmetry of fermion fields. For now on,
we adopt the Einstein summation convention, that is, repeated indices must be summed. For

example, the current j* = viv;(x) A Yy ().

The next step of our construction is the definition of the (functional) derivative. We define

it as usual:

5
00, (y)

l

Z 1)~ o6 (25 — y)

Jj=

—— (1) A Ay, (1) A gy (ig1) A o A iy, ()

—

1/} (371) A ... /\@k_(xj) /\@kl (:El) A ¢kl+1 (xl—&-l) VAN ¢kn(l’n)

5wf(y)¢k1 (1) A eoe Ay (1) A gy (T151) A e A, ()
!
= > (—1)7 bl — y)
J=l+1

—

Yy (1) A oo At (1) Ay (1) A o A, () A g, ()
(11.45)

We also define the derivative acting on the right:
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D) A e Ap(an) = (—1)7 V(@) A oo (@) (11.46)

Or 1)
o (y) o (y)

In practice, what we do when we need to compute a derivative is to “commute” the derivative

with the fields. For example:

J m A 59, 1(951) —
T () P (#0) A, (2) At () = ( &;)k(x) ) Ay, (22) A (3)
() A (5;3; iﬁ‘;)) N (as) + T 00) A ) (2059))
=0 — 0+, (21) Ay, (22)0h1,0 (x — x3). (11.47)

The right derivative is calculate “beginning with the derivative on the right™

- — 65 (23)
(m ( )(wll (l’l) A 1/)[2(1‘2) A @Z}ls( )) - d)h (‘Tl) A ¢12 ($2) ( 5¢k($) )

T ) A (ﬁf;; fcj)) N as) + (‘ng;; iff) AT A ()

=y, (1) Ay, (22) 01,0 (z — 23) — 0+ 0. (11.48)

We also define the “Spinor field space”. We start with the classical configuration space:

Cspinor = @COO(M,C4)XH (1149)
n=0

The spinor field space Fgpinor is defined as the set of functionals F' : Cspinor — C of the form

FoPner = {F fo®€B€B/dX QY fFTR0 T (1 1, e Y

m=0 n=0

%(m)A...Awkn(xn)Amym...wlm(ym)}. (11.50)

In the above definition, we need to exclude the term n = m = 0 (it was already accounted
for in fp).

n

N
@ < k1, ,kn’ ¢k1 . /\wkl /\d)kH_l A /\¢kn>7' (1151)

n=0 [=
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Formn > 1, each sllk" 15 a C-valued distribution with compact support, sllk" (T1,...,Tp)
is totally antisymmetric under permutations of (k1,x1), ..., (k;, x;) and permutations of (kjy1,i11), - -, (kn,

and it fulfills the wave front set condition - We will write F;,,.(M™) for the space of
distributions of this kind. |24] page 354.

11.4.1 even-odd grading and the 7 trick:

Now we introduce some subsets of Fypinor With the objective of facilitating the construction of the
retarded product and the matrix T'. Essentially, we divide Fpinor into two subsets, one respecting
the Bose-statistics and the other respecting the Fermi-statistics. This division is called “even-odd

grading’™

fspinor = ]:sJ;r)inor ©® ]:s;inor with
Fepinor = C @ [{Fun € Nis even}]  F, = [{Fyln € N'is odd}]. (11.52)

where F;, € Fypinor is defined above and [—] denotes the linear span. Note that for F, F, F» €
and G,Gl,GQG.F+ :

F. spinor*

spinor

FiANFy,Gi NGy € F .
POEB LT Tepinor (11.53)
FAG,GNF € F-

spinor

The n trick consists of transforming every field into a Bose field. To do it, we introduce some

Grassmann variables 7; ; respecting:

NiMe = —nknj Vi, k € N. (11.54)
Defining the fields
~ 1® Fj, Fj e Fr

Fj = spimor (11.55)

spinor

ﬁ’j obeys the Fermi statistics. Defining:

(a1 ® F1) (a1 @ F1) := (a1a2) ® (F1F>) where a; € {1,n;}. (11.56)

we can derive all the properties of the R product described for the scalar field for the fermion

fields and recover the sign at the end. The idea will become transparent further in the text (see
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11.4.4).

11.4.2 *-operation and Poincaré group

The last feature we have to impose on the Dirac spinors is how it transforms under the or-

thochronus Poincaré group PT and the *— operation.

The (linear) action of the proper orthochronous Poincaré group P_Ts_ on Y(x1) A ... N(xy) A
W(y1) A ...(yn) is defined by [67] Chapter 1.2, notation page 356 [24]:

Aa (@) A A (@) A (1) A b (yn)
= (P(A(A)z1 4+ a)S(A) A .. A (P(A(A)z, + a)S(A))
(A~

A (SATYYA(A)y1 + ) A A (S(ATH (A (A)yn + a)). (11.57)

We use the following representation:

D (§0> ®D <0, ;) :SL(2,C) - CY™ A~ S(A) = (A 0 ) .. (11.58)

and A — A(A) is the usual group homomorphism from SL(2,C) onto /J?, see, e.g., |72] |67].

The *-operation can also be defined

= 7% (z),. (11.59)

The definition is extended using:
(FAG)" :=G"NF*.. (11.60)
11.4.3 Field equation

The free Lagrangian for spinor fields is

ST = /dxwk-(x) A (10,735 — mlkg)ibs (w) = /dx%b(x) A (i@ = m) (). (11.61)

We omit the identity matrix multiplying m and ¢ := a*~, = y*a,. From the free Lagrangian

we read the field equation for both spinors:

50 _ o = Sy 950

T = Oulanly + mda) = = ) (11.62)

159



11.4.4 Retarded propagator

Now we can construct the retarded product of the spinor field using the same machinery developed

to the scalar field. The retarded field equation reads:

(5(5;11[)50) 0 TSy+85,50 = (;f/)b = @ret(l’)(ig +m) = &(‘T)(Zg +m) — <§7j(x)> (11.63)
L o s = S = (= m)™ (@) = @@= mv(o) — (@) - (1o

(_
where @ means the derivative is acting on the function on the left (in that case ).

As mentioned in the case of the scalar field, to solve the retarded field equation, we have to

H
calculate the “inverse” of (i@ — m) and (i@ + m). Since these operators are matrices in spinor
space, the inverse of them will also be matrices. They are denoted by S™'(z) and S*V(z).

Sret(r) is the “inverse” of (i@ —m) and it is given by:

re . re d=4 1 +m —ipx
S t(Z) = (Zﬁz—i—m)A t(Z) = (27[')4/d4pp2—?;n2—i—ip006 P . (1165)

Using the definitions above and

(i@ + m)(id —m) = —(8> + m?). (11.66)

It is easy to show that:

(id — m)S™(z) = 6(z), suppS™ CV,. (11.67)

—
524V (1) is the “inverse” of (i@ +m) and is given by:

Sadv(z) .= Aret(z)(ig —m) e Aret(—z)(ig +m) = (id + m)A™(—2)
d*p

d=4 1 pt+m i
= B S — 11.68
(2m)4 p2 —m?2 — ipOOe ( )
Again, we can use
«— — —
(i@ +m)Gd —m) = —(8% +m?). (11.69)

To show that
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Sadv(x)(ig +m) =d(x), suppS*VCV_. (11.70)

Note that this propagator has the support in the past causal cone. That justifies the “slang”
used by the physicist that an antiparticle is the particle traveling backwards in time.

The propagator of the classical Poisson bracket is defined as:

S(z) := S™(2) — §74V(2). (11.71)

Since 1,1 have different propagators, we have two different Wightman two-point functions
page 358 [24]:

St(z) = (id + m)AT () =t (271r)3 /d4p(p + m)O(p°)d(p* — m?)e P"
S () = — (i + m) AT (—z) =1 (271T)3 / d'p(p — m)E)S(p® — m?)e, (11.72)

The Feynman propagator is defined by page 369 [24]:

St (x) = Sﬁ(x)@(xo) — Sj_k(x)H(—xO) = (i + m)AT ()

j
t 4 p+m —
~ (2n)t /d P2 —m2 1o o (11.73)

Just as in the case of complex scalar field, the star product is defined through:

FxG=FANG

o F
+ ﬁ/dwdy (5%(%)5;;(:1: —v)

A oG 4 o F S (y— ) A oG >
b)) 5 y)

K2 52F 852G

— [ dXodY5 r + — + — — —

rr [ e 2(5% ()50 () ik (1~ 9oy (2 = 02) A emmr o
02F 502G
rT S+ _ S~ _ -

6¢t1 (371)(51/1112 (xQ) t1k1 (iﬂl yl) V2U2 (y2 JIQ) A 5¢k1 (yl)&bvz (yQ)
52F 582G ) .

+

" 6, (21)09),, (iEz)Svlul(yl = 1) S Y2~ 22) 6ty (Y1)0%w, (y2)

(11.74)

In compact notation page 359 [24]:
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hn-i-m
FxG:= Z /dX dY,, dX dY,dX,dY,,

n,m=0

(Sn-i-mF n
RY St (w; — 7,
5‘I’t($1,n)5\11u(y1’m)jl_[1 tys; (T) = Tj)

5n+mG
AT S 1 = 9= ' 11.75
il vy (o yl)5‘1’s(i1,n)5‘1’v(ﬂl,m) ( )

Where:

5‘11t(x1,n) = 57/}751 (xl)(sdjtn(xn)
5@u(y1,m) = 6au1 (y1)--'5@um (ym) (11.76)

Once the retarded /advanced propagators and the star product are defined, we can define the
Poisson bracket and the commutators. Unlike the Bose particles, the sign of the commutators is
not always the same. To avoid the problem, we use the eta trick and transforms all the fields in

Bosonic fields and compute the Poisson bracket/commutator as usual.

[F,Gly, =F+xG—-GxF
B [F, G| FxG—-G«xF
(£, G} = lim =2 = Jim ih ' (11.77)

where F, G means the field considering the eta trick (11.55)).

Let us try some examples:

Example 1: F' = @j (2),G = ¥r(y)

Since F' and G have odd powers of fields, the modified fields read:

F=nj;(x) G =npip(e). (11.78)

We omit the symbol of the tensor product.

Hence:
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FxG = (nj;(2) * (e (y) = (ymw) (0 (x) A (y) + 7Sy (y — )
G+ F = (mn;) (Ur(y) A () + hS5(y — o))
[F, G] = njmiab;(x) A (y) — menibe(y) A ()
+ (1) Sy (y — ) — (k) Sy (y — @)
= (mjme) (05 () A(y) + Ur(y) A (x) + A(Si;(y — x) + Sy — 2))
= (S, (y —x) + S} (y — x)). (11.79)

The Poisson bracket is simply:

[F,G} = —i(S;,(y — 2) + 5, (y — 2)) = Siyly —2) = (i, +m)yAly— ). (11.80)

Note that in this case, if we were to define the commutator using only the F,G fields, we

would have defined it as:

[F,G]=F %G+ GxF. (11.81)
Due to the eta trick, that confusion with signs is not a big deal.

Example 2: F = @j (), G =V, (Y1) Ay (y2)

The new fields are simply:

F=nii(x) , G=G =1k (y)A,(y) (11.82)

Hence:

FxG =n; <¢j(ac) APy (Y1) A iy (y2)
FR(Sy (1 — )y () + i (2 — ) <y1>)
G*F =n; <1/1k1 (Y1) A ¥k, (y2) A ()

SRS, 0 = )y 0m) + L 0 = 20 ()

[F,G] = FxG — G x F = hSk k(Y1 — )iy (y2) + hSkyj (Y2 — )V, (y1). (11.83)

As one can see, the eta trick was not necessary in the above expression. One can summarize

the change of the sign using:
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FxG+G+F F,GeF-
. (11.84)

[Fv G] =
F+G—GxF otherwise

Using the eta-trick, one can construct the T'— and R— product exactly as done for the scalar

field.

11.4.5 Free-Fermion states

Just as in the case of the scalar field, to compute scattering states, we need the Fock space

representation. The construction of Fock space is basically the same as done for scalar fields,

with the difference we need to consider anti-symmetric products:

S:fermion - @ﬂH@ﬂ (1185)

n=0

Where 2 stands for anti-symmetrization. We assume the reader is familiar with the concept

of Fermionic Fock space. If it is not the case, we refer to [35] chapter 3 and/or [67] chapter 2.2.

The Dirac spinor (operator) is defined through:

Po=wp

1 d3p . .
2 2 as@us e + B @@

(2m)
37 ) '
W = s [ 5 S a P bl |
= ()T (11.86)

—% represents the spin, b%(p) is related to the creation operator of an

Where s = %,
anti-particle with wave function ((p) and spin s by:

bs(y) = /QZC(@bE(ﬁ)- (11.87)

a’(p) on the other hand,is related to the creation operator of a particle with wave

function ((p) and spin s by:
di
(@) = [ 5 e (11.89)

a
S
2wy,

The operators as(p), bs(p) are related to the annihilation operators of particle/anti-particle

164



just as in the case of bosonic field. The only difference is that they obey anti-commutation

relation, instead of commutation relations:

{a5(P), ai(@)} := a(P)ar(q) + ar(@)ag (p) = 2hwpd (P’ — §)ds
{65(2), bu(@)} := b3 (D)bu( @) + bi(@)bg (P) = 2hewpd (F = 7)ot (11.89)

u,v are eingenvectors of the free Hamiltonian. To properly introduce then, we need an

auxiliary notation:

1
o +2
Xs i= (11.90)
0 1
1 T
Then:
Xs
us(p) = wp+m< . )
E—i—mX
7T Xs
(p) = \/wp +m <E+m ) (11.91)
Xs
where & - p'is given by:
0P = DPg0Oz + Dyoy +p.0., 0 Pauli matrix i. (11.92)
From the above definitions, it can easily proven that:
ul () (p) = vi(H)vi(P) = 2w,ds
vipw(@) = ul(@vi(@) = 0. (11.93)
ai
Where the bold letters represent the matrix product in 4 dimensions. For a = 2 and
as
a4
by
b
b=|"?
b3
ba
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(11.94)

4
ab= Z a;b;.
=1

1 0
Last but not least, using 7% := 22 is easy to show that:
0 —Iax
> u(Pusp) =p+m (11.95)
S
> vi(B)Va(D) = p - m. (11.96)
S
As usual, the goal of when computing scattering amplitudes is to compute
(11.97)

(QbY)" ()" |S(0F)" (a7)" )

Just as we have done in the case of bosonic field, let us compute some simple examples in

the free theory to obtain the correct Feynman rules.

et — et
The corresponding expression in the Fock space is given by:

Ti = (Qb5(P)|b] (D)) = (2bs(P)b7 (7))
= (QU(2wpd(F = q) — b1 (9)bs(P))2) = 2wpdsid (P — Q). (11.98)
We compute the action of the field ¥ acting on the vacuum:
o= / 5, S PuF + B )0
- A7 P (bE () 11.99
R przsjvs(ﬁ)e (b5 (P)S). (11.99)
(11.100)

We can perform the inverse Fourier transformation:
1 o eiwpxo
[dzePuta) = S Y v @G0,
p S

(2m)2
To completely isolate b%(p)S2 in the equation above, we use (11.93]) to write:
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(11.101)

pO=wp

. = —— [ dEe Py x
e = s [ @)

Hence, the expression in our formalism reads
‘IOZWq)

! /@eMﬁ@¢@

" en)i
(11.102)

pO=wp

[ dzemvi@(a)

7E=w0< 1§
(2m)
[ dzagereima (vl @pv.) v @vw)

@)
The problem now is that the star product is only defined to 1 % 1, not ! % 1. To solve the
(11.103)

problem we introduce
U = T = g7 = 97"

We also introduce the vector indices to make the calculations clearer, i.e

z)vs(P) = Zwt ’Ytq (vs(P))q
(11.104)

7q

Vi@ (y) =Y (0] (@)t (v).

T

We adopt the Einstein summation convention: repeated indices must be summed. Thus

1
T~ G [ AR08 00(39)y o] )0 (Fuo) % 1 (0)
1
= W/da:dy e'Pr=iay (vs(ﬁ’)) (v (7)) ( (y — x)) . (11.105)
We can write the expression above as a product of matrices
(11.106)

h

ﬂzm

[ dzager @S- - o)
P /’d@wxmv@w )00,
7T

Note that we can perform the integral over dZdj just by integrating the exponential function
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T = (QZW / £(2w)65(ﬁ— RSk — vi@) (k — m)y i)
= o6~ DVAE) P — ) ) (11.107)

The final trick we have to use to compute the product of matrices is to write:

p—m=Y vi(@)Vi(p). (11.108)
k

From which we obtain:

hoo . _
Ti=5 -00—d) > Vi@V Ve Vi (D)
P k
hoo .
= 500 = D) Y_ VIOV Vi (BIvi(): (11.109)
P k
From ((11.93):
viEVe(P) = 62wy VEDIVI(D) = G20y, (11.110)
We conclude:
oo ) B
T = %5(17—@2@1@5165(2%) = 2hw,d (P — §)0ss- (11.111)

k
e — e

Now we repeat the calculation with aa particle going to a particle in the free theory. In the

formalism of Fock space:

Ti = (Qag(p)|a; (@)
= (Qas(P)ai (7)) = 2hwpd (' — §)dst- (11.112)

The corresponding expression can be found if we apply Q2 :
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’ (PP + by(Pvl(p)e ")

1 dp
(¥oP)IQ = 5 > lag
(2m)2 J 2wy Z
1 dp T ip
_ e w (e (a* (D). 11.113
ped B DULLLR G (11.113)
We can compute the inverse Fourier transformation
2wp = —ipx (,,0p\T
Zu (D)(a5(P)Q) = —=5 [ dZi e (Y°P) (x)
(2m)2
1 ‘
— . /dfem(wop)‘f(x)us(m. (11.114)
(2m)}
In the above equation we have used (|11.93]). Hence:
1 25— T 1 2, —1qY 1T
Ti = wo 3 dTe"Pra) (x)us(ﬁ) * 3 dye P (Sc)ul((j)
(2m)2 (2m)2
(11.115)

[ dzagers vy (ul@ @)« By w(@)

Now we repeat the same kind of calculation done in the case of the free e~ field

(D) Vet ewo (tha () * Py (1))

1 /da:dgjem iayq,|

T Gy
h =2 17 APT—1
= P qyul,a(ﬁ)Wgcul,c(fI)S;,(fU - y)
h dzdijdk .
= o | o L (P D+ )
= 558 (F = DULB)(p + m)y wi(p). (11.116)
Using ([11.96) and (11.93]) we can write:
@) (P +m)y w(@) = ul(F) @) 7)y w ()
k
= (2wp)?Oskbpy = 4wid. (11.117)
k
Thus:
h 2 "
(P — q)4w, 651 = 2hwyd (P — q)0s1- (11.118)

71:%5 -
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As expected.
We can summarize the Feynman rule for incoming/outgoing Fermions/ anti-fermions as fol-

(11.119)

lows:
e Incoming anti-fermions with momentum p and spin s are described by a term

L / 47 P ()70 ().

(27)
e QOutgoing anti-fermions with momentum p and spin s are described by a term
1 = —ipr_ } 1 = —ipTo 0
= [ dZ e "PPvI(P)Y(z) = = [ dZ e PV (D) vy Y (z). (11.120)
(2m)3 (2m)
e Incoming fermions with momentum p and spin s are described by a term
1 ‘ .
; [dzeral@u) = [ azeramn ). (11.121)
(27)2 (2m)2
(11.122)

e Outgoing fermions with momentum p and spin s are described by a term
1 = —ipT 7 0
dZ e PP (x)y us(p).

(2m)?

11.4.6 Fermi four fermion interaction
As an example of a model involving only fermionic fields, we consider an adaptation of the Fermi

(11.123)

four fermion interaction |30]
S = [ daya) A (10,0, — m)un(a) - Ao A @)

The original theory is composed with more than a type of fermion, and here we consider only
one type to make it as simple as possible. Although the above theory is non-renormalizable, it
was an important model for the 3 decay [62]. To avoid terms of the form 1 in the formulas, we

(11.124)

denote 1 = ¢+ and ¥ =~
Let us compute the vertex of the theory given by the amplitude of ¥y~ — pFahp~:

(V3 (p1) A sy (p2) * Line * ¥ (p3) Ay, (pa)).

7
T = ﬁwo
Where:
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Ve (p1) = (2;3 [z emeal ()
- (271r)3 / ditr el () (1)
0 (a2) = (27lr>§ [z e s )
- (271r>3 [ 72 €7 () s ()
Vs (P3) = (271)3 /df3 e~ P3734h (23)y us, (D)
= (271r)§ /df:s 6_1"””3%@3(563)’723%“53,1@'3(173)
Vi (pa) = (;)z /df4 e Pyl (py)ep(xa)
= (271)3 / Ty e Pl ()i, (24). (11.125)

Now we compute 1, (z) Ay, () /\Jj (z) Apj (@) <1y, (23) A, (z4). The final expression is long;
therefore, we change the notation in the hope that we manage to increase clarity. We omit the
wedge symbol, that is, )AY = ¢t and the arguments of ¢y, (), Y (), ¥;(x), ¥j (), Yy, (€3), Vi, (24).
Since the argument of the function is related to the spinorial index, we should not have a problem
reading the final expression. Remark: By omitting A we do not mean that we are computing the

inner product in C*!!

V(@) AN () A apy(@) A () * g, (23) A Uy (4)
= Vbt j1hj * p, bk, = DpthrtjU0j g Uk,
Sr bRk 05 oy Uy Oty 0oy Vi
A{ —————S — — — S —
y ( e BT R B e BT X ) )

S2pbrib1; o R
RE [ LEETETIT gt 3)S —y)— T 11.126
! (wxwu(y) ol = D)5ld y)w:ﬁ)awv@)) (11.126)

(7 —v)

The term proportional to A is:

Dk S (€ — x3) 0k, + Uyb;0555, (€ — x3) 0,
+ Rk Sy, (1 — @)Uk, + Yk 1Sy (4 — )Yy, (11.127)

The term proportional to A2 is:
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3) Sy, (T4 — T)Yyb

s (& — x3) Sy (x4 — )Pyt — Si, (2 fa
+850 (@ — x3)Sp (24 — @)t + S, (2 — 23) S (24 — 2) 505 (11.128)
We can simplify the result by changing j <+ k in the second order of m Then
(S, (& — 3) S (e — )P — Sy (x — )5, (w4 — 2y, (11.129)
Computing ¥y, (z1) A ¥y, (z2)*equation above, we obtain
)S,;U-(fm — ) Sy, (@ azg)S,jlk(xl —x)
(11.130)

[¢|=0 4
— 2R Sﬁg (x
— xQ)S,jlk(xl —x).

+ 2h45;k3 (x — x3)5y, (24

— )5S, (x
To complete the calculation, we need to use the same kind of trick we use to compute the

amplitude of free-fermions. The first line reads

dde‘l 1P1$1+ZP29E2 IP3T3—1P4T4

— _9:\F3
T = 21)\71/(2%)

< (ul, (7)™ (01 — 2)S™ (0 — 227 Vs (72))
x (vE (0S8 (a1 — )8 (@ — 23)7"uey (75) ) (11.131)
Using
i —ige _ L[ dd = (o —igz
)3 / 2% (¢ +m)e - (27T)3/2wq zs:us(®us(®€
/5 P /szs(q-)vs(q-)eiqz (11.132)
)3 ) 2 (27m)3 ) 2w £
We can write the contribution to the amplitude as
dz dX4dQ
Ti = iAh® / 22400,
(2m)!8 <H?:1 2“%)
ip121+ip2z2 —ip3T3—ipaza—iqi(z1—T)+ige (z—x2)—ig3(z—x3)+iga(za—1)
S (ul, () (@) (@)Vea ()95, (3)7 Vs (72)
k1,k2,k3,ka
(v 0V (0090 (000 (8 ()7 02 7)) (11.133)
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The integrals can easily be done:

o / drdy dX,dG4
(2m)'8 (TTL, 2

P1T1+ipam2 —ip3w3 —ipara—iqi (v1—7)+ige(v—v2) —igs(v—x3)+iqa(ra—1)

. = 4 . N N = =
AR / dz dG, ( 505 @‘)) ot a-ae _ NP 0+ 5 — 5 — )
( I

6 3
(2m) H?:1 2wq¢> i= (2m) (H?:l 2“’%)
(11.134)
Using p; = ¢, the matrix product can be computed using (11.93)):
> ul, (1) ak, (571) Wk, (51) Ve, (52) Vi (52)7 Vs (2)
k1,k2
= D 20 20,0,y Osghy Wy (1) Vi () = Ay, Ty (1) Vi () (11.135)
k1, k2
Z Vl4 (54)Vk4 (]5’4)7@ (54)uk3 (ﬁ3)ﬁk3 (}73)")/01133 (153)
k3,ka
Ay Wpy D Oy Okysy Vi (Pa) Wky (F3) = dwpytp, Vi, () Uy (3) (11.136)
k3,ka
Thus, the first term correspond to:
PN
*2W5(p1 + P2 — P3 — Pa) (Ws, (1) Vs, (P2)) (Visy (Pa) sy (3))- (11.137)
The second term is analogous and contributes with:
L2 N U
2 @)’ (ul, (P1)usy (93)) (v, (P2) Vs (P1))6 (D1 + P2 — P53 — Pa)- (11.138)
Thus, the total amplitude is simply:
L P A T U S
2 an) ((ug, (P1)us, (53)) (Vi, (P2) vy (D)) — (T, (51) Vo (02)) (Vs (Pa)0s, (D3))) (D1 + P2 — D3 — Pa).
(11.139)

The corresponding Feynman diagrams
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p2 p4 p2 p3
Figure 11.1: We follow the usual convention: Antiparticles are represented going in the

opposite direction they are actually traveling. Note that since are working with Fermions,
changing p3 <> p, implies a change in the sign.
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Chapter 12

Examples of more sophisticated

perturbative theories

12.1 Warm-up: effective theory for 2 scalar fields

The first theory we want to consider that contains more than one field is the simplest possible:

a theory with two different types of scalar fields ¢1, ¢2. The space of fields is defined as

Fi=F®F. (12.1)

The multiplication and star product are simply defined by:

(F1 (= FQ) . (Gl ® GQ) = (F1 . Gl) ® (FQ . GQ) (12.2)
(F1®F2)*(G1®G2) = (Fl*G1)® (F2*G2). (123)

All the constructions done for a single real scalar field also work for the product of scalar

fields. We are interested in studying the action:

5 = [ 2 (30,61 @0 61(2) — m?éF(a)

+0up2(2) 0" o () — M>§3(x) — pa ()97 () }- (12.4)

Once again, we work in the adiabatic limit since for massive theories it is well defined. In the
limit M? > any energy scale involved in the problem. The problem is known in the literature
as effective field theory (Chapter 33 [68]). The idea is to change the full theory that contains
two types of field to a simpler one that contains only one type of field. Typically, this is done
by matching the amplitudes of the original theory to those of the new theory. There are more

sophisticated methods to perform the calculation [52], but since the goal here is to introduce
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how to work with two different types of fields, the tree level matching is already good enough.

Figure 12.1: We want to exchange diagram for two types of fields to a tree-level diagram
of ¢} theory. The dashed line indicates ¢; and the bubble interactions involving ¢; and
¢2. We compute only the first order.

Let us get down to business. We want to compute ¢1¢91 — ¢1¢1 scattering. Considering
the form of our interaction, this process corresponds to T5(Lint, Lint). The construction of T—

product respects the same rules, hence:

_ M2 2 2
Ty (Lint, Lint) = —hz/dﬂﬂdy d1(x1)p2(x) *F ¢7(y)P2(y)
2

= 53 | dedy(3(@1) xr 91(0) (62(2) 5 62(v)). (12.5)

The corresponding amplitude is given by:

Tz = wo(P1(p1)d1(p2) * To(Lint, Lint) * ¢1(p3)$1(pa)). (12.6)

Again:

(1) d(p2) = ?;’;;‘;in / 071 Ty P2 B ) b(9)
&(p3)B(p1) = ?;;;‘;Jf; / ATy PP 5 (). (12.7)

Since we have the contraction of 4 ¢1’s and none ¢9 in the amplitude, the term that has a

non-zero contribution for the amplitude is:

2 2 —ip(z—y)
Py 2 F H™ 9 2 . dp €
—ﬁ¢1($)¢1(y)hA2 (x—y)= —f¢1<$)¢1(y) <1/ @m)d p2 — M2+ i0> . (12.8)
Plugging the expression above into the amplitude we obtain:
2 4 2
Ty = _% H w& /d)aleiplm+ip212—ip3$3—ip4$4
-1 (2m) 2
X /dl’dyw(él (21)¢1(z2) % &3 ()67 (y) * D1 (w3)$1(24))AS (2 — y). (12.9)

176



The star product can be easily computed:

wo(dr (1)1 (w2) * ¢7 ()7 (y) * b1 (w3) 1 (24)) =
WAAT (21 — 2) AT (29 — 2) AT (y — 23) AT (y — 24) (12.10)
AT (21 — 2) AT (20 — y) AT (z — 23) AT (y — 24) (12.11)
QAAT (21 — 2) AT (29 — y) AT (y — 23) AT (z — 24)

(12.12)

And they correspond precisely to the diagrams:

; 5 B
AAAANL A
+ S
- N
v “ + )n\/
" N b
s N <N
- :

Figure 12.2: There are 3 ways of connecting 4 scalar fields with a propagator in between.

Consider the calculation of 2h*A™ (21 — 2) AT (23 — 2)A* (y — x3) AT (y — 74). The remaining

terms represent a permutation of the variables and need not be done in full.

4
Ea <H 2%:1) (27r)4(11—1)+d /d)zv4€”””“”1”pw?“’35‘”3””45’*”4

=1 (27‘-) 2
dk‘z eleq(:1:17x)7zk2(:027x)+zk3(y713)+1k3(y7:1:4)7zp(x7y)
dxdyd . 12.13
/ xyp(}_[l2wki> p? — M2 +i0 ( )

The calculation above is very simple if we perform the integrals in the right order. We star

with the integrals on the x and y variables:

d X4elp1901 +ip2x2—ip3T3—1PaT4
dgl ) (27T)4(d71)+d

4 - . . .

dk; e—lk1$1—Zkzxg—k31'3—2k4x45(p _ kl _ k2)5(p + kS + k4)
9r)2d i . 12.14
/( ) dp(ll Z> p2 — M2 + 40 ( )

Now we perform the integral in the p variable:
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4
T = —2iM2h3 (H 20.)%._1> 1 /d)_('4€ip1$1+ipzl“2ipsrsimm

L on &t ) emt@n=a
4 —
dki \ 0(=k1 — k2 — k3 — K1) ity 0y —ikawa—iksws—ikaza
IR1T (2 x 1R3T 1R4T. X 1215
/(EQW@) (k1+k72)2—M2+i06 ( )

The integral over dX, will contribute to changing the expontentials by:

(2m) D6 (ke — p1)S(ka — pa)S (ks + p3)d(ka + pa)- (12.16)

hence, we can perform the remaining integrals very easily:

2iph° O(p1+p2 —ps —pa) M>(igp)?  2ip7h

T2=- (27T)d_2 (p1 +p2)? — M2 40 (27T)d_2M2

o(p1+p2—ps—ps).  (1217)

The contributions of the other terms are the same. Hence, the final form of the amplitude is:

642 h°

T2 = i(gﬁ)d72M2

6(p1 +p2 — p3 — pa). (12.18)
Hence, comparing the result with (9.83)) we can change the interaction by an effective inter-

action of the form:

62

A
Lint = =5 [ dz¢*(z), A= BYZh

0 (12.19)

12.2 Scalar QED

We will follow [68] Chapter 9.

The scalar QED also involves two types of fields: A complex scalar field and a gauge pho-
ton. A nice and intuitive deduction of it’s Lagrangian consists in starting with the free theory
and imposing invariance under local U(1) transformations ¢ — e’*®)¢ a : M — R [17]. The

procedure described leads to:

S = / 2 ,0(2)06" (2) — m?|6(2)” — 3 Fyu P (2)
— ie A (" (2)0ud(x) — ()00 (z)) + € Ay () A ()| p()]*. (12.20)

Here e is the coupling constant. We denote the gauge field by the Greek letter v. As an
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example, we compute the Feynman rules for some vertices present in the theory:

I) Particle scattering: ¢ — ¢.
IT) Antiparticle scattering: ¢* — ¢*~y
III) Pair creation: v — ¢¢*
IV) Pair annihilate and create one photon ¢¢* —
V) Pair annihilate and create two photons ¢¢* — vy

VI) Particle/antiparticle light scattering ¢y — ¢y

We can compute the Feynman rules (in momentum space) for all those processes. Note that

in the first four the only relevant term of the interaction Lagrangian is —ieA*(¢*(x)0,¢(x) —

¢(2),¢* (x)). To simplify the notation, we define da,, := dX, (H?Zl 2op,

(2m) T

Remark: Compared to our reference 68|, the sign of the first four vertices is changed. That
happened because the book chose to create a particle/ annihilate anti-particle with ¢* and cre-
ate an anti-particle/ annihilate a particle with ¢. That is the opposite convention we have

followed. The results are recovered if we simply change ¢ — ¢*. Then the interaction term

—ie AN (6 (2)0,0(x) — 6(2)8,6"(x) — e A (6" (2)9u(x) — B()3u6"(2)) and the sign are re-

covered.

12.2.1 1) Particle scattering: ¢ — ¢

Tl = %wo(QS(pl) * Lmt *Al/(pg)qb(pg)) — :L/dxdo_"g eiplrl—ip2$2+ip3x3

wo(¢" (1) * (A"(¢%(2)Oud(x) — () 0" () x A" (x2)d(w3)). (12.21)

Let us compute the star product separately:

0% (21) * AM ()" (2)9,u () % A¥ (22) ()
(6" (@1) * 6" (€)Bub(x) * D(w3))(A* (x) % A" (22))
B 20, A (01— 2)AS (2 — w3)) (~ Y A (2 — 22))
=h* At (z — xg)Ag(az = l‘g)@;A;((El — ). (12.22)

In the above equation, we have used the result of star products with derivative fields dis-
cussed in Section (9.7). The notation |field| = 0 means we do not have any powers of fields.

The second term is easily computed:
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¢* (1) x A¥(2)p(2)0u¢" (x) * A" (22)d(23)
= (" (1) x ¢(2)0u 9" () * p(x3)) (A¥ () x A”(22))
(—R?Af (21 — 2)0p yAF (& — 3)) (— T A (z — x2))
(

fields|=0 n
¢
=A% (z — )A+(x1 —x)0Y A+(x — x3). (12.23)

Now we just have to perform the integrals:

eh? / drdds eP11~P2r TSI N (3 — o) AT

¢
dks 1
=ch? | dxdé
e / Traos H?:1 2Wp¢ (27T)3(d71)

w P1T1—ip2T2+ip3Ts (a;e_ikl (z1—2) )e—z‘kg(x—zz)—z‘kg(x—zg)

(x — xg)ﬁgA;f(a:l — )

eh? . eh?
T s (ip{0(p1 — p2 — p3)) = ZFM‘WI —p2—Pp3). (12.24)
) 2 m) 2

—ehi? / drdds e P11 PPt A (3 — o) AT

s (21 $)85A$($ — x3)

dks 1
= —eh? | dvdc
e / TAo3 H?:1 2Wpi (27)3(d71)

> eiplrl —ip2x2+ip3x3€—ik1 (z1—2)—iko(x—22) (a;e—ikg (x—:cg))

eh?  eh? y
W (—ip5d(p1 — p2 — p3)) = ZFM(XM — P2 —P3)- (12.25)
mT) 2 mT) 2
Hence:
eh2
T = z(2 = 5 (PY +p3)d(p1 — p2 — p3)- (12.26)
T 2

The corresponding diagram reads:

Figure 12.3: The Feynman rule is ¢ —(p{ + pb)

e

(27T)
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The process I — IV have a similar Feynman rule. For that reason, we go a bit faster through

the calculations:

12.2.2 II) Antiparticle scattering: ¢* — ¢*y

The amplitude:

T = ~wo( (1) * Lint x A” (p2)¢" (p3)) = ;/dmdﬁzﬂ e'P11 T Ipava s s

h
wo(@(x1) x (A (@™ (2) 0 () — ¢(2)0u 9" (2))) x A" (22)¢" (23))- (12.27)

Star product of the first term:

¢(z1) * A (z) 9" (2)Oug(z) * A (22)" (23)
= (@(21) * ¢"(2) 0o () * ¢ (23)) (A¥(z) x A”(22))
(1202, A (& — w3)AJ (21 — ) (= I A (x — 22))
=P Af(x — 22) A (11 — 2) Oy AL (& — w3). (12.28)

|fields|=0

Star product of the second term:

$(a1) * A" (2)p(2)0u0" () x A (22)¢" (23) = ($(w1) * ¢(2)Fue” (x) * ¢* (23)) (A" () x A” (x2))
AL LR (23 — ), A (21 — 2)) (— ™ A (2 — 22)
=mA}(z — acg)A(';(a: — acg)a;’A;f(xl — ).

(12.29)

Note the expressions above are the same as in the first case, but exchanged first +> second.

Hence:

. 6h2 v v
T = —27(2 = (P! +p3)d(p1 — P2 — p3)- (12.30)
T) 2

The corresponding diagram reads:

i e e e ]

T

Figure 12.4: The Feynman rule is —i( e)hj_g (p} + p%)
o) 2"
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12.2.3 III) Pair creation: 7 — ¢¢*

Amplitude:

Ti= %wo(zy(pl) * Lint * 0" (p2)p(ps)) = ;/d$d53 g1 TP b

wo((A”(z1) x A*(2))((¢"(2)0u¢(x) = ¢0u¢™ (2)) * ¢" (22)P(x3))- (12.31)

Star product:

(A" (1) x A(2)) (9" (2)0up() — 90,0 (x)) * @™ (w2)p(23))

fields|=0
AL A (21 — )00 A (& — 22) AT (2 — )

- A;f(x — xg)aw#A;f(ar — x3)). (12.32)

The integrals
h2e dK3 . o o
T = — /dﬂsd&}, 5 e!P1T1—1P2T2—1P3T3
(2m)3d=1) i—12Wp;
% e—ilﬁ(xl—x)—ikz(x—xz)—ik3($—$3)(_ikg + Zkg)
N eh2 14 14
= ZF(Pg — py)o(p1 — p2 — p3). (12.33)
T) 2

The corresponding diagram reads:

eh?

(2m) 2

Figure 12.5: The Feynman rule is ¢ (p% — p5)(ph — %)

12.2.4 1V) Pair annihilate and create one photon ¢¢* — ~

Amplitude:
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T = %wo@*(pl)g(m) * Lint % A”(p3)) = ;/dﬂl&g /P12 T Py
wo(@(21)9" (w2) * (¢*(2)0ud(w) — ¢0ud™ (2))) (A () x A”(x3)). (12.34)

Star product:

(¢(21)9" (w2) * (¢"(2)ud(x) — B(2)0,9" (2))) (A () x A (23))
:hgn‘“’(A;(m — x)@wa;(a:g —x)— awa(';(xl — 2)AT (29 — 2)) A% (z — x3). (12.35)

The integrals

h2e dKs N :
7-1 — — /d$d53 7611)1361-&-1192352—1133433
(27T)3(d 2 H?:l Wp;
X e*ik‘l(xl71)7’”{:2(93271)71;]63(93713)(Z‘kl2/ _ Zkllj)
. ehz v v
= 2(2?(172 —p7)d(p1 + p2 — p3)- (12.36)
mT) 2

The corresponding diagram reads:

Figure 12.6: The Feynman rule is ie(27) ‘T h2(p? — py)

12.2.5 V) Pair annihilate and create two photons ¢¢* — vy

This process involves the other part of the interaction Lagrangian L, = €2 [ dz A, (z) A*(x)|¢(x)|?.
Nevertheless the calculations are not much different from the other processes.

Amplitude:

Ti = Loon(@ (p1)B(p2) * Lint % A™(p3) A” (p1))

h
— Zc; dxdd, £P1L1+ip222 —ip3 3 —ipats
wo(B1)6 (1) % 6 (2)6(2)) (A () A () % AP (25) A” (). (1237)
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Star product:

P(1)¢* (22) * ¢ (2)d(2)) (A% (2) Aa(z) * A" (23) A" (24))
h2A$($1 - x)A$($2 — x) (212 AT (2 — 23) AT (7 — 24))
= 27146“”A;f(x1 - .T)Ag(SUQ — 2)AN (z — 23) AT (z — 34).

|fields|=0

The star product of the photon fields deserves more attention:

A%(x) Ao (x) % AP (23) AY (24) = 1P Ao (2) Ag() % A (z3) A (24)
= 0 Ao (z) Ag () A (23) A" (24)

o 0Aq(x)Ap(x) 0AH(x3)AY (x4)
—n%h (/ dwdeAj(w - z)éAP(z)>

2 5Ag(21)5Ap(Z2)

o 0AH(z3)AY(24) )
5A0(w1)5AP(w2) '

K2 524 A
+ 77a6</dW2dZQ o(®)45(2) AT (21 — wi) AT (22 — w2)

(12.38)

(12.39)

The important term for us is the second one. Now we can use our functional derivative rule

to compute:

52Aa($)A5($) _ ) (5Aa($)A,B($)>
0As(21)0Ap(22)  0As(21) 5A,(22)
_ Mj(maapw(x — 2a)Ag(a) + 05,8z — 22) A%(2))

= (504,0560 + (5ag(55p)5($ — 22)(5(113 — Zl).

Similarly for the other derivative:

5A”(x3)A”(x4)
0A° (wl)éAP(wg)

Now we plug the derivatives in the last line of (12.39))

h2
?naﬁ / AWodZ5(8ap0p0 + 0aclpp)d(x — 22)0(x — 21) A% (21 — w1) AT (22 — w2)

X (6u05pud(x3 — ’LU1)(5($4 — ’wg) + 5“’25”05(%3 — w2)5($4 — wl))
h2
= ?na%;(x — a3) AT (0 — m4) (5VSPH 4 §OHEPY 4 §ORGPY 4 gov 5Py

= W2AY (z — z3) A (2 — 24) P (515VP 4 s1B5ve)

= R2AT (z — 23) A% (x — 2a) (0" + ") = 202" A (z — 23) AT (z — 34).
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= 5“05/)”5(.%3 — w1)5(x4 — w2) + 5’up5w75(.7)3 — WQ)5($4 — wl).

(12.40)

(12.41)
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In the above equation we have used n** = n**.

Hence, the amplitude is:

1 dK
T = 22'627137]“”7 /d:cd&ll
(277)4(5171) H?:l 2wp,

eipwﬁl +ipoTo—ip3T3—ipaTy e—ikl (z1—2)—iks(v2—2)—iks(z—x3)—iks(z—24)

e?n?
= inn’“j‘;(m + P2 — p3 — pa). (12.43)

The corresponding diagram reads:

e2h

Figure 12.7: The Feynman rule is 2 (ZW);S,Q ntv

12.2.6 VI) Particle/antiparticle light scattering ¢y — ¢y

The amplitude:

Ti = wo(d(p1) A" (p2) * Lint * ¢(p3)pA” (p4))

- 2
_ e dxddy eIP1T1 P22 —iP323 —iPats
h

wo((¢" (1) * @™ (2)p(2) * d(w3)) (A" (w2) x A% () Aa(2) x A”(24))- (12.44)

Star product:

(0% (1) * @7 (2)p ()  ¢(3)) (A" (w2) x A%(2) Aa () x A" (24))
felds|=0 th;f(a:l — x)Ag(w — z3) 2R A (22 — 2) AT (7 — 24))
= 2h477’WA2;(:E1 - x)A;f(:n — 23) A% (z2 — 2) A (x — 34). (12.45)

The amplitude:
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eZh?

T = 22'(277)(1,2 n""'6(p1 + p2 — p3 — pa).- (12.46)
The corresponding diagram reads:
N #
A rd
kY r
. -
™ . ” £
Y Vs d
2ﬁ3

Figure 12.8: The Feynman rule is = Zi(g‘ir)ﬁn‘“’

12.3 QED

As discussed in the scalar QED chapter, one can obtain the action of QED starting with the free
theory of fermions and imposing invariance under local U(1) charge [17]. Long story short, the

action is:

S — S(f)ermion 4+ geauge e/dxw](x) AN Aﬂ(x)Wfki/Jk(l') (12.47)

where

fermion ._ /da: D) A (10,75 + M) (2)
gauge .__ _ 1 my 1 a 2

D) A Ap(@) (@) = Au@)(@), (@) = D) Ale(a).  (12.48)

and e is the coupling constant. As usual when working with QED, we denote the particle
as e~ (in analogy to the electron), the antiparticle as et (in analogy to the positron), and the
gauge field as v (in analogy to the photon). As an example of application, we compute some
amplitudes of QED:

I) Moeller Scattering with anti-particles ete™ — ete®
II) Compton Scattering e™y — e~y (page 195 [67])

IIT) Bhabha scattering e”e®™ — e~ e™
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Remark: Due to the fixing of the gauge, we also have the presence of ghosts in full Lagrangian.

Nevertheless, since they decouple, we ignore them here.

12.3.1 1)

Since we have two particles in the initial state and two in the final state, we need the second

order of the T'— matrix to compute the tree-level diagram. It is given by:

,L'2 2
2h?

TQ(Lint) Lint) = 7Lint *F Lint = dl‘dy
(¥(x) Ao (@) *F 0 (y) A Vi ¥ (0) (Au(x) %7 Au(y))- (12.49)

21h?

Note that in the scattering process, we need two powers of ¢ and two powers of 1), hence, we

can consider only the first term of the star product:

(@) Atbn(@) *r D) At (9) = B5(@) AV @) Bry) Afntom(y).  (12.50)

The star product of the photon field can be easily calculated:

Ap(x) xp Ay (y) = Au(2) Ay (y) — I Al (z — y). (12.51)

Since in the scattering process we do not have any photons, the relevant term is ki, D1 (x —

y).

Hence, the second-order T'— product can be written as:

0j (@) AR (@)1 () A Y ()1 DT (2 — ). (12.52)

The scattering amplitude is given by:

Tz = wo(¥= g, (P15, (p2) * To x Y, (p3)t)s, (pa)
1

(2m)°
;

X oy Vs ok (B, gy Vo (F2)0L, o (Bo)0L, 1 (1)

X w0 (Vk, (1), (22) % 9 ()00 (€)1 () (y) * Y (23)1(24)).- (12.53)

62

572) (=AD" (& = Y )

/ dX:4d:L'dy€ip1I1 +ipaT2 —iP3T3—1iP4T4 (_

Where we have used the following notation:
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-0 df ip1x dxl o N
F g, (p1) :/(277)136171 " (21) 7 Vs, (P1) :/(27T)§€p1 1721,k/lvs1,k’1(171)1/1k1($1)
ot — diy ip2T2 — dzs ipaxa 0 -\
Y, (p2) = @ e Y(22)y Vs, (P2) = W € Vkeo ket Usa K (p2)7/’k2 (z2)
+ d _’3 —ip3r3, T (7 — d.’fg —1ip3x3 t —
Vvi(ps) = [ —e vi,(3)(e3) = | —5e Vg, ks (P3) ks (3)
(2m)} (2)3
dZs  _;),» . dZs  _;).. B
Vi (pa) = eyl (Fi) () = eyl (G (). (12.54)
(2m)3 (2m)} ’

The relevant star product can be computed in two steps:
_ — — — wl=2 h°
Vi, (21) Vg, (02) * 0 (2) Y1 (2)Y (Y)Ym (y) = 5 dWadZs

62y, (1), (2) S= (o1 —w1)S (22— w )52Ej(x)¢k(fﬁ)@l(y)¢m(y)
0 (W1) 00, () " T T G, (20) 0400, (22)

o
= 1 (Sity Sraks = Sroks Sk 95 ()01 (1) (12.55)

On the other hand:

- = 0 h
V() (y) * iy (23)Pr, (24) =0 > / AWodZs

NGO
0y, (1), (wa) ™
R o o o

kaj k3j k3j

0 §
Sl Il

= 1?(S),;Smat = SkaiSkal)- (12.56)

Hence:

wo (Y, (1), (22) * 10 (2) Uk (2) 0y ()Y (y) * (23)1)(24))
= h4(5k_k1 S;Lkg - S;Lklsk_kz)(skzjsk_g,l - Sk_g,jS];ll)' (12.57)

Next we insert the gamma matrices to write the amplitude as a product of matrices:
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Vi Vim Sy Sty = Sty o) Sty Skt = S Stat)

= ( ))k3k2
— (87 (23 = 2)v"'S™ (2 — 1) sy (87 (24 = Y)V'S™ (Y — 22) Jaks
— (87 (x4 = 2)v"S7(y — 22))kako (S™ (23 — Y)¥'S™ (z — 1) sy
+ (87 (x5 — 2)¥"S™ (# — @2) ) gho (S (w4 — Y)Y'S™ (Y — 1) ) oahey - (12.58)
Using the above result, we conclude the amplitude is:
23 o S ) . n
— 1P1L1TIP2XL2 —1P3 T3 —IP4AT4 _
To 320 /dX4dxdye D7 (x —vy)

< <<v14 (FV)S (24 — DS (@ — 21)70v, (1))

x (vE,(73)S™ (23 — 1)7,S™ (v — 22)7 Vs, (72))
— (vl (93)8™ (w3 — 2)¥*S™ (& — 21)7 Ve, (1))
< (vE,(54)S™ (24 — 9)7,8™ (¥ — 22)7 Vs, (72))
— (vl (P)S™ (w4 — 2)¥S™ (y — 22)7 Vs, (72))
x (Vi (73)S™ (23 — y)7, S~ (x — 21)7 s, (1))
+ (v, (15)S™ (w3 — 2)v"S™ (1 — w2)7 Vi, (P2))
< (V)8 (o1 = 0,8 (0 = )" (1) ). (12:50)

Before solving the matrix multiplication, we perform the integrals. We do compute explicitly
the first term, the others are essentially the same computation. Since v,v! do not depend on

x,x; we omit then in the following.

e2h?

—7 dedxdy eiP1T1 P22 —ip3T3—ipaTs DF(:L" —y)
s |

X (87 (24 — 2)Y"'S™ (2 — 1) ) kaky (8™ (23 — ¥)V,S™ (Y — 22) ks

2%3 —iq(x—
_ € h /d)f4dxdyeiP1$1+iP2I2—iP3&?3—i:D4$4 1 /dqe atey)

2(2m)6 (2m)4 q% — 0
62h3 dé4 iq4 (g4 —2 iq1(z—x
= 2(27‘(’)12 / 1—[4 % ((‘/14 - m)e 9a(@a )’7“(5211 - m)e o 1))k4k1
=1 qi
X (?13 - m)ei%(xg_y)’)’,u(?b - m)eiqz(y—xz))ksm' (1260)

Note that we can “ignore” the matrices and perform the integral over the exponential, as long
as it is done in the right order. The integrals over dqd@4 must be the last to be done, since their

result is not simply a delta function. The integrals over the exponential reads:
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/ d$dydqd)24d©4 eP121+ip2m2 —ip3 3 —ipars—iq(z—y)

% el (@—z1)+ige(y—2)+igs(v3—y)+iga(va—1)

:/dxdydqd)?4dé4 x ela1—a—q)a+i(g2—g3+q)y

« ei(P1—q1)r1+i(p2—g2)r2+i(g3—p3)r3+i(ga—pa)Ta

Now we perform the integrals over dxdyd)_f leading to:

/dqu4 (2m)® <H5 Di — G ) (@1 — a1 — @)6(q + g2 — g3)-

In the expression above, we already cancel the exponential of the form eli(wp—wq)z

the result in the amplitude we obtain:

6(p1 +p2 —p3 — pa)
(ITs 20, ) 2m)2 (01 = p2)? = 0
X (B, = M) (B, — 1))t (B — )7, (B, — 1)

(12.61)

(12.62)

. Inserting

(12.63)

The integral over the other terms are essentially the same; one just has to be careful with

the fraction. Thus, the amplitude reads:

e?h3
2 (T, 203, ) (27)2
(a0 (B, — m)y" (B, — )7V, (7)) (VL () (B, — 1), (38, — M) e, (72)

T2 = 5(191-1-]92—173—1?4)(

(p1 — pa)? =10

B (v, (P3) (P — m)¥*(p, — m)v vy, (p1)) (v, (Pa) (B, — M)y, (B, — m)7 v, (P2))
(p3s —p1)? =0

B (v, (Pa) (B, — m)¥*(p, — m)y v, () (v, (73) (P, — m)y,(p, — m)7vs, (51))
(p2 — pa)? —i0

(v () (B, — )" (B, — m)7"Vi (72)) (VA (1) (B, — )7, (B, — M)V, (ﬁ1>)> |

(p3 — p2)? —i0

(12.64)

Using conservation of momentum p; — py = p3 — p2 and p3 — p1 = p2 — p4 we can simplify

the expression to:
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e2n3
To =2 T 5(p1+p2p3p4)<
2 (TTE, 2y, ) (20

(vE (7)) (B, — m)v (P, — m)7Ov, (51) (VL (55) (B, — m)v,(p, — m)YOve, (52))

(pl - p4)2 — 10

(v, (73) (B, — m)v"(p, — m)7Ov, (51) (VL (50) (B, — m)7,(p, — m)YOv,, (52))

(ps —p1)? — 10

Now we use (|11.96)) and (|11.93)) to write:

v () (B, —m)y" (B, — m)y vy, (B1) = dwp, wp, Vs,
Vi, (73) (B — m)y, (B, — m)y Ve, (52) = dwpyp, Vs,
Vi, (53)(By — m)y" (B, — m)y v, (B1) = dep, wp, Vs,
v, (71, — m)y, (B, — m)y Ve, (52) = dwp,p, Vs,

And simplify the expression tremendously:

e2h?

T2 = (%)25(191 + P2 — P3 — P4)

). (12.65)

(12.66)

(Vo (D) Y"Ver (1)) (Vs (93) 7, Voo (P2)) — (Vs (05)7,0 Vs (1)) (Vi (D) ¥V (£2))) - (12.67)

One can find a totally independent expression from the indices considering the square of the

expression above (disconsider the delta function) and averaging over the spins just as done in

[67] page 193. The corresponding diagrams are:

pl p3
pl

p2 p4

Figure 12.9: The ¢ and u channel

12.3.2 1I)

Before computing the amplitude, let us explicitly compute T(j#(z),j”(y)) using the causal

factorization (9.1)):
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i

oz (MG @) * TG )OE = 4°) + T (" () * T (G (2))0(y" — 2%) (12.68)

Remark: in the formula above we implicitly use the eta trick to get the right sign in the

second term. In the process we are studying, we are interested in a term that has both v and 1:

3(@) % 37 (4) = Vi oy Veshs Wk (2) A iy () % Dy () A s (9)

o bt (St (= 1) () A i, () + Si, (0 — 2y () A iy () - (12.69)

Hence:

T (), () T e,
(5;:;k3 (@ = y) g, (@)r, ()0(2° = 4°) + Sy, (@ — Y)Wk, ()P, (2)0(y° — 2°)

+ S, (U — 2)0ky (1) (2)0(2 = 4°) + Sif e, (v — )8, (9) s (2)0(y° — wo))

-1 _ _
%fwﬁlkﬂﬁm (Stors (2 = 9) 0k, (@) 08, () + Shig (Y — )i, () 0k, ()

50" @) xr ()

= 7% (@ (2)v"S" (z — ) ¥ P (y) + P(W)V'S" (y — 2)v"¥(x)) - (12.70)

Now we can compute the amplitude. The incoming electron is represented by:

1
(2m)3

/dﬂf el (p)(x) = (2710;, /dfl eyt (), (@). (12.71)

The outgoing electron is represented by

1 R p— . 1 o irom. — .
3 /d963€ P38 (23)y usy (73) = 3 /diﬁ?)e P g (3)ugy (B3). (12.72)
(2m)3 (2m)3 :
The incoming photon is represented by:
2wp2 1P2T g
dFa €22, (o) Ay (22). (12.73)

The outgoing photon is represented by:
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2Wp,

s / dFy e~ P%ie,, () Ay, (24)- (12.74)
(2m)3

Hence, the amplitude for the process ey — e~ 7 is given by:

_ 4(‘}102 Wpy

2= ampe

X (Ull,kl (D) YRy W e, ()00 (Vs (1) Apiy (22) % To(Lints Lint) * Wy (3) Ay (374))) (12.75)

/ dX4 eiP1T1+ip2Te —ip3T3—ipaTs €1 (ﬁQ)E/M (;5’4)

where

To(Lint, Lint)
2

= —% (P (2)7y"8" (x — )y P (y) + P(y)7"S" (y — 2)v" e (x)) Au(z) Ay (y). (12.76)

Now we have to compute the star product. The star product for the photon field is given by:

Ay (w2) *x Ap(2) Ay (y) * Apy (24)

= _h(nuzuD+($2 —x)Au(y) + 77#21/D+(332 —y)Au(x)) *x Ay, (24)

|A|=0
= h’ (nygunuy4D+(3«"2 - x)D+(y —x4) + nuzvnuu4D+(x2 - y)D+(x - 334)) . (12.77)

The star product of the fermion fields (already considering the contractions) leads to:

ul, (51)4 (1) % ()7 S" (2 — y)v"(y) x ¥ b (x3)us, (53)
[ |=I1=0

= h2ull(ﬁ1)S+(a:1 — 2)y*ST (2 — y)v'ST(y — 23)7 us, (93). (12.78)

And similarly for the second term. Hence, the amplitude can be written as:
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2#3
7,2 _ —e h 4Wp42(4L)p4 /dX4dﬂfdy eiplzl+ip2$2—ip3:t3—ip4r4
2(2m)

(PSS (21 — 2)en(72)7,8" (z — v)ew (Pa)y,
xST(y — 23)7 0y, (93) D™ (w2 — 2) D™ (y — 4)

uf

+ul (71)ST (21 — 2)eu (i),
S*(z — y)ew (92)7,8T (y — 23)7 ey (53) DT (w2 — y) DY (& — 24)
Yeu(d1)7,S" (v — x)en(2)7,

3) D (x2 — ) D

X

01)S

T — X3

_l’_

T
u, (p

St — xy4)

X

(P
(x
2 Ty —
( 7y, (y
uw(52)7,8" (y — )e (1),
3) DV (29 — y) DT (2 — 24) (12.79)

uf

_l’_

( 1)S+ Ir1 —
0

xSt (z — x3)7 us, (p

( )e
) (P3
. (21 —y)e
) (P3
The expression above is big, but can be simplified. First of all, note that since ¢y = 0:

3
et = —eV ==Y e’ = 4. (12.80)
i=1

Since we have two contractions, we can change €,7, — ¢ and the overall sign is correct.

The integrals that have to be done are essentially integrals over exponential. For example,

the integrals of the first line are:

1
(2m)12(2m)*

> / dK4dk e—ik1 (z1—x)—ik(z—y)—iks(y—x3)—ike(xo—x)—ika(y—x4)
4
(Hi:l 2‘*’1%)

4 4
___ @[ aRak [ [0 — Ei) | 6(ky + ko — k)S(E — ks — ka) (12.81)
4
(Hi:l 2Wpi) =1

/ dxdyd)iL eP1T1 P22 —iP3 T3 —ipaTy

The other integrals are essentially the same. Hence, the result is
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—e%ih3 4wy, wp,
2(2m)2 (TT1 2, )

. _, Pptp,tm
uL (pl)(pl + m)#(pQ) (p11+ p2)22 —m2
p1 B P4 T m
p1 — pa)? —m?
p1 B p4 +m
(p1 — pa)? —m?
P, tP,tm
p1 +p2)? — m?

,75:

£(71) (B, + m)y us, (73)

+ul, (51)(p, +m)¢ () ( £(52) (B, + m)y us, (53)

+ul, (1) (B, +m)¢ () £(52) (Py + m)7 ug, (53)

+ul, (51) (p, + m)£ () (

e2ih3

(27")24Wp1wp3

9 (uL(ﬁl)(pl Fm)f(n);

£ (51) (B + m)y us, (53)

P, TP, +tm
p1+ p2)? —m?

£(71) (B, + m)y us, (73)

()6, + ) P P gy b mtu ). (282)
Finally, we use ([11.93) and ((11.96]) to write:
ul, (7)) (B, +m) = 2wy, W, (51)
(F’g + m)’70u53 (P3) = 2wpy s,y (P3). (12.83)
and obtain:
ie’h? L +p,+m .
7= o (W ) PP g )
T, (7)) (p”f Lf §2+_rr;2¢(ﬁ2)u53 @))5@1 o — s — ). (12.89)

The calculation of the cross-section from the amplitude above can be found at page 198 |67].

1 1
p p3 p p4
">—< +
4
p2 P
p2 p3

Figure 12.10: They are respectively the s and u channels

The diagrams are:
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Remark: The above formula is slightly different from the ones in the usual QFT books

because we compute S;; instead of Sy;. However, it is easy to recover the formula Sy; from S;y,
just change the indices 1 <> 3 and 2 < 4 in the formula above. Then we recover the usual result

displayed, for example, in [1§]

12.3.3 1III)
The computation of Bhabha scattering is very similar to Méller scattering. We consider

e The incoming electron is represented by
di"l d¥;
[ e G = [ SRl @ ) (12.85)
7T )2
e The outgoing electron is represented by
dZs i p.— . drs _,;. — .
/(2 )% € Zp3x5¢($3)70u83<p3) :/(2 )% € 1p3r37}?¢3k§’¢k3($3)uss,k‘§<p3) (12'86)
T T
e The incoming positron is represented by
77 R — dis
/(2)361172121/1(x2),70 (pz) /(2)3611)212%27 Vs 1, (p2)¢ (932) (12.87)
)2 T)2
e The outgoing positron is represented by:
R vi — diy —ipaza,f
We Vi, (Pa)p(r4) = 2n)} e Vg, oy (P1)Vky (24). (12.88)
s )2
e The relevant term of the T'— product is
2 —
S | dedy (95@) A Y@ ) A tm )0 DT (@~ 1)) (12.89)
The amplitude is given by
—e? V4 ip1T1+ipaTe—ip3T3—ipsT
— dX d d 121 222 3L3 44
7 2h(27r)4/ aaraye
Y)Yt Vi g Vsankty (P21, g, ()
(12.90)

X Ull’kl(ﬁ1>723k/3U33,kg(ﬁ3)7ka (
X wo (Y, (1), (22) * 5 ()P ()10 (Y) () * Vg (23) Pk, (24))

The computation of the star product is immediate
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Uk, (1), (22) * % (@) (2) ¥ (y)¥m (y)
[I=[P1=1

Once again, we use the indices to omit the argument of the fields and propagators. The

expression above can be simplified if we consider the symmetry x < y, leading to:

2R (Sig (@ — w2) S (21 — @B () — Sy (0 — 22)S5, (@1 — DT ()n(e).  (12.92)

Now we compute the star product of the above expression with 1y, (23)¢k, (z4). The result

with [ = [¥] is:

—2ht <Skk2 (x — :cg)S,jlj(azl - JU)S:TFLkd (y — 23)S; (x4 — v)
=S ks (y — xg)S,jlj(a:l - x)S:kB(a; - x3)S,;l(ac4 - y)) . (12.93)
Thus, the amplitude is:
e?h3
(2m)*
(a8 (01— 29" (0 = v 72)
x (V08T (@4 = 9)7,8F (5 — 23)7 usq (75)

ul, (7)™ (01 — 2)7"S* (v — 23)7 us, (7))

Ty = /d)ﬁdxdy eip1x1+ip212*ip3$3*ip4x4DF(x _ y) %

X (Vl4(ﬁ4)5_($4 —y)7,87(y — 227 v, (pé)) > (12.94)

The next steps are to compute the integrals and use (11.93) and (11.96]) to simplify the

equation. Since it is basically the same computation as done for Moller scattering, we allow

ourselves to skip the computation and present only the final result:

—ie2h?
)2 d(p1 + P2 — P — Pa)

(2
(( L (D) Vs, ( p2)> (V14(ﬁ4)’7uu33(ﬁ3)>
(uh

T2 =

(p1 4 p2)? —i0
(P1) 7 s, ( p3)) (Vl4<ﬁ4)7uvs2 (Pz))
(p1 —p3)? —i0 ) (12:95)
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The cross section can be obtained once the formula above is multiplied by its conjugate. This
can be fount at [77].

The diagrams are:

pl p3 pl p3

4
p2 #

p2 p4

Figure 12.11: The s and ¢ channel representing the annihilation and scattering process

198



Chapter 13
Conclusion

This dissertation discussed the basics of perturbative expansion of fields and the construction
of the scattering matrix using the formalism first developed by Stiickelberg, improved by Bo-
goliubov and finally brought to solid mathematical foundations by Epstein-Glaser. The passage
from classical field theory to quantum field theory was done using deformation quantization, a
method mostly unknown in the main-stream theoretical physics community. The perturbative
expansion, both in the retarded product as well as in the S-matrix, was done inductively and
fixed by clear axioms; nevertheless, the formal steps were omitted and the we focus in practi-
cal calculations. The same philosophy guides us in the renormalization and computation that

involve more sophisticated fields.

13.1 What is new in the present work

This work contributed to the literature by explicit computing the scattering amplitudes to the
most usual theories studied in a quantum field theory course. We also highlighted how one can
start from the usual Fock space in quantum field theory and “translate” the formulas to the
aforementioned formalism allowing one to expand the formalism to theories that are not present

in the dissertation.

13.2 What is left to do

Now that we have computed a lot of scattering amplitudes, it is time to talk about important
aspects of quantum field theory that we have not mentioned in this work. Firs (and possible mos
important): we have not verify that the axioms of T-product are valid for theories that are not
the scalar field (specially QED). That is done in the first part of chapter 5 of |24].

In this work, we also did not discuss symmetries or anomalies. As a reference, we suggest

[24] Chapter 4 and references therein.
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Another important topic taught in a QFT course that was not mentioned here is non-abelian
fields and spontaneous symmetry breaking. Non-abelian theories can be studied adapting the
notation introduced for fermionic fields. One reference to this subject is [48]. Regarding sponta-

neous symmetry breaking, we cite |27].

Last but not least, we want to emphasize the relation of the material presented here with

algebraic quantum field theory [25] and the last chapter of [34].
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Appendix A

Proof of formula (A.1)

We want to prove that given V, W vector spaces, f(v] ® ... ® v,) : V" — W symmetric and

linear, than f can be written as

87’1

1
f(’Ul X ... ®Un) = ﬁm

FO Mevr)®™). (A1)
0 k=1

AM=...=A\p=

Where A1, Ao, ..., A, € R. These can be easily done using induction. For n = 1 the statement

is trivial:

0

FOw) = Af(0) =

S e = ). (A2)

A=0

For pedagogical reasons, we also write the second term explicitly. For simplicity, we use the
notation f()qvl + Aguo, Ajv1 + /\21}2) = f(()\lvl + )\21}2) &® ()\1'01 + )\21)2))2

82
A1v1 + Agv2, A1 + Agu
MO )\1:/\2:0.)0( 101 202, A\101 + A2v2)
0 0
= o v A
X ,\2208>\2 /\lzof()qm T Agva, davs + Agve)
0
= a2y (f (v1 + Mg, Ava) + f(Ava, v1 + Avg))
02 [y,—0
0
=2 v1 + Avg, Av
8A2 )\2:0f( 1 2 2)
- 2(f(”1 +v2,0) + f(1’17”2)> = 2f(v1,v2). (A.3)
—

In the above equation, we have used linearity f(0,v) = 0Vv € V.

Now we assume that for n — 1 the formula ((A.1)) holds true. Then for n we can compute:
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o" - on
v v NN DL
o1 0 &
= | A . (A4)
VI W NN W N ;

We can “act” in n— different entries with the derivative % Since f is symmetric in the

arguments, we can write:

ey )\kvk)@)”]
L k=1
[ n—1
= 1| O Awvk +vn) Z Avg) "
L k=1
+f (Z )\kvk Z ALUE + Un ( )\kvk)®n72

L k=1 k=1

= nf (Z )\kvk)@)n—l & (Z Akvk’ + ’Un)
— k=1

_

+ ..

(A.5)

[ n—1 n—1
An= e
=0 nf ( E Meop) " @ ( E AUk + Up)
k=1 k=1

The tricky part of the demonstration is the following argument: The terms that the deriva-
tives “act” on the last entry do not contribute, just like the case n = 2. Writing the entire proof
is a bit complicated and, since it is not the main point of the thesis, not strictly necessary. We
will just present the argument: If a derivative “act” on the last entry, there will be n — 2 deriva-
tives left and n — 1 A’ to eliminate. Since there are more \’s than derivatives, after applying
all derivatives, using the linearity of f, the contribution will be proportional to A;f(....) = 0.
Therefore, to avoid these mismatches the derivatives have to “act” just in the firs n — 1 terms.

That is equivalent to setting:

n—1 n—1 n—1
nf [(Z )\k’Uk)@n_l & (Z AUk +vp) | = nf [(Z )\kvk)@m—l X Un, (A.6)
k=1 k=1 k=1
With that being said, we can use the induction hypotheses:
f ( )\kvk) "R,
OM .01 |\ = = =0 P
=n(n—1)!f(v,.....vn) = nlf(vi,...,v,). (A.7)

Just like we wanted to show. An alternative proof of the result can be found at [3] (por-
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tuguese only).
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Appendix B

Some notions on distributions

B.1 Introduction

The goal of this appendix is to present some notion of the mathematical background underling

the physics exposed in the dissertation. We will follow mostly [2].

B.2 Schwartz functions and test functions

We begin the discussion by presenting the definition of a Schwarz function. A function f :
R™ — C is called a Schwartz function if and only if it is smooth (i.e., infinitely differentiable
=€ C*°(R™)) and the functions as well as its derivatives decay faster than any polynomial at

infinity. The aforementioned condition can be stated as

Vm € N,  multi-index : lim (1+ |z])™|DPf(x)| = 0. (B.1)
[|z]|—oc0
Where D is a differential operator given by:
Bl
DP = —5 (B.2)
Oz .0z

It is easy to see that the set of all Schwartz functions forms a vector space. This vector space

is denoted by J(R™). The space is endowed with a norm:

1l 3 = sup { (14 121D f ()], = € "} (B.3)

We say that a sequence converges f, converges to f if and only if lim, oo || fn — f|lm,g =0

for all m € N and 8 multi-indexes.
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An important subset of Schwartz functions is the set of test functions, already mentioned
in the first section of the present work. The notion of convergence in the space of test functions

is different from the convergence in the space of Schwartz functions. We say ¢, — g if
(B.4)

1 there is a compact K C R"™ such that
dN € N, suppg, € KVn > N.
(B.5)

2
: B(g, —
Jim_ sup {!D (gn g)(l‘)\}

Note that convergence in D(R™) implies convergence in 7 (R™) but the opposite is not true.
(B.6)

As a counter example, let g, € D(R) be given by |2
e~ exp (—ﬁ) , € (—n,n)
x ¢ (=n,n)

gn(2)
0
gn converges in J(R) but does not converges in D(R) (the condition 1 is not satisfied).

of all, we can define linear differential operators acting on J(R"): Given ag(x) functions
, ) multi-indexes, then £f € J(R"):

k

The spaces above are important due to the nice properties we can impose on then. First
af, ...

ool f

N
= E ak(z) — :
1 0 y...0%% 1),

limited by polynomia grow and o = (

(L)) = ap(z)D*" f(x)

k=1

=

defines a differential linear operator acting on 7.
The usual pointwise product (fg)(z) :

We can define (at least) two products in J(R"™)
(B.8)

f(x)g(x) and the convolution product:
/dy fx=y)g(y)-

(f xg)(x) = (2%)%

For our porpoises, the most important feature of J(R") is that the Fourier transform F(f)(k)

(3.28)), its complex conjugate F¢(f)(—k) are bijective maps F : J — J with F~! = F¢,
index « there is a C, € R and m,, € N such that [D%g(z)| < Co(1 + ||z]|)™

!Functions limited by polynomials is to be understood as smooth functions g such that for all multi-
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B.3 Distributions and tempered distributions

As mentioned in the beginning of the dissertation, the distributions are continuous linear func-
tionals [ : V' — C where V is a complex vector space. Here we have defined two vector spaces,
the Schwartz vector space J and the vector space of the test functions D. We call T' € D'(R™)
a distribution and S € J'(R") a temperate distribution. Note that since D(R™) C J(R") =
J'(R™) C D'(R™) and for that reason, we usually call the elements of J'(R™) distributions also.

In both cases, the notion of continuity is given by:

T continuous <= V||gr — gl = 0= |T(g9x — g)| — 0. (B.9)

where the norm || - || was introduced in the previous section. We emphasize that T' € D'(R"™)

does not imply 7' € J'(R™). An example is the distribution 7' € D'(R) given by

T(g(z)) = / dz e g(x). (B.10)

Since g € D(R) has compact support, the integral above is finite. But that is not true for

functions that decay faster than any polynomial, for example f(z) = e,

B.3.1 Divergent integrals

A recurrent problem when working with distributions is divergent integrals. As mentioned in
, usually we need to “integrate” over domains in which the “integral” diverges. In this
subsection, we want to explain briefly how one can still make sense of such expressions. To do
it, we introduce as an example two distributions: The Cauchy’s principal value distribution and

the finite part of Hadamard [2]. For simplicity, we restrain ourselves to the one-dimensional case.

Cauchy Principal value

The Cauchy’s principal value distribution in D’(R) is defined as the limit:

(PV,,,g) = lim (/xo_rdx 9(7) +/;O dz 9&) > (B.11)

=0 \ J_ oo x — a9 )

We will show that this distribution is well defined (the proof originally found at |2]|). Without
loss of generality, we set z9p = 0. To prove the finitude of the integral, let suppg C [—A, A] for
A be sufficiently big. We compute:
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/ dz /dng)Jr/_:dxg /d:n 9(0)

:/_—dem >—g<0>+/Adxg(:c>—g(0>+/_ " 90 +/Ad 9(0) (B.12)

A X A X X

=0

Note that g(x) — ¢(0) can be written as xf(z), f(z) € D(R) |2| prop 39.2. Hence:

/_—rd g(x) _1_/:1 d:c@ B /—T i rf(r) +/TAdx :cféx) _ /A ) < (B3

A T z —A x —A

The continuity of PVy can be proved directly by the definition of the distribution. Let
gi(x) € D'(R) be a test function that converges to g(z) = 0¥z € R[] Then:

[(PVo, 1)) = ]/Adgk(%/"‘ )
S/_:dm

v fi(z) /A x fr(z)
- +

In the above equation, we have used the same notation and trick as in (B.13). Now we have
to show that sup(fx(z)) = 0 as k — oco. To do it, let us first consider x € (r, A):

<2sup|fi(0)(A—r).  (B.14)

ofulo)] = alfule)] = laa) = 90) = | [ " gl ()
< /0 g sup(g(@))] = llghllox
= fula)] < (dh(x)) 0. (B.15)

Hence, sup(fi) — 0 and |[(PVp, gi)| — O prove that it is a continuous functional and, there-

fore, a distribution.

If we have to compute higher powers of PV;; we can simply use the derivative:

1 (-1 a1
sl o NPT (B-16)

Thus,

2that is equivalent to defining g (x) := h(x) — hy(x) where hj, — h in D(R)
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1 1" "1
lim dx anrlg(x) = (=1) lim dx <d) g(z)

r—0 R\[—'r,'r] (n - 1)' r—0 R\[—T‘,T‘] dxn x
_1)\2n n
(n—1)!r—=0 R\[-ry] T \dz"
1 n
= i PVed) (B.17)

Note that the same arguments hold for the definition of PV € J'(R). As an example of a

. 2
calculation, we can compute (;12, e

1 1 -1
<776_$2> = lim dx 7€_$2 = lim dx <d> e’
x r—0 R\[—r,7] x r—0 R\[—r,7] dr x
1 1
= lim dr — <de_$2> = lim dr — (—2$6_$2>
T Ry @ \dE 0 R T

= —27. (B.18)

Hadamard finite part

Another distribution that “controls” bad-behaved integrals is called Hadamard finite part.
That distribution is closely related to the regularization scheme in quantum field theory. Before

introducing the distribution, we need an auxiliary result ([2]):

Let (ag,by),k = 1,...,n be a finite collection of complex numbers with Re(ay), Re(by) > 0 but

not simultaneously zero. Then if there are cq, ..., ¢, € C such that:

n by
lim (ch (lnxg ) =aeC, |al < . (B.19)

a
z—0t 1 T
Then a« = ¢4 = ... = ¢, = 0. In addition, we can prove that if f = s+ h with s =
b
(Zzzl Ccr, (h;fi k) and lim,_,o0 h(x) = L, |L| < 0o, then the decomposition of f is unique, i.e, for

b
another combination f =s + 1, s = (ZZ:l Ck (h;f,z k) we have s’ = s,/ = h.

The proof of these results can be found in 2| section 39.3.

Equipped with the above results, we define the Hadamard finite part of [ dz f(z) if for
all » > qﬂ [ dx f(z) can be written as:

/ dz f(x) = F(r) + D(r). (B.20)
R\[-7,7]

3We assume f is singular only in 0
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with

B " (Inxz) . _
p0) = (a2 ) sy te) = .1 < o ®21)

as lim,_,o0 F'(r). Due to the results in the beginning of the section, that limit is unique. We
denote the Hadamard finite part by F'P [ dx f(x). Essentially, what we have done is to separate
the divergent part in an expression containing only powers of % and In(x) and take as the result

of the integral what is left.

We define the Hadamard finite part distribution as:

<FP<@%imWJ,g>::FP/Q%(m%ng. (B.22)

The distribution above is closely related to the Cauchy principal value distribution, since:

FP/M“@ZPV/M“@. (B.23)

T T

To see it, we write g(z) = ¢(0) + = f(x) and perform the integral over suppg \ [—r,7]. For

higher orders, we just need to repeat the trick using the derivatives and the construction of

“%G%W)

With both methods mentioned above, we hope that the divergent integrals appearing in

quantum field theory are now less tricky.
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