
(Toward) new aspects of massive gravity

Rampei Kimura
Waseda Institute for Advanced Study, Waseda University

JSPS-FAPESP workshop @ San Paulo, 2/20/2019 

Collaboration with 
Daisuke Yamauchi (Kanagawa University)
Atsushi Naruko (Tohoku University)

Based on arXiv: 1812:10886 



• Is it possible to construct such a massive general relativity?

• What is the consequence of introducing mass?

• Could it be responsible for the current accelerated expansion of the 
universe?

• Other interesting features…?

• General relativity + non-zero graviton’s mass
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Massive Gravity



Fierz-Pauli Theory

• Fierz-Pauli theory (Fierz, Pauli, 1939)
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Only allowed mass term 
which does not have ghost at linear order

Linearized 
Einstein-Hilbert term

(1)  Lorentz invariant theory
(2)  Gauge invariance is broken due to the mass term
(3)  No ghost  (5 DOF = 2 tensor + 2 vector + 1 scalar)
(4)  Simple nonlinear extension contains ghost at nonlinear level
　  (Boulware-Deser ghost, 6th DOF) (Boulware, Deser, 1971)



Vainshtein screening in quasi-dilaton theory
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Quasi-dilaton theory is the candidate for massive gravity theory, which couples to an addititonal
scalar degrees of freedom. Similarly to dRGT massvie gravity theory, there is no BD ghost in this
thoery. In this paper, we show that there is no usual solution, which posses Vainshtein mechanism.
Insted, we only have cosmological solution. We clarly show that assymptotically Minkowski solution
has always ghost in the scalar modes in the decoupling limit of the theory.

I. INTRODUCTION

It is now belived that general relativity is the theory of gravity, which describe solar system scale and it has been
tested for a long decade. It seems that there is no contradiction within tests in our solar system scales. However, if
we extend this theory to ”cosmology”, we still have a number of question that we can not understand yet. One is
the existance of dark matter, and this is now believed as some particle that we have not discovered yet. Nonetheless
this unknow matter could be of the form of some energy or be part of the theory of gravity. Another example is dark
energy, which is responsible for current cosmic accleration of the universe, and this existance has not confirmed yet.
This unknow energy constitues 72 percent of the energy in the universe. One possible solution is the cosmological
constant, but this model suffers from the cosmological constant porblem.
There might be a chance to explain this cosmic acceleration, for example, modification of gravity or other fluid

that we have not discovered yet. As a candiate of alternative theory of gravity, massive gravity has been recently
attracted considerable attention. In 1939, Pauli and Fierz found that the ”linearized” massive gravity which does
not possess ghost. This theory is based on general relativity, and the mass is measured by the difference between
the fluctuation of the metric and Minkowski metric. However, Boulwer and Deser found that there is always ghost
at nonlienar level. Now we have ghost free massive gravity constructed by de Rham, Gabadadze, and Tolley. This
includes all the nonliear terms and describe massive spin-2 particle. Now we have some question whether we can add
the additional scalar model in massive gravity, and this has been done by [] by introducing new symmetry, called
quasi-dilaton theory. This model contains massive spin-2 mode, whose number of degree of freedom is five, and one
dilaton mode. It is still opened question whether we have Vainshtein mechanism in this thoery.
In this paper, we examine the Vainshtein mechanism in quasi-dilaton theory.

II. THEORY

The action for massive gravity can be described by
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where the potential of the massive graviton is given by
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• dRGT massive gravity (de Rham, Gabadadze, Tolley 2011)

No BD ghost at full order (5 DOF)  (Hassan, Rosen, 2011)
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Fierz-Pauli mass term Infinite nonlinear corrections to eliminate BD ghost

• Expanding the square root in the potential term
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Non-canonical Kinetic Term
 (RK & Yamauchi, 2013)

SMG =
M2

Pl

2

Z
d4x

p
�g


R� m2

4
(U2 + ↵3U3 + ↵4U4)

�
+ Sint + Sm[gµ⌫ , ],

• dRGT mass term is uniquely determined
• Is dRGT theory a unique theory describing massive graviton without introducing 

other fields ?

• Candidates for derivative interactions
New Kinetic terms???

• No-go theorem - no derivative interaction cannot be introduced in dRGT theory 
due to the appearance of the BD ghost.   (RK & Yamauchi 2013, de Rham et al. 2013)
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• A Staring point of proof is FP theory in both [RK, Yamauchi 2013] & [de Rham et al. 2013]



General Spin-2 Theory
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II. THEORY

A. action

Let us consider a generic action for a spin-2 field hµ⌫ up to the quadratic order in a Minkowski space-time,
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and 1,2,3,4 and m1,2 are constant parameters. Contracting all the Minkowski metric, the action can be rewritten as
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wherer h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ . The linearized Einstein-Hilbert action can
be reproduced by setting 2 = �3 = 24 = �21, and the kinetic term of (1) is then invariant under the gauge
transformation hµ⌫ ! hµ⌫ +@µ⇠⌫ +@⌫⇠µ, where ⇠µ is a gauge parameter. In addition to this choice of the parameters,
when the mass parameters satisfy m1 = �m2, the Lagrangian (1) reduces to the Fierz-Pauli theory [1]. Although the
Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is not neccesary for a massive spin-2 field that
we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the tensor field hµ⌫ into a transverse-traceless tensor, transverse
vectors, and scalars :

h00 = h
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Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
has two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five, we
need to eliminate two (three) components in the vector (scalar) sector. Hereinafter, we, for convenience, work in the
Fourier space, and the Fourier components of the fields are given by
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Z
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Finally as for scalar perturbations, the action reduces to
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• Our Lagrangian 

General relativity
Linearized Einstein-Hilbert term 

Gauge symmetry

m1 = m2 = 0
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Fierz-Pauli theory
Kinetic term = Linearized Einstein-Hilbert term

Gauge invariance is broken by the FP mass term

i, mi : (constant) free parameters
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In Sec. IV, we investigate the properties of obtained theories under the field redefinition to see relations with the
known theories. Sec. V is devoted to summary. In Appendix A, we perform the complete Hamiltonian analysis of the
remaining cases. In Appendix B, the explicit proof of the existence of ghost degrees of freedom if a theory has six or
more degrees of freedom. In Appendix C, we derive gauge transformation and construct gauge invariant variables for
each case. We also derive conditions for avoiding ghost and gradient instabilities for the scalar mode from reduced
Lagrangian.

II. SET UP

In this section, we introduce the most general Lorentz-invariant action for a rank-2 symmetric tensor field, which
contains up to the Lagrangian quadratic in the tensor field and two derivatives with respect to spacetime. Since
a theory for the rank-2 symmetric tensor field in general contains ten degrees of freedom, some of them might be
ghost modes, which is unwanted degrees of freedom in a theory just as in Fierz-Pauli theory. To this end, we then
decompose these degrees of freedom in the rank-2 symmetric tensor field by scalar, vector, and tensor decomposition
based on transformation properties with respect to a 3�dimensional rotation. We will also provide an overview of
the Hamiltonian formalism in Fourier space.

A. action

Let us consider a generic Lorentz-invariant action for a rank-2 symmetric tensor field hµ⌫ up to the quadratic order
in a Minkowski space-time,
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where h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ and the comma denotes the partial derivative.
The linearized Einstein-Hilbert action can be reproduced by setting 2 = �3 = 24 = �21, and the kinetic term
of (1) is then invariant under the gauge transformation hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ, where ⇠µ is a gauge parameter. In
addition to this choice of the parameters, when the mass parameters satisfy µ1 = �µ2, the Lagrangian (1) reduces
to the Fierz-Pauli theory [1]. Although the Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is
not necessary for a generic massive spin-2 field that we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the rank-2 symmetric tensor field hµ⌫ into a transverse-traceless
tensor, transverse vectors, and scalars based on transformation properties with respect to a 3�dimensional rotation:

h00 = h
00 = �2↵ , h0i = �h

0i = �,i +Bi (Bi
,i = 0) (5)

hij = h
ij = 2R�ij + 2E,ij + Fi ,j + Fj ,i + 2Hij (F i

,i = 0 , H
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i = H

ij
,j = 0) . (6)

Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
have two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five,
we need to eliminate two components in the vector sector and three components in the scalar sector respectively.
Otherwise, ghost degrees of freedom appears as shown in Appendix B. Below we split the action into three parts and
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of (1) is then invariant under the gauge transformation hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ, where ⇠µ is a gauge parameter. In
addition to this choice of the parameters, when the mass parameters satisfy µ1 = �µ2, the Lagrangian (1) reduces
to the Fierz-Pauli theory [1]. Although the Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is
not necessary for a generic massive spin-2 field that we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the rank-2 symmetric tensor field hµ⌫ into a transverse-traceless
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Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
have two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five,
we need to eliminate two components in the vector sector and three components in the scalar sector respectively.
Otherwise, ghost degrees of freedom appears as shown in Appendix B. Below we split the action into three parts and
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where h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ and the comma denotes the partial derivative.
The linearized Einstein-Hilbert action can be reproduced by setting 2 = �3 = 24 = �21, and the kinetic term
of (1) is then invariant under the gauge transformation hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ, where ⇠µ is a gauge parameter. In
addition to this choice of the parameters, when the mass parameters satisfy µ1 = �µ2, the Lagrangian (1) reduces
to the Fierz-Pauli theory [1]. Although the Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is
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not necessary for a generic massive spin-2 field that we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the rank-2 symmetric tensor field hµ⌫ into a transverse-traceless
tensor, transverse vectors, and scalars based on transformation properties with respect to a 3�dimensional rotation:

h00 = h
00 = �2↵ , h0i = �h

0i = �,i +Bi (Bi
,i = 0) (5)

hij = h
ij = 2R�ij + 2E,ij + Fi ,j + Fj ,i + 2Hij (F i

,i = 0 , H
i
i = H

ij
,j = 0) . (6)

Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
have two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five,
we need to eliminate two components in the vector sector and three components in the scalar sector respectively.
Otherwise, ghost degrees of freedom appears as shown in Appendix B. Below we split the action into three parts and

2

In Sec. IV, we investigate the properties of obtained theories under the field redefinition to see relations with the
known theories. Sec. V is devoted to summary. In Appendix A, we perform the complete Hamiltonian analysis of the
remaining cases. In Appendix B, the explicit proof of the existence of ghost degrees of freedom if a theory has six or
more degrees of freedom. In Appendix C, we derive gauge transformation and construct gauge invariant variables for
each case. We also derive conditions for avoiding ghost and gradient instabilities for the scalar mode from reduced
Lagrangian.

II. SET UP

In this section, we introduce the most general Lorentz-invariant action for a rank-2 symmetric tensor field, which
contains up to the Lagrangian quadratic in the tensor field and two derivatives with respect to spacetime. Since
a theory for the rank-2 symmetric tensor field in general contains ten degrees of freedom, some of them might be
ghost modes, which is unwanted degrees of freedom in a theory just as in Fierz-Pauli theory. To this end, we then
decompose these degrees of freedom in the rank-2 symmetric tensor field by scalar, vector, and tensor decomposition
based on transformation properties with respect to a 3�dimensional rotation. We will also provide an overview of
the Hamiltonian formalism in Fourier space.

A. action

Let us consider a generic Lorentz-invariant action for a rank-2 symmetric tensor field hµ⌫ up to the quadratic order
in a Minkowski space-time,

S =

Z
d4x

⇣
�K↵�|µ⌫⇢�

hµ⌫,↵h⇢�,� �Mµ⌫⇢�
hµ⌫h⇢�

⌘
, (1)

where K↵�|µ⌫⇢� and Mµ⌫⇢� are the most general combinations of the Minkowski metric ⌘µ⌫ ,

K↵�|µ⌫⇢� = 1⌘
↵�

⌘
µ⇢
⌘
⌫� + 2⌘

µ↵
⌘
⇢�
⌘
⌫� + 3⌘

↵µ
⌘
⌫�
⌘
⇢� + 4⌘

↵�
⌘
µ⌫
⌘
⇢�

, (2)

Mµ⌫⇢� = µ1⌘
µ⇢
⌘
⌫� + µ2⌘

µ⌫
⌘
⇢�

, (3)

and 1,2,3,4 and µ1,2 are constant parameters. Contracting all the Minkowski metric, the action can be rewritten,
after integration by parts, as

S = �
Z

d4x
h
1hµ⌫ ,↵h

µ⌫ ,↵ + 2h
↵
µ ,↵h

�µ
,� + 3h

↵�
,↵h,� + 4h,↵h

,↵ + µ1hµ⌫h
µ⌫ + µ2h

2
i
, (4)

where h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ and the comma denotes the partial derivative.
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A. action

Let us consider a generic action for a spin-2 field hµ⌫ up to the quadratic order in a Minkowski space-time,
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and 1,2,3,4 and m1,2 are constant parameters. Contracting all the Minkowski metric, the action can be rewritten as
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wherer h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ . The linearized Einstein-Hilbert action can
be reproduced by setting 2 = �3 = 24 = �21, and the kinetic term of (1) is then invariant under the gauge
transformation hµ⌫ ! hµ⌫ +@µ⇠⌫ +@⌫⇠µ, where ⇠µ is a gauge parameter. In addition to this choice of the parameters,
when the mass parameters satisfy m1 = �m2, the Lagrangian (1) reduces to the Fierz-Pauli theory [1]. Although the
Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is not neccesary for a massive spin-2 field that
we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the tensor field hµ⌫ into a transverse-traceless tensor, transverse
vectors, and scalars :

h00 = h
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Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
has two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five, we
need to eliminate two (three) components in the vector (scalar) sector. Hereinafter, we, for convenience, work in the
Fourier space, and the Fourier components of the fields are given by

A(t,x) =
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where A = Hij , Bi, Fi,↵,�,R, or E . Below we split the action into the tensor, vector, and scalar sectors. The action
in the tensor sector is given by
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where a dot represents dervative with respect to time t. The action for the vector modes is given by
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Finally as for scalar perturbations, the action reduces to

S
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, (10)
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As one can see from (8), the tensor mode is controled by only two parameters 1 and m1, and the existence of tensor
mode demands

1 6= 0 . (14)

Throughout this paper, we always assume the condition (14), and then the number of the degrees of freedom in
the tensor sector is two. Furthermore, this parameter 1 should be negative 1 > 0 in order for avoiding the ghost
instability in the tensor sector. From the next section, we will investigate the vector and scalar modes in detail.

C. Hamiltonian formalism in Fourier space

In this subsection, we briefly summarize the Hamiltonian formalism in the Fourier space. The Hamiltonian is
defined by

H(t) =
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where H is the Hamiltonian density in the Fourier space,
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where s
I and ⇡sI are respectively sets of canonical fields and their conjugate momenta. For example, sI = {Bi, Fi}

for the vector field, and s
I = {↵,�,R, E}. If the system has n primary constraints Ci, the total Hamiltonian and total

Hamiltonian density are given by

HT (t) =

Z
d3kHT (t,k) , HT (t,k) = H(t,k) +

nX

i=1

�i(t,k) Ci(t,k) , (17)

where �i are Lagrange multipliers associated with each primary constraint Ci. The Poisson bracket between A and B
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The time-evolution of the function A(t,k) is given by
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each of them is solely composed by single type of perturbations, that is, scalar, vector and tensor perturbations, which
is always possible at the level of linear perturbation,

S = S
S [↵ ,� ,R , E ] + S

V [Bi , Fi] + S
T [Hij ] . (7)

In the next section, based on this separated action, we will look for the degeneracy condition for the scalar, vector,
tensor sectors, respectively.

C. Hamiltonian formalism in Fourier space

In this subsection, we briefly summarize the Hamiltonian formalism in the Fourier space. We, for convenience, work
in the Fourier space, and the Fourier components of the fields, A(t,k), are given by

A(t,k) =

Z
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Ȧ(t,k) = {A(t,k), HT (t)} =

Z
d3k0

"
{A(t,k),H(t,k0)}+

nX

i=1

�i(t,k
0){A(t,k), Ci(t,k0)}

#
. (13)

III. HAMILTONIAN ANALYSIS AND CLASSIFICATION

In this section, we perform the Hamiltonian analysis for the theory (1) and classify the theory depending on the
number of degrees of freedom. Since the number of degrees of freedom in the theory is ten in general, one needs
to adequately eliminate extra degrees of freedom in each mode decomposed in the previous section. We first take a
look at the tensor mode and derive the condition for avoiding a ghost mode. Then we seek conditions to eliminate
unwanted modes for vector and scalar modes by imposing the degeneracy of the kinetic matrix and conditions to have
subsequent constraints. The existence of ghost degrees of freedom in the scalar sector is proved in the Appendix B
when the total number of degrees of freedom is more than five.

A. Tensor modes

The action in the tensor sector is given by

S
T [Hij ] = 4

Z
dt d3k

h
1Ḣ

2
ij � (1k

2 + µ1)H
2
ij

i
, (14)
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where s
I and ⇡sI are respectively sets of canonical fields and their conjugate momenta. If the system has n primary

constraints Ci, the total Hamiltonian and total Hamiltonian density are given by

HT (t) =

Z
d3kHT (t,k) , HT (t,k) = H(t,k) +

nX

i=1

�i(t,k) Ci(t,k) , (11)

where �i are Lagrange multipliers associated with each primary constraint Ci. The Poisson bracket between A and B
is defined by

{A(t,k),B(t,k0)} =

Z
d
3
k
00
X

I


�A(t,k)

�sI(t,k00)

�B(t,k0)

�⇡sI (t,k00)
� �A(t,k)

�⇡sI (t,k00)

�B(t,k0)

�sI(t,k00)

�
. (12)

The time-evolution of the function A(t,k) is given by
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III. HAMILTONIAN ANALYSIS AND CLASSIFICATION

In this section, we perform the Hamiltonian analysis for the theory (1) and classify the theory depending on the
number of degrees of freedom. Since the number of degrees of freedom in the theory is ten in general, one needs
to adequately eliminate extra degrees of freedom in each mode decomposed in the previous section. We first take a
look at the tensor mode and derive the condition for avoiding a ghost mode. Then we seek conditions to eliminate
unwanted modes for vector and scalar modes by imposing the degeneracy of the kinetic matrix and conditions to have
subsequent constraints. The existence of ghost degrees of freedom in the scalar sector is proved in the Appendix B
when the total number of degrees of freedom is more than five.
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• Tachyonic instability is absent when µ1 � 0
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Vector Sector
• Bi and Fi has 4 DOFs
• We need to eliminate one of them 

(Otherwise, ghost or gradient instabilities appears in B or F.)

4

III. VECTOR MODES

In this section, we focus on the vector modes and find conditions to avoid appearing extra degrees of freedom, based
on the Hamiltonian analysis. Since the vector has four components, one needs to at least eliminate either Bi or Fi

in order to have two degrees of freedom. The existence of the tensor mode (14) leads to the only option to have a
primary constraint, that is,

21 + 2 = 0 () 2 = �21 . (20)

With this condition (20), the kinetic term of Bi vanishes, which implies Bi manifestly become non-dynamical. Then
the action for the vector mode can be rewritten with the replacement kFi ! Fi,

S
V =

Z
dt d3k

h
21Ḟ

2
i � 41kBiḞi + 2

�
1k

2 �m1

�
B

2
i � 2m1F

2
i

i
. (21)

Apparantly, the action for the vector modes depends on only two parameters, 1 and m1, as in the tensor modes.
The conjugate momenta for Bi and Fi are given by

⇡Bi = 0 , (22)

⇡Fi = 41(Ḟi � kBi) , (23)

and we therefore have a primary constraint defined as

CBi
1 = ⇡Bi = 0 . (24)

Then Hamiltonian and the total Hamiltonian reads

H = Ḃi⇡Bi + Ḟi⇡Fi � L =
⇡
2
Fi

81
+ k⇡FiBi � 2m1B

2
i + 2m1F

2
i ,

HT = H+ �Bi⇡Bi , (25)

where �Bi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
2 = ĊBi

1 = {CBi
1 , HT } = {CBi

1 , H} = k⇡Fi + 4m1Bi ⇡ 0 . (26)

Then the time-evolution of the secondary constraint is given by1

ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ �Bj{C

Bi
2 , CBj

1 } ⇡ 0 , (27)

where the coe�cient of �B is given by

{CBi
2 , CBj

1 } = 4m1 �ij . (28)

Therefore, we have two cases :
Case V1 : m1 6= 0

When m1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4m1
{CBi

2 , H} . (29)

Thus, there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them are second-class since
the Poisson bracket between these constraints is non-vanishing. Therefore, the number of the degrees of freedom for
the vector modes is given by

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)

2
= 2 . (30)

Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi

3 ⌘ {CBi
2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.

• Canonical momenta
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ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ �Bj{C

Bi
2 , CBj

1 } ⇡ 0 , (27)

where the coe�cient of �B is given by

{CBi
2 , CBj

1 } = 4m1 �ij . (28)

Therefore, we have two cases :
Case V1 : m1 6= 0

When m1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4m1
{CBi

2 , H} . (29)

Thus, there are two primary constraints CBi
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Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi
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2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.
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Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi
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2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.

Primary constraints

4

where a dot represents derivative with respect to time t. As one can see from (14), the tensor modes are controlled by
only two parameters 1 and µ1, and the existence of tensor modes and the condition for avoiding the ghost instability
demand

[Condition 1] : 1> 0 . (15)

Throughout this paper, we always assume the condition (15), and then the number of the degrees of freedom in
the tensor sector is two. Furthermore, the parameter µ1 should not be negative, µ1 � 0, in order for avoiding the
tachyonic instability in the tensor sector.

B. Vector modes

In this subsection, we focus on the vector modes and find conditions to avoid appearing extra ghosty degrees of
freedom, based on the Hamiltonian analysis. The action for the vector modes can be written with the replacement
kFi ! Fi,

S
V [Bi , Fi] =

Z
dt d3k

h
�(21 + 2)Ḃ

2
i + 21Ḟ

2
i + 22kBiḞi + 2

�
1k

2 + µ1

�
B

2
i �

�
k
2(21 + 2)� 2µ1

�
F

2
i

i
. (16)

One may immediately notice from (16) that there are the appearance of either ghost or gradient instabilities in Bi or
Fi modes, depending on the sign of 21 + 2 as well as 1. This concludes that one needs to at least eliminate either
Bi or Fi in order to have two degrees of freedom. The existence of the tensor modes (15) leads to the only option to
have a primary constraint, that is,

[Condition 2] : 21 + 2 = 0 () 2 = �21 . (17)

With this condition (17), the kinetic term of Bi vanishes, which implies Bi manifestly become non-dynamical. Then
the action for the vector mode can be recast as

S
V =

Z
dt d3k

h
21Ḟ

2
i � 41kBiḞi + 2

�
1k

2 � µ1

�
B

2
i � 2µ1F

2
i

i
. (18)

Apparently, the action for the vector modes depends on only two parameters, 1 and µ1, as in the tensor modes. The
conjugate momenta for Bi and Fi are given by

⇡Bi = 0 , (19)

⇡Fi = 41(Ḟi � kBi) , (20)

and we therefore have a primary constraint defined as

CBi
1 = ⇡Bi = 0 . (21)

Then Hamiltonian and the total Hamiltonian read

H = Ḃi⇡Bi + Ḟi⇡Fi � L =
⇡
2
Fi

81
+ k⇡FiBi � 2µ1B

2
i + 2µ1F

2
i ,

HT = H+ �Bi⇡Bi , (22)

where �Bi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
2 ⌘ ĊBi

1 = {CBi
1 , HT } = {CBi

1 , H} = k⇡Fi + 4µ1Bi ⇡ 0 . (23)

Then the time-evolution of the secondary constraint is given by1

ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ �Bj{C

Bi
2 , CBj

1 } ⇡ 0 , (24)

1
To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable

because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results

do not change.
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Bi or Fi in order to have two degrees of freedom. The existence of the tensor modes (15) leads to the only option to
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H = Ḃi⇡Bi + Ḟi⇡Fi � L =
⇡
2
Fi

81
+ k⇡FiBi � 2µ1B

2
i + 2µ1F

2
i ,

HT = H+ �Bi⇡Bi , (22)

where �Bi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
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1 = {CBi
1 , HT } = {CBi

1 , H} = k⇡Fi + 4µ1Bi ⇡ 0 . (23)

Then the time-evolution of the secondary constraint is given by1
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Bi
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1 } ⇡ 0 , (24)

1
To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable

because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results

do not change.
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21 + 2 = 0 () 2 = �21 . (20)

With this condition (20), the kinetic term of Bi vanishes, which implies Bi manifestly become non-dynamical. Then
the action for the vector mode can be rewritten with the replacement kFi ! Fi,

S
V =

Z
dt d3k

h
21Ḟ

2
i � 41kBiḞi + 2

�
1k

2 �m1

�
B

2
i � 2m1F

2
i

i
. (21)

Apparantly, the action for the vector modes depends on only two parameters, 1 and m1, as in the tensor modes.
The conjugate momenta for Bi and Fi are given by

⇡Bi = 0 , (22)

⇡Fi = 41(Ḟi � kBi) , (23)

and we therefore have a primary constraint defined as

CBi
1 = ⇡Bi = 0 . (24)

Then Hamiltonian and the total Hamiltonian reads

H = Ḃi⇡Bi + Ḟi⇡Fi � L =
⇡
2
Fi

81
+ k⇡FiBi � 2m1B

2
i + 2m1F

2
i ,

HT = H+ �Bi⇡Bi , (25)

where �Bi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
2 = ĊBi

1 = {CBi
1 , HT } = {CBi

1 , H} = k⇡Fi + 4m1Bi ⇡ 0 . (26)

Then the time-evolution of the secondary constraint is given by1

ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ �Bj{C

Bi
2 , CBj

1 } ⇡ 0 , (27)

where the coe�cient of �B is given by

{CBi
2 , CBj

1 } = 4m1 �ij . (28)

Therefore, we have two cases :
Case V1 : m1 6= 0

When m1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4m1
{CBi

2 , H} . (29)

Thus, there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them are second-class since
the Poisson bracket between these constraints is non-vanishing. Therefore, the number of the degrees of freedom for
the vector modes is given by

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)

2
= 2 . (30)

Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi

3 ⌘ {CBi
2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.

• Secondary constraints

• Time-evolution of the secondary constraints
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1 , H} = k⇡Fi + 4m1Bi ⇡ 0 . (26)

Then the time-evolution of the secondary constraint is given by1
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1 } ⇡ 0 , (27)

where the coe�cient of �B is given by

{CBi
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Therefore, we have two cases :
Case V1 : m1 6= 0

When m1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4m1
{CBi

2 , H} . (29)

Thus, there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them are second-class since
the Poisson bracket between these constraints is non-vanishing. Therefore, the number of the degrees of freedom for
the vector modes is given by

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)

2
= 2 . (30)

Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi

3 ⌘ {CBi
2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.

Case V1 : 
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�
1k

2 �m1

�
B

2
i � 2m1F

2
i

i
. (21)

Apparantly, the action for the vector modes depends on only two parameters, 1 and m1, as in the tensor modes.
The conjugate momenta for Bi and Fi are given by

⇡Bi = 0 , (22)

⇡Fi = 41(Ḟi � kBi) , (23)

and we therefore have a primary constraint defined as

CBi
1 = ⇡Bi = 0 . (24)

Then Hamiltonian and the total Hamiltonian reads
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where the coe�cient of �B is given by
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Therefore, we have two cases :
Case V1 : m1 6= 0

When m1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4m1
{CBi

2 , H} . (29)

Thus, there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them are second-class since
the Poisson bracket between these constraints is non-vanishing. Therefore, the number of the degrees of freedom for
the vector modes is given by

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)

2
= 2 . (30)

Case V2 : m1 = 0
In this case, in addition that the Poisson bracket (29) vanishes, CBi

3 ⌘ {CBi
2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (31)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.

Case V2 : 
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where the coe�cient of �B is given by

{CBi
2 , CBj

1 } = 4µ1 �ij . (25)

Therefore, we have two cases :

Case V1 : µ1 6= 0
When µ1 6= 0, the last equation can be used to determine the Lagrange multipliers �Bi ,

�Bi ⇡
1

4µ1
{CBi

2 , H} . (26)

Thus, there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them are second-class since
the Poisson brackets between these constraints are non-vanishing. Therefore, the number of the degrees of freedom
for the vector modes is given by

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)

2
= 2 . (27)

This case includes the FP theory.

Case V2 : µ1 = 0
In this case, in addition that the Poisson bracket (26) vanishes, CBi

3 = {CBi
2 , H} also becomes zero. Therefore, there

is no more constraint. Thus there are two primary constraints CBi
1 and two secondary constraints CBi

2 , and all of them
are first-class since all the Poisson brackets between these constraints vanish. Therefore,

vector DOFs =
4⇥ 2� 4 (2 primary & 2 secondary)⇥ 2 (first-class)

2
= 0 . (28)

This case includes the linearized Einstein’s gravity. Note that a theory with only one degrees of freedom in the vector
sector is prohibited by spatial covariance.

C. Scalar modes

In this subsection, we investigate the scalar modes and classify theories by finding condition to avoid appearing
extra ghost degrees of freedom. In the Appendix B, we see there are dangerous degrees of freedom if the system
has two or more degrees of freedom. We also derive gauge transformation and conditions for avoiding instabilities of
obtained theories in the Appendix C. As for scalar perturbations, the action reduces to

S
S [↵ ,� ,R , E ]=

Z
dt d3kLS =

Z
dt d3k

⇣
LS
kin + LS

cross + LS
mass

⌘
, (29)

where

LS
kin = 4(1 + 2 + 3 + 4)↵̇

2 � (21 + 2)�̇
2 + 12(1 + 34)Ṙ2 + 4(1 + 4)Ė2

� 4(3 + 24)
⇣
�3Ṙ+ Ė

⌘
↵̇� 8(1 + 34)ṘĖ , (30)

LS
cross = �4

h
(2 + 3)↵̇+ (2 + 33)Ṙ� (2 + 3)Ė

i
k� , (31)

LS
mass = �4

h
k
2(1 + 4) + µ1 + µ2

i
↵
2 +

h
k
2(21 + 2) + 2µ1

i
�
2

� 4
h
k
2(31 + 2 + 33 + 94) + 3(µ1 + 3µ2)

i
R2 � 4

h
k
2(1 + 2 + 3 + 4) + µ1 + µ2

i
E2

� 4
h⇣

k
2(3 + 64) + 6µ2

⌘
R�

⇣
k
2(3 + 24) + 2µ2

⌘
E
i
↵

+ 8
h
k
2(1 + 2 + 23 + 34) + (µ1 + 3µ2)

i
RE . (32)

Here we have used the replacement k� ! � and k
2E ! E , respectively. Now under the “Condition 2” (17), 21+2 =

0, the time derivative of � vanishes in the Lagrangian. Then � becomes non-dynamical and does not contribute to
the kinetic matrix, implying the existence of a primary constraint.
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where a dot represents derivative with respect to time t. As one can see from (14), the tensor modes are controlled by
only two parameters 1 and µ1, and the existence of tensor modes and the condition for avoiding the ghost instability
demand

[Condition 1] : 1> 0 . (15)

Throughout this paper, we always assume the condition (15), and then the number of the degrees of freedom in
the tensor sector is two. Furthermore, the parameter µ1 should not be negative, µ1 � 0, in order for avoiding the
tachyonic instability in the tensor sector.

B. Vector modes

In this subsection, we focus on the vector modes and find conditions to avoid appearing extra ghosty degrees of
freedom, based on the Hamiltonian analysis. The action for the vector modes can be written with the replacement
kFi ! Fi,

S
V [Bi , Fi] =

Z
dt d3k

h
�(21 + 2)Ḃ

2
i + 21Ḟ

2
i + 22kBiḞi + 2

�
1k

2 + µ1

�
B

2
i �

�
k
2(21 + 2)� 2µ1

�
F

2
i

i
. (16)

One may immediately notice from (16) that there are the appearance of either ghost or gradient instabilities in Bi or
Fi modes, depending on the sign of 21 + 2 as well as 1. This concludes that one needs to at least eliminate either
Bi or Fi in order to have two degrees of freedom. The existence of the tensor modes (15) leads to the only option to
have a primary constraint, that is,

[Condition 2] : 21 + 2 = 0 () 2 = �21 . (17)

With this condition (17), the kinetic term of Bi vanishes, which implies Bi manifestly become non-dynamical. Then
the action for the vector mode can be recast as

S
V =

Z
dt d3k

h
21Ḟ

2
i � 41kBiḞi + 2

�
1k

2 � µ1

�
B

2
i � 2µ1F

2
i

i
. (18)

Apparently, the action for the vector modes depends on only two parameters, 1 and µ1, as in the tensor modes. The
conjugate momenta for Bi and Fi are given by

⇡Bi = 0 , (19)

⇡Fi = 41(Ḟi � kBi) , (20)

and we therefore have a primary constraint defined as

CBi
1 = ⇡Bi = 0 . (21)

Then Hamiltonian and the total Hamiltonian read

H = Ḃi⇡Bi + Ḟi⇡Fi � L =
⇡
2
Fi

81
+ k⇡FiBi � 2µ1B

2
i + 2µ1F

2
i ,

HT = H+ �Bi⇡Bi , (22)

where �Bi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
2 ⌘ ĊBi

1 = {CBi
1 , HT } = {CBi

1 , H} = k⇡Fi + 4µ1Bi ⇡ 0 . (23)

Then the time-evolution of the secondary constraint is given by1

ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ �Bj{C

Bi
2 , CBj

1 } ⇡ 0 , (24)

1
To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier �Bj , which can be always integrable

because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results

do not change.



Scalar Sector
• Classification based on the Hamiltonian analysis

• All theories satisfies “Condition 2” (for healthy vector modes)                

• I, IIa, & IIb has gauge symmetries (containing first-class constraints)

•  Massless limit !1 → 0 of the case IIc reduces to the case IIa  

 (# of DOF is different.)
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no more constraint is therefore generated. In this case, all the primary and secondary constraints are first-class since
all the constraints commute. Therefore,

scalar DOFs =
4× 2− 4 (2 primary & 2 secondary)× 2 (first-class)

2
= 0 . (68)

In this case, the scalar mode as well as the vector mode do not have any DOF, and only the tensor mode can propagate.
Since the linearized Einstein-Hilbert term satisfy the condition (36), and the mass terms are absent, this class reduces
to linearized general relativity when 2κ1 − κ3 = 0. As we will see in the next section, the whole parameter family of
this case IIb can be mapped from linearized general relativity by a field redefinition.

Case IIc : µ1(4κ2
1 − 6κ1κ3 + 3κ2

3) + 4µ2κ2
1 = 0, µ1 ̸= 0,

In this case, since {Cβ
2 , C

β
1 } ∝ µ1 ̸= 0, λβ can be determined by imposing Ċβ

2 ≈ 0, that is λβ = −{Cβ
2 , H}/{Cβ

2 , C
β
1 },

and hence no more constraint will be generated as for Cβ
1 . On the other hand, we solve the condition for µ2 from

{Cα
2 , Cα

1 } = 0, which is given by

[Condition 4] : µ2 = − µ1

4κ2
1

(4κ2
1 − 6κ1κ3 + 3κ2

3) . (69)

Then, the time consistency of Cα
2 yields a tertiary constraint

Cα
3 = Ċα

2 = {Cα
2 , HT } = {Cα

2 , H}

= −4(κ1 − κ3)

2κ1 − 3κ3

{
k Cβ

2 −
2µ1

(2κ1 − 3κ3)

[
πR − 2k(2κ1 − 3κ3)β

]}
≈ 0 . (70)

Here, we have imposed κ1 ̸= κ3 in order to have the tertiary constraint2. The Poisson bracket between this constraint
and primary constraints are

{Cα
3 , Cα

1 } = 0 , {Cα
3 , C

β
1 } = −32kµ1(κ1 − κ3)

2κ1 − 3κ3
. (71)

This means that the Lagrange multiplier λα is not fixed from the time-evolution of Cα
3 ,

Cα
4 = Ċα

3 = {Cα
3 , HT } = {Cα

3 , H}+ λβ{Cα
3 , Cβ

1 }

= cα4 α+ cE4 E + cR4 R− 32kµ1(κ1 − κ3)

2κ1 − 3κ3
λβ , (72)

where

cα4 =
8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)2

[
2k4κ2

1(2κ1 − κ3)
2 + 6µ2

1(4κ
2
1 − 6κ1κ3 + 3κ2

3) + k2µ1κ1(28κ
2
1 − 40κ1κ3 + 21κ2

3)
]
, (73)

cE4 = − 8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)2

[
2k4κ2

1(2κ1 − κ3)
2 + 2µ2

1(4κ1 − 3κ3)(2κ1 − 3κ3) + 3k2κ1µ1(6κ1 − 7κ3)(2κ1 − κ3)
]
, (74)

cR4 =
8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)

[
2k4κ2

1(2κ1 − κ3) + 6µ2
1(4κ1 − 3κ3) + 3k2µ1κ1(10κ1 − 7κ3)

]
. (75)

Since one can show that Cα
4 does not vanish even when we substitute λβ determined via Ċβ

2 ≈ 0 into Eq. (72), this
serves as the quaternary constraint. The Poisson bracket between this constraint and primary constraints are

{Cα
4 , Cα

1 } = −64µ1(3µ1 + 4k2κ1)(κ1 − κ3)2

κ1(2κ1 − 3κ3)2
, {Cα

4 , C
β
1 } = 0 . (76)

Then, the consistency of this constraint Ċα
4 ≈ 0 fixes the Lagrange multiplier λα = −{Cα

4 , H}/{Cα
4 , Cα

1 }. There are
six second class constraints Cα

1 , C
β
1 , Cα

2 , C
β
2 , Cα

3 , and Cα
4 . Therefore, in this case, the total degrees of freedom are five:

scalar DOFs =
4× 2− 6 (2 primary & 2 secondary & 1 tertiary & 1 quaternary)

2
= 1 . (77)

It should be noted that the Fierz-Pauli theory is included in this class since the linearized Einstein-Hilbert term
satisfy the condition (36), and the condition µ1 = −µ2 is included in the condition (69). Therefore, this is a wider
class of Fierz-Pauli theory with five degrees for a massive spin-2 field. The whole parameter family of this case can
be mapped from Fierz-Pauli theory by a field redefinition as we will see in the next section.

2 When κ1 = κ3, Cα
2 becomes zero. Then there is one first-class constraint Cα

1 and two second-class constraints Cβ
1 and Cβ

2 , and the
extra degree of freedom cannot be removed. One can show that this extra degree of freedom corresponds ghost mode by choosing an
appropriate gauge invariant variable and calculating reduced Lagrangian just as done in the Appendix C.
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where a dot represents derivative with respect to time t. As one can see from (14), the tensor modes are controlled by
only two parameters κ1 and µ1, and the existence of tensor modes and the condition for avoiding the ghost instability
demand

[Condition 1] : κ1> 0 . (15)

Throughout this paper, we always assume the condition (15), and then the number of the degrees of freedom in the
tensor sector is two. Furthermore, the parameter µ1 should be positive µ1 > 0 in order for avoiding the tachyonic
instability in the tensor sector.

B. Vector modes

In this subsection, we focus on the vector modes and find conditions to avoid appearing extra ghosty degrees of
freedom, based on the Hamiltonian analysis. The action for the vector modes can be written with the replacement
kFi → Fi,

SV [Bi , Fi] =

∫
dt d3k

[
−(2κ1 + κ2)Ḃ

2
i + 2κ1Ḟ

2
i + 2κ2kBiḞi + 2

(
κ1k

2 + µ1

)
B2

i −
(
k2(2κ1 + κ2)− 2µ1

)
F 2
i

]
. (16)

One may immediately notice from (16) that there are the appearance of either ghost or gradient instabilities in Bi or
Fi modes, depending on the sign of 2κ1 + κ2 as well as κ1. This concludes that one needs to at least eliminate either
Bi or Fi in order to have two degrees of freedom. The existence of the tensor modes (15) leads to the only option to
have a primary constraint, that is,

[Condition 2] : 2κ1 + κ2 = 0 ⇐⇒ κ2 = −2κ1 . (17)

With this condition (17), the kinetic term of Bi vanishes, which implies Bi manifestly become non-dynamical. Then
the action for the vector mode can be recast as

SV =

∫
dt d3k

[
2κ1Ḟ

2
i − 4κ1kBiḞi + 2

(
κ1k

2 − µ1

)
B2

i − 2µ1F
2
i

]
. (18)

Apparently, the action for the vector modes depends on only two parameters, κ1 and µ1, as in the tensor modes. The
conjugate momenta for Bi and Fi are given by

πBi = 0 , (19)

πFi = 4κ1(Ḟi − kBi) , (20)

and we therefore have a primary constraint defined as

CBi
1 = πBi = 0 . (21)

Then Hamiltonian and the total Hamiltonian reads

H = ḂiπBi + ḞiπFi − L =
π2
Fi

8κ1
+ kπFiBi − 2µ1B

2
i + 2µ1F

2
i ,

HT = H+ λBiπBi , (22)

where λBi is a Lagrange multiplier. One can easily check that the evolution of the primary constraint automatically
yields a secondary constraint,

CBi
2 = ĊBi

1 = {CBi
1 , HT } = {CBi

1 , H} = kπFi + 4µ1Bi ≈ 0 . (23)

Then the time-evolution of the secondary constraint is given by1

ĊBi
2 = {CBi

2 , HT } = {CBi
2 , H}+ λBj{C

Bi
2 , CBj

1 } ≈ 0 , (24)

1 To be precise, one needs the integral over the Fourier space in front of the Lagrange multiplier λBj , which can be always integrable
because of the appearance of the Dirac’s delta function. For simplicity, we omit this integral and arguments of each variable since results
do not change.
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where

GS =

⎛

⎝
α
R
E

⎞

⎠ , KS =

⎛

⎝
4(−κ1 + κ3 + κ4) 6(κ3 + 2κ4) −2(κ3 + 2κ4)

6(κ3 + 2κ4) 12(κ1 + 3κ4) −4(κ1 + 3κ4)
−2(κ3 + 2κ4) −4(κ1 + 3κ4) 4(κ1 + κ4)

⎞

⎠ . (34)

Let us calcualte the determinant of the kinetic matrix, which is given by

|KS | = −32κ1

(
4κ2

1 − 4κ1κ3 + 8κ1κ4 + 3κ2
3

)
. (35)

Taking into account the existence of the tensor mode, κ1 ̸= 0, the deteminant vanishes only when

[Condition 3] : 4κ2
1 − 4κ1κ3 + 8κ1κ4 + 3κ2

3 = 0 ⇐⇒ κ4 = −4κ2
1 − 4κ1κ3 + 3κ2

3

8κ1
. (36)

Then, the degeneracy of the kinetic matrix (34) leads to an additional primary constraint. Note that the linearlized
Einshtein-Hilbert kinetic term satisfies the condition (36). Once this degeneracy condition is imposed, one can confirm
that the determinant of the reduced kinetic matrix for the remaining two variables cannot be chosen to be zero,ॻ͍ͨ
ํ͕Θ͔Γ͍͢ʁassuming that the parameters in the action κi are real. Note that the vanishing of all components
in the kinetic matrix (34) contradicts with the existence of the tensor mode κ1 ̸= 0. This fact implies the primary
constraints obtained from the reduced action for scalar modes should be at most two.

1. Case : 4κ2
1 − 4κ1κ3 + 8κ1κ4 + 3κ2

3 ̸= 0

Let us consider the case with only one primary constraint, i.e., the ”Condition 3” (36) is not imposed. In this case,
the canonical momenta are given by

πα = −8(κ1 − κ3 − κ4)α̇− 4(κ3 + 2κ4)Ė + 12(κ3 + 2κ4)Ṙ+ 4(2κ1 − κ3)kβ , (37)

πβ = 0 , (38)

πR = 12(κ3 + 2κ4)α̇− 8(κ1 + 3κ4)(Ė + 3Ṙ) + 4(2κ1 − 3κ3)kβ , (39)

πE = −4(κ3 + 2κ4)α̇+ 8(κ1 + κ4)Ė − 8(κ1 + 3κ4)Ṙ− 4(2κ1 − κ3)kβ , (40)

Thus, we have a primary constraint :

Cβ
1 = πβ = 0 . (41)

Then Hamiltonian and total Hamiltonian reads

H = α̇πα + β̇πβ + ṘπR + ĖπE − L
= 4

[
µ1 + µ2 + k2(κ1 + κ4)

]
α2 − 2µ1β

2 + 4
[
µ1 + µ2 − k2(κ1 − κ3 − κ4)

]
E2

− 8
[
µ1 + 3µ2 − k2(κ1 − 2κ3 − 3κ4)

]
ER+ 4

[
3µ1 + 9µ2 + k2(κ1 + 3κ3 + 9κ4)

]
R2

−
[
4
(
2µ2 + k2(κ3 + 2κ4)

)
E − 4

(
6µ2 + k2(κ3 + 6κ4)

)
R
]
α

+
1

32κ1
(2πR + 3πE)πE + (πα + πE)kβ −

8κ1(κ1 + 3κ4)π2
α − 8κ1(κ3 + 2κ4)παπR − (2κ1 − κ3)2πR

2

32κ1(4κ2
1 − 4κ1κ3 + 3κ2

3 + 8κ1κ4)
, (42)

HT = H+ λβπβ . (43)

The evolution of the primary constraint automatically yields a secondary constraint

Cβ
2 = Ċβ

1 = {Cβ
1 , HT } = {Cβ

1 , H} = −kπα − kπE + 4µ1β ≈ 0 . (44)

Then, the Poisson bracket between the secondary and primary constraints of β is given by

{Cβ
2 , Cβ

1 } = 4µ1 . (45)

If µ1 ̸= 0, then no more constraint will be generated and the last equation can be used to determine the value of λβ ,

that is λβ ≈ −{Cβ
2 ,H}/{Cβ

2 , Cβ
1 }. In this case, we have one primary constraint Cβ

1 , and one secondary constraint Cβ
2 ,

all of which are second-class. Therefore, the degrees of freedom in the scalar sector are (8 − 2)/2 = 3, signalling the
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Case DOF Conditions Free parameters Comments

SI & V1 3 = 2 + 0 + 1 µ1 = 0 κ3,κ4, µ2 New theories

SIIa & V1 2 = 2 + 0 + 0 “Condition 3” & µ1 = µ2 = 0 κ3 General relativity is included

SIIb & V1 2 = 2 + 0 + 0 “Condition 3” & µ1 = 0 & µ2 ̸= 0 κ3, µ2 New theories

SIIc & V2 5 = 2 + 2 + 1 “Condition 3 & 4” & µ1 ̸= 0 κ3, µ1 Fierz-Pauli is included

SIIa & V1 2 = 2 + 0 + 0 “Condition 5” & µ1 = µ2 = 0 None −2κ1 + 3κ3 = 0 limit of SIIa

SIIb & V1 2 = 2 + 0 + 0 “Condition 5” & µ1 = 0 & µ2 ̸= 0 µ2 −2κ1 + 3κ3 = 0 limit of SIIb

SIIc & V2 5 = 2 + 2 + 1 “Condition 5” & µ1 + 3µ2 = 0 & µ1 ̸= 0 µ1 −2κ1 + 3κ3 = 0 limit of SIIc

TABLE I. The number of the degrees of freedom, the conditions, free parameters and comments for each case is shown. For
any case, the “Condition 1” (15) and the “Condition 2” (17) are always imposed. “Condition 3,4,5” are shown in (36), (69),
and (A1) respectively. Among free parameters, κ1 is not included since it only changes the normalization of the Lagrangian if
its sign is appropriately chosen.

where we have set the overall factor κ1 to be 1/8 for simplicity. Then the variation with respect to α̃ gives the
constraint R = 0, and it is manifest that the Lagrangian becomes zero after substituting the constraint. Thus we
have confirmed that the number of degree of freedom in the scalar sector is zero in the Lagrangian formalism, that is
consistent with the Hamiltonian analysis in the previous section.

Case SIIb & SIIb Now we would like to perform the same analysis for the case IIa. Again, we can set 2κ1−κ3 = 0
and κ1 = 1/8 without loss of generality. Then the Lagrangian in the scalar sector in terms of the gauge invariant
variables (C5) is given by

LS
IIb = −3Ṙ2 + k2R2 + 2k2α̃R− 4µ2 Ẽ2 , Ẽ = E − α− 3R . (102)

One can clearly see that the first three terms are the exactly same as in the case of SIIa (SIIa). However, in this case,
there is an extra term, µ2 Ẽ2 = µ2(Trhµν)2 where −Ẽ is the trace of a spin-2 field. Since it is completely decoupled
from R and α̃ and has no kinetic term, it is actually a non-dynamical degree of freedom. The case SIIb (SIIb) cannot
be obtained from any gauge fixing of the case SIIa (SIIa), and these theories are therefore independent each other.
Since α̃ and Ẽ are non-dynamical, the Lagrangian becomes zero after integrating out these variables just as in the
case SIIa (SIIa).

Case SI Finally, we consider the case SI, whose number of scalar degree of freedom is one. In this case, we can
also choose 2κ1 − κ3 = 0 and κ1 = 1/8 without loss of generality. Furthermore, we set κ4 = 1/8 to simplify the
coefficient of the kinetic term for Ẽ . Then the Lagrangian in terms of the gauge invariant variables (C5) is given by

LS
I = −3Ṙ2 + k2R2 + 2k2α̃R+

˙̃E2 − (k2 + 4µ2)Ẽ2 . (103)

In this case, the trace of hµν , namely −Ẽ , which again decouples from other variables R and α̃, becomes dynamical
since it has now the kinetic term, differently from the case SIIb. Thus after plugging the constraint of α̃, one scalar
degree of freedom remains in the case SI, which is also consistent with the Hamiltonian analysis.

V. SUMMARY & DISCUSSION

Summary In the present paper, we constructed the most generic spin-2 field theories in a flat spacetime with
at most five degrees of freedom without ghost mode, whose Lagrangian consists of the quadratic terms of the field
and its first derivatives. By decomposing the spin-2 field hµν into the transverse-traceless tensor, tensor composed by
transverse vectors, and tensor composed by scalar components, we classified theoretically consistent theories based
on the Hamiltonian analysis in a systematic manner.

We found that the existence of the tensor degrees of freedom is always controlled by one parameter κ1, which is
assumed to be non-zero while we imposed the degeneracy conditions in order to eliminate extra problematic degrees
of freedom for the vector and scalar modes. Under the degeneracy conditions, we found two classes in the vector
sector : 2 propagating vector degrees of freedom and no degrees of freedom. As in the vector sector, we have also
classified theories in the scalar sector based on the Hamiltonian analysis. The classification of the obtained theories is
summarized in Table. I. The case SIIa and SIIc are a wider class of the known theories : linearized general relativity
and Fierz-Pauli theory, and we have shown that the case SIIa and SIIc can be mapped from these known theories by



Partially massless case (case I)

hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ+ b @⇢⇠⇢⌘µ⌫
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• Gauge symmetry

(DOF=3 case)
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existence of an extra degrees of freedom. The explicit proof of the existence of an ghost degree of freedom is given in
the Appendix B 1. Therefore, one has to impose an extra condition µ1 = 0 in order to eliminate this extra degrees of
freedom.

Case I : µ1 = 0, 4κ2
1 − 4κ1κ3 + 3κ2

3 + 8κ1κ4 ̸= 0
If µ1 = 0, the consistency of the secondary constraint Cβ

2 generates a tertiary constraint,

Cβ
3 = Ċβ

2 = {Cβ
2 , HT } = {Cβ

2 , H} = 4k3
[
(2κ1 − κ3)α+ (2κ1 − 3κ3)R− (2κ1 − κ3)E

]
≈ 0 . (46)

Now one can check that all the constraints commute each other, i.e., {Cβ
i , Cβ

j } = 0 where (i, j = 1, 2, 3). One can also

check that Ċβ
3 = k2Cβ

2 , implying no more constraint. There are one primary constraint Cβ
1 , one secondary constraint

Cβ
2 , and one tertiary constraint Cβ

3 , and all of them are first-class. Therefore,

scalar DOFs =
4× 2− 3 (1 primary & 1 secondary & 1 tertiary)× 2 (first class)

2
= 1 (47)

Since µ1 = 0, the vector sector does not have any degree of freedom, and the total degrees of freedom is three.

2. two primary constraints : 4κ2
1 − 4κ1κ3 + 8κ1κ4 + 3κ2

3 = 0

Hereafter we impose the ”Condition 3” (36), implying the existence of two primary constraints. In this case, the
canonical momenta are given by

πα =
2κ1 − κ3

κ1

[
−3(2κ1 − κ3)α̇+ (2κ1 − 3κ3)(Ė − 3Ṙ) + 4κ1kβ

]
, (48)

πβ = 0 , (49)

πR =
2κ1 − 3κ3

κ1

[
−3(2κ1 − κ3)α̇+ (2κ1 − 3κ3)(Ė − 3Ṙ) + 4κ1kβ

]
, (50)

πE =
1

κ1

[
(2κ1 − κ3)(2κ1 − 3κ3)α̇+ (2κ1 − κ3)(2κ1 + 3κ3)Ė + (2κ1 − 3κ3)

2Ṙ− 4κ1(2κ1 − κ3)kβ
]
. (51)

As one can easily see, the canonical momenta πα and πR are not independent because of the degeneracy condition
(36), i.e.,

(−2κ1 + 3κ3)πα − (2κ1 − κ3)πR = 0 . (52)

This clearly shows that there are two primary constraints in this class of theories. We classify theories depending on
vanishing or non-vanishing of the coefficient −2κ1 +3κ3. Hereafter, we will focus only on the case of −2κ1 +3κ3 ̸= 0.
In Appendix A1, the Hamiltonian analysis in the class of models with κ3 = 2κ1/3 is presented.

In this case, we have the following two primary constraints :

Cα
1 = πα −

2κ1 − κ3

2κ1 − 3κ3
πR = 0 , (53)

Cβ
1 = πβ = 0 . (54)

Here it is clear that Cα
1 and Cβ

1 commute each other. Then Hamiltonian and the total Hamiltonian reads

H = α̇πα + β̇πβ + ṘπR + ĖπE − L ,

=

[
k2(2κ1 − κ3)(2κ1 + 3κ3)

2κ1
+ 4(µ1 + µ2)

]
α2 − 2µ1β

2 +

[
−3k2(2κ1 − κ3)2

2κ1
+ 4(µ1 + µ2)

]
E2

+

[
k2(2κ1 − κ3)(10κ1 − 9κ3)

κ1
− 8(µ1 + 3µ2)

]
ER+

[
−k2(14κ1 − 9κ3)(2κ1 − 3κ3)

2κ1
+ 12(µ1 + 3µ2)

]
R2

+

[
k2(2κ1 − κ3)(2κ1 − 3κ3)

κ1
− 8µ2

]
αE +

[
−k2(12κ2

1 − 16κ1κ3 + 9κ2
3)

κ1
+ 24µ2

]
αR

+kβπE +
3

32κ1
π2
E+

2κ1 − κ3

2κ1 − 3κ3
kβπR +

1

16κ1
πRπE −

(2κ1 − κ3)(2κ1 + 3κ3)

32κ1(2κ1 − 3κ3)2
π2
R , (55)

@µ⇠µ = 0
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 (Transverse diffeomorphisms [J. J. Van der Bij. et.al, 1982])
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Case DOF Conditions Free parameters Comments

I 3 = 2 + 0 + 1 µ1 = 0 {κ3,κ4, µ1} New theories

IIa 2 = 2 + 0 + 0 ”Condition 3”& µ1 = 0 & µ2 ̸= 0 {κ3, µ2} New theories

IIb 2 = 2 + 0 + 0 ”Condition 3” & µ1 = µ2 = 0 {κ3} General relativity is included

IIc 5 = 2 + 2 + 1 ”Condition 3”& ”Condition 4” & µ1 ̸= 0 {κ3, µ1} Fierz-Pauli is included

TABLE I. The number of the degrees of freedom, the conditions, free parameters and comments for each case is shown. For
any case, the ”Condition 1” (15) and the ”Condition 2” (17) are always imposed. In free parameters, κ1 is not included since
it only changes the normalization of the Lagrangian if its sign is appropriately chosen.

B. New theories

We have seen that the case I and Ia are the new theories of a spin-2 field, which cannot be mapped into linearized
general relativity and Fierz-Pauli theory by the field redefinition in the previous section. In this subsection, we take
a closer look at the Lagrangian of these theories. Before going to the detail of the case I and IIa, let us consider
linearized general relativity, which can be simply obtained by setting 2κ1 − κ3 = 0 in the case IIb. Rewriting the
Lagrangian in the scalar sector in terms of the gauge invariant variables (C15), we obtain

LS
IIb = −3Ṙ2 + k2R2 + 2k2α̃R , (90)

where we have set the overall factor κ1 to be 1/8 for simplicity. Then the variation with respect to α gives the
constraint R = 0, and it is manifest that the Lagrangian becomes zero after substituting the constraint. Thus we
have confirmed that the number of degree of freedom in the scalar sector is zero in the Lagrangian formalism, that is
consistent with the Hamiltonian analysis in the previous section.

Case IIa Now we would like to perform the same analysis for the case IIa. Again, we can set 2κ1 − κ3 = 0 and
κ1 = 1/8 without loss of generality, and then the Lagrangian in the scalar sector in terms of the gauge invariant
variables (C4) is given by

LS
IIa = −3Ṙ2 + k2R2 + 2k2α̃R− 4µ2Ẽ2 . (91)

One can clearly see that the first three terms are the same as in the case of IIb while there is the non-dynamical
term µ2Ẽ2 = µ2(Trhµν)2. In the case IIa, there is the extra variable, that is, the trace of a spin-2 field, which is
completely decoupled from R and α̃, and this stems from the difference in the number of gauge degrees of freedom
between the case IIa and IIb. The case IIb cannot be obtained from any gauge fixing of the case IIb, and these
theories are therefore independent from the case IIb. Since α̃ and Ẽ are non-dynamical, the Lagrangian becomes zero
after integrating out these variables just as in the case IIb.

Case I Finally, we consider the case I, whose number of scalar degree of freedom is one. In this case, we can also
choose 2κ1 − κ3 = 0 and κ1 = 1/8 without loss of generality. Furthermore, we set κ4 = 1/8, for simplicity. Then the
Lagrangian in terms of the gauge invariant variables (C4) is given by

LS
I = −3Ṙ2 + k2R2 + 2k2α̃R+ ˙̃E2 − (k2 + 4µ2)Ẽ2 . (92)

In this case, the trace of hµν again decouples from other variables R and α̃ and is no longer non-dynamical, differently
from the case IIb. Thus after plugging the constraint of α̃, one scalar degree of freedom remains in the case I, which
is also consistent with the Hamiltonian analysis.

V. SUMMARY & DISCUSSION

Summary In the present paper, we constructed the most generic spin-2 field theories in a flat space-time, whose
Lagrangian consists of the quadratic terms of the field and its first derivatives. By decomposing the spin-2 field hµν

into the transverse-traceless tensor, transverse vector, and scalar components, we classified theoretically consistent
theories based on the Hamiltonian analysis in a systematic manner. We found that the existence of the tensor
degrees of freedom is always controlled by one parameter κ1, which is assumed to be non-zero while we imposed the
degeneracy conditions in order to eliminate extra problematic degrees of freedom for the vector and scalar modes.
Under the degeneracy conditions, we found two classes in the vector sector : 2 propagating vector degrees of freedom

• Lagrangian with gauge invariant variables 1 = 1/8, 3 = 1/4, 4 = 1/8
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Ẽ = Trhµ⌫ |scalar
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Massless case (case IIa)

hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ+ b @⇢⇠⇢⌘µ⌫
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E. Case S7

The generating function is given by

G =
2X

i,j

✏ijCij (103)

where ✏ij is the gauge parameters, and C11 = C�
1 , C12 = C�

2 , C21 = CR
1 , and C22 = CR

2 . Then, the condition Ġ = 0 gives
two equations,

✏11 + ✏̇12 + ✏22 = 0, (104)

✏21 + ✏̇22 + k
2
✏12 = 0 . (105)

These equations can be recasted into

✏11 = �✏̇1 � ✏2, ✏12 = ✏1, ✏21 = �k
2
✏1 � ✏̇2, ✏22 = ✏2 , (106)

and thus we have two gauge paramaters ✏1 and ✏2. The gauge transformations is given by

�↵ = �k
2
✏1 , �� = �✏2 � ✏̇1, (107)

�R = �k
2
✏1 � ✏̇2 �E = �k

2
✏1 . (108)

One can construct gauge invariant variables as follows,

↵̃ = ↵� E , R̃ = R� ↵� �̇ +
Ë
k2

(109)

Using these gauge invariant variables, one can show that the reduced Lagrangian becomes zero.

VI. DECOUPLING LIMIT ANALYSIS

Hereafter, we introduce

m1 = c1m
2
, m2 = c2m

2
, (110)

where c1 and c2 are dimensionless constants and m is a mass parameter. One can check that the action of S4 is
invariant under the transformation

hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ + b @
⇢
⇠⇢⌘µ⌫ , (111)

up to total derivatives, where the constant b is given by

b = � 21 � 3

2(1 � 3)
, (112)

Note that b = 0 in GR and Fierz-Pauli theory, and this reproduce the gauge transformation obtained in the previous
section. Now let us consider the Stuckelberg analysis in the case S3. Since the kinetic term of S3 is the same as in the
case S3, we can decompose hµ⌫ by introducing the Stuckelberg fields Aµ (Here, we further decompose Aµ ! Aµ+@µ')
as

hµ⌫ = ĥµ⌫ + @µA⌫ + @⌫Aµ + b @
⇢
A⇢⌘µ⌫ + 2@µ@⌫'+ b ⌘µ⌫⇤' , (113)

and introduce canonically normalized vector and scalar modes,

Âµ =
1

m
Aµ, ⇡ =

1

m2
' . (114)

We then take m ! 0 limit and obtain

L(DL)
tensor[ĥ] = �1ĥµ⌫ ,↵ĥ

µ⌫ ,↵ + 21ĥ
↵
µ ,↵ĥ

�µ
,� � 3ĥ

↵�
,↵ĥ,� +

42
1 � 413 + 32

3

81
ĥ,↵ĥ

,↵
, (115)

L(DL)
scalar�tensor = �c1ĥ

µ⌫


4@µ@⌫⇡ +

(21 � 33)

1
⌘µ⌫⇤⇡

�
(116)

L(DL)
vector = �c1Fµ⌫F

µ⌫ (117)

• Gauge symmetry 

b = 0  for Einstein-Hilbert term

2

II. THEORY

A. action

Let us consider a generic action for a spin-2 field hµ⌫ up to the quadratic order in a Minkowski space-time,

S =

Z
d4x

⇣
�K↵�|µ⌫⇢�

hµ⌫,↵h⇢�,� �Mµ⌫⇢�
hµ⌫h⇢�

⌘
, (1)

where K↵�|µ⌫⇢� and Mµ⌫⇢� are the most general combination of the Minkowski metric ⌘µ⌫ ,

K↵�|µ⌫⇢� = 1⌘
↵�

⌘
µ⇢
⌘
⌫� + 2⌘

µ↵
⌘
⇢�
⌘
⌫� + 3⌘

↵µ
⌘
⌫�
⌘
⇢� + 4⌘

↵�
⌘
µ⌫
⌘
⇢�

, (2)

Mµ⌫⇢� = m1⌘
µ⇢
⌘
⌫� +m2⌘

µ⌫
⌘
⇢�

, (3)

and 1,2,3,4 and m1,2 are constant parameters. Contracting all the Minkowski metric, the action can be rewritten as

S = �
Z

d4x
h
1hµ⌫ ,↵h

µ⌫ ,↵ + 2h
↵
µ ,↵h

�µ
,� + 3h

↵�
,↵h,� + 4h,↵h

,↵ +m1hµ⌫h
µ⌫ +m2h

2
i
, (4)

wherer h is the trace of hµ⌫ contracted with the Minkowski metric ⌘µ⌫ . The linearized Einstein-Hilbert action can
be reproduced by setting 2 = �3 = 24 = �21, and the kinetic term of (1) is then invariant under the gauge
transformation hµ⌫ ! hµ⌫ +@µ⇠⌫ +@⌫⇠µ, where ⇠µ is a gauge parameter. In addition to this choice of the parameters,
when the mass parameters satisfy m1 = �m2, the Lagrangian (1) reduces to the Fierz-Pauli theory [1]. Although the
Fierz-Pauli theory respects the gauge invariance in the kinetic term, it is not neccesary for a massive spin-2 field that
we consider in the present paper.

B. SVT decomposition

In order to simplify the analysis, we decompose the tensor field hµ⌫ into a transverse-traceless tensor, transverse
vectors, and scalars :

h00 = h
00 = �2↵ , h0i = �h

0i = �,i +Bi (Bi
,i = 0) (5)

hij = h
ij = 2R�ij + 2E,ij + Fi ,j + Fj ,i + 2Hij (F i

,i = 0 , H
i
i = H

ij
,j = 0) . (6)

Here the transverse traceless tensor hij , two transverse vectors Bi and Fi, and four scalars ↵,�,R, and E respectively
has two, four, and four components in total. Therefore, to obtain a theory whose degrees of freedom is up to five, we
need to eliminate two (three) components in the vector (scalar) sector. Hereinafter, we, for convenience, work in the
Fourier space, and the Fourier components of the fields are given by

A(t,x) =

Z
d
3
k

(2⇡)3
A(t,k)eik·x , (7)

where A = Hij , Bi, Fi,↵,�,R, or E . Below we split the action into the tensor, vector, and scalar sectors. The action
in the tensor sector is given by

S
T = 4

Z
dt d3k

h
1Ḣ

2
ij � (1k

2 +m1)H
2
ij

i
, (8)

where a dot represents dervative with respect to time t. The action for the vector modes is given by

S
V =

Z
dt d3k

h
�(21 + 2)Ḃ

2
i + 21(kḞi)

2 + 22kBi(kḞi) + 2
�
1k

2 +m1

�
B

2
i �

�
k
2(21 + 2)� 2m1

�
(kFi)

2
i
.

(9)

Finally as for scalar perturbations, the action reduces to

S
S =

Z
dtd3k

⇣
LS
kin + LS

cross + LS
mass

⌘
, (10)
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General relativity
Linearlized Einstein-Hilbert term 

Gauge symmetry

(Massless, DOF=2 case)
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no more constraint is therefore generated. In this case, all the primary and secondary constraints are first-class since
all the constraints commute. Therefore,

scalar DOFs =
4× 2− 4 (2 primary & 2 secondary)× 2 (first-class)

2
= 0 . (68)

In this case, the scalar mode as well as the vector mode do not have any DOF, and only the tensor mode can propagate.
Since the linearized Einstein-Hilbert term satisfy the condition (36), and the mass terms are absent, this class reduces
to linearized general relativity when 2κ1 − κ3 = 0. As we will see in the next section, the whole parameter family of
this case IIb can be mapped from linearized general relativity by a field redefinition.

Case IIc : µ1(4κ2
1 − 6κ1κ3 + 3κ2

3) + 4µ2κ2
1 = 0, µ1 ̸= 0,

In this case, since {Cβ
2 , C

β
1 } ∝ µ1 ̸= 0, λβ can be determined by imposing Ċβ

2 ≈ 0, that is λβ = −{Cβ
2 , H}/{Cβ

2 , C
β
1 },

and hence no more constraint will be generated as for Cβ
1 . On the other hand, we solve the condition for µ2 from

{Cα
2 , Cα

1 } = 0, which is given by

[Condition 4] : µ2 = − µ1

4κ2
1

(4κ2
1 − 6κ1κ3 + 3κ2

3) . (69)

Then, the time consistency of Cα
2 yields a tertiary constraint

Cα
3 = Ċα

2 = {Cα
2 , HT } = {Cα

2 , H}

= −4(κ1 − κ3)

2κ1 − 3κ3

{
k Cβ

2 −
2µ1

(2κ1 − 3κ3)

[
πR − 2k(2κ1 − 3κ3)β

]}
≈ 0 . (70)

Here, we have imposed κ1 ̸= κ3 in order to have the tertiary constraint2. The Poisson bracket between this constraint
and primary constraints are

{Cα
3 , Cα

1 } = 0 , {Cα
3 , C

β
1 } = −32kµ1(κ1 − κ3)

2κ1 − 3κ3
. (71)

This means that the Lagrange multiplier λα is not fixed from the time-evolution of Cα
3 ,

Cα
4 = Ċα

3 = {Cα
3 , HT } = {Cα

3 , H}+ λβ{Cα
3 , Cβ

1 }

= cα4 α+ cE4 E + cR4 R− 32kµ1(κ1 − κ3)

2κ1 − 3κ3
λβ , (72)

where

cα4 =
8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)2

[
2k4κ2

1(2κ1 − κ3)
2 + 6µ2

1(4κ
2
1 − 6κ1κ3 + 3κ2

3) + k2µ1κ1(28κ
2
1 − 40κ1κ3 + 21κ2

3)
]
, (73)

cE4 = − 8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)2

[
2k4κ2

1(2κ1 − κ3)
2 + 2µ2

1(4κ1 − 3κ3)(2κ1 − 3κ3) + 3k2κ1µ1(6κ1 − 7κ3)(2κ1 − κ3)
]
, (74)

cR4 =
8(κ1 − κ3)

κ2
1(2κ1 − 3κ3)

[
2k4κ2

1(2κ1 − κ3) + 6µ2
1(4κ1 − 3κ3) + 3k2µ1κ1(10κ1 − 7κ3)

]
. (75)

Since one can show that Cα
4 does not vanish even when we substitute λβ determined via Ċβ

2 ≈ 0 into Eq. (72), this
serves as the quaternary constraint. The Poisson bracket between this constraint and primary constraints are

{Cα
4 , Cα

1 } = −64µ1(3µ1 + 4k2κ1)(κ1 − κ3)2

κ1(2κ1 − 3κ3)2
, {Cα

4 , C
β
1 } = 0 . (76)

Then, the consistency of this constraint Ċα
4 ≈ 0 fixes the Lagrange multiplier λα = −{Cα

4 , H}/{Cα
4 , Cα

1 }. There are
six second class constraints Cα

1 , C
β
1 , Cα

2 , C
β
2 , Cα

3 , and Cα
4 . Therefore, in this case, the total degrees of freedom are five:

scalar DOFs =
4× 2− 6 (2 primary & 2 secondary & 1 tertiary & 1 quaternary)

2
= 1 . (77)

It should be noted that the Fierz-Pauli theory is included in this class since the linearized Einstein-Hilbert term
satisfy the condition (36), and the condition µ1 = −µ2 is included in the condition (69). Therefore, this is a wider
class of Fierz-Pauli theory with five degrees for a massive spin-2 field. The whole parameter family of this case can
be mapped from Fierz-Pauli theory by a field redefinition as we will see in the next section.

2 When κ1 = κ3, Cα
2 becomes zero. Then there is one first-class constraint Cα

1 and two second-class constraints Cβ
1 and Cβ

2 , and the
extra degree of freedom cannot be removed. One can show that this extra degree of freedom corresponds ghost mode by choosing an
appropriate gauge invariant variable and calculating reduced Lagrangian just as done in the Appendix C.



Massless case (case IIb)
(Massless, DOF=2 case)

hµ⌫ ! hµ⌫ + @µ⇠⌫ + @⌫⇠µ+ b @⇢⇠⇢⌘µ⌫
<latexit sha1_base64="75BeR1gsUqPNxmaZpwLYwodRGKY="></latexit><latexit sha1_base64="75BeR1gsUqPNxmaZpwLYwodRGKY="></latexit><latexit sha1_base64="75BeR1gsUqPNxmaZpwLYwodRGKY="></latexit><latexit sha1_base64="75BeR1gsUqPNxmaZpwLYwodRGKY="></latexit>

• Gauge symmetry

@µ⇠µ = 0
<latexit sha1_base64="8+0Hj4DU1J+z0pkcFt7OqQ/FZWE="></latexit><latexit sha1_base64="8+0Hj4DU1J+z0pkcFt7OqQ/FZWE="></latexit><latexit sha1_base64="8+0Hj4DU1J+z0pkcFt7OqQ/FZWE="></latexit><latexit sha1_base64="8+0Hj4DU1J+z0pkcFt7OqQ/FZWE="></latexit>

with
<latexit sha1_base64="daNA+pntx06OfWGK4LlSWStbb7o="></latexit><latexit sha1_base64="daNA+pntx06OfWGK4LlSWStbb7o="></latexit><latexit sha1_base64="daNA+pntx06OfWGK4LlSWStbb7o="></latexit><latexit sha1_base64="daNA+pntx06OfWGK4LlSWStbb7o="></latexit>

 (Transverse diffeomorphisms [J. J. Van der Bij. et.al, 1982])

• Lagrangian with gauge invariant variables 1 = 1/8, 3 = 1/4, 4 = 1/8
<latexit sha1_base64="c4KaRSZPM8Gc1KIh+a/x5zjebJI="></latexit><latexit sha1_base64="c4KaRSZPM8Gc1KIh+a/x5zjebJI="></latexit><latexit sha1_base64="c4KaRSZPM8Gc1KIh+a/x5zjebJI="></latexit><latexit sha1_base64="c4KaRSZPM8Gc1KIh+a/x5zjebJI="></latexit>

Non-dynamicalNon-dynamical

Ẽ = Trhµ⌫ |scalar
<latexit sha1_base64="aEyjbL2l99xlLBXeEZOpVo5g78o="></latexit><latexit sha1_base64="aEyjbL2l99xlLBXeEZOpVo5g78o="></latexit><latexit sha1_base64="aEyjbL2l99xlLBXeEZOpVo5g78o="></latexit><latexit sha1_base64="aEyjbL2l99xlLBXeEZOpVo5g78o="></latexit>
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Case DOF Conditions Free parameters Comments

I 3 = 2 + 0 + 1 µ1 = 0 {κ3,κ4, µ1} New theories

IIa 2 = 2 + 0 + 0 ”Condition 3”& µ1 = 0 & µ2 ̸= 0 {κ3, µ2} New theories

IIb 2 = 2 + 0 + 0 ”Condition 3” & µ1 = µ2 = 0 {κ3} General relativity is included

IIc 5 = 2 + 2 + 1 ”Condition 3”& ”Condition 4” & µ1 ̸= 0 {κ3, µ1} Fierz-Pauli is included

TABLE I. The number of the degrees of freedom, the conditions, free parameters and comments for each case is shown. For
any case, the ”Condition 1” (15) and the ”Condition 2” (17) are always imposed. In free parameters, κ1 is not included since
it only changes the normalization of the Lagrangian if its sign is appropriately chosen.

B. New theories

We have seen that the case I and Ia are the new theories of a spin-2 field, which cannot be mapped into linearized
general relativity and Fierz-Pauli theory by the field redefinition in the previous section. In this subsection, we take
a closer look at the Lagrangian of these theories. Before going to the detail of the case I and IIa, let us consider
linearized general relativity, which can be simply obtained by setting 2κ1 − κ3 = 0 in the case IIb. Rewriting the
Lagrangian in the scalar sector in terms of the gauge invariant variables (C15), we obtain

LS
IIb = −3Ṙ2 + k2R2 + 2k2α̃R , (90)

where we have set the overall factor κ1 to be 1/8 for simplicity. Then the variation with respect to α gives the
constraint R = 0, and it is manifest that the Lagrangian becomes zero after substituting the constraint. Thus we
have confirmed that the number of degree of freedom in the scalar sector is zero in the Lagrangian formalism, that is
consistent with the Hamiltonian analysis in the previous section.

Case IIa Now we would like to perform the same analysis for the case IIa. Again, we can set 2κ1 − κ3 = 0 and
κ1 = 1/8 without loss of generality, and then the Lagrangian in the scalar sector in terms of the gauge invariant
variables (C4) is given by

LS
IIa = −3Ṙ2 + k2R2 + 2k2α̃R− 4µ2Ẽ2 . (91)

One can clearly see that the first three terms are the same as in the case of IIb while there is the non-dynamical
term µ2Ẽ2 = µ2(Trhµν)2. In the case IIa, there is the extra variable, that is, the trace of a spin-2 field, which is
completely decoupled from R and α̃, and this stems from the difference in the number of gauge degrees of freedom
between the case IIa and IIb. The case IIb cannot be obtained from any gauge fixing of the case IIb, and these
theories are therefore independent from the case IIb. Since α̃ and Ẽ are non-dynamical, the Lagrangian becomes zero
after integrating out these variables just as in the case IIb.

Case I Finally, we consider the case I, whose number of scalar degree of freedom is one. In this case, we can also
choose 2κ1 − κ3 = 0 and κ1 = 1/8 without loss of generality. Furthermore, we set κ4 = 1/8, for simplicity. Then the
Lagrangian in terms of the gauge invariant variables (C4) is given by

LS
I = −3Ṙ2 + k2R2 + 2k2α̃R+ ˙̃E2 − (k2 + 4µ2)Ẽ2 . (92)

In this case, the trace of hµν again decouples from other variables R and α̃ and is no longer non-dynamical, differently
from the case IIb. Thus after plugging the constraint of α̃, one scalar degree of freedom remains in the case I, which
is also consistent with the Hamiltonian analysis.

V. SUMMARY & DISCUSSION

Summary In the present paper, we constructed the most generic spin-2 field theories in a flat space-time, whose
Lagrangian consists of the quadratic terms of the field and its first derivatives. By decomposing the spin-2 field hµν

into the transverse-traceless tensor, transverse vector, and scalar components, we classified theoretically consistent
theories based on the Hamiltonian analysis in a systematic manner. We found that the existence of the tensor
degrees of freedom is always controlled by one parameter κ1, which is assumed to be non-zero while we imposed the
degeneracy conditions in order to eliminate extra problematic degrees of freedom for the vector and scalar modes.
Under the degeneracy conditions, we found two classes in the vector sector : 2 propagating vector degrees of freedom
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and

HT = H+ λαCα
1 + λβCβ

1 . (56)

The evolution of the primary constraints automatically yields secondary constraints

Cα
2 = Ċα

1 = {Cα
1 , HT } = {Cα

1 , H} = cα2 α+ cR2 R+ cE2 E ≈ 0 , (57)

Cβ
2 = Ċβ

1 = {Cβ
1 , HT } = {Cβ

1 , H} = − 2κ1 − κ3

2κ1 − 3κ3
kπR − kπE + 4µ1β ≈ 0 , (58)

where we have defined the coefficients,

cα2 = −
8
[
µ1(2κ1 − 3κ3)− 4µ2κ1 + 2k2(2κ1 − κ3)(κ1 − κ3)

]

2κ1 − 3κ3
, (59)

cR2 = −
8
[
−3µ1(2κ1 − κ3)− 12µ2κ1 + 2k2(2κ1 − 3κ3)(κ1 − κ3)

]

2κ1 − 3κ3
, (60)

cE2 = −
8
[
µ1(2κ1 − κ3) + 4µ2κ1 − 2k2(2κ1 − κ3)(κ1 − κ3)

]

2κ1 − 3κ3
. (61)

Then the Poisson bracket between the primary and secondary constraints are given by

{Cα
2 , Cα

1 } = − 32

(2κ1 − 3κ3)2
[
µ1(4κ

2
1 − 6κ1κ3 + 3κ2

3) + 4µ2κ
2
1

]
, (62)

{Cβ
2 , Cβ

1 } = 4µ1 . (63)

Thus, as long as these Poisson brackets are non-vanishing, no more constraints will be generated. In this case, we have
two primary constraints Cα

1 , C
β
1 and two secondary constraints Cα

2 , C
β
2 , and all the constraints are second-class, which

implies the degrees of freedom is (8 − 4)/2 = 2. The explicit proof of the existence of an ghost degree of freedom is
given in the Appendix B 2. Therefore, one needs to eliminate an extra degrees of freedom. In order to have an extra
constraint, there are three options : either (62) or (63) vanishes or both vanishes.

Case IIa : µ1 = 0, µ2 ̸= 0,
In this case, λα is determined by Ċα

2 ≈ 0, that is λα = −{Cα
2 , H}/{Cα

2 , Cα
1 }. On the other hand, the consistency of Cβ

2
yields a tertiary constraint,

Cβ
3 = Ċβ

2 = {Cβ
2 , HT } = {Cβ

2 , H}

=
k

κ1 − κ3

[
1

4
(2κ1 − κ3)Cα

2 +8κ1µ2 (α+ 3R− E)
]
≈ 0 . (64)

The Poisson bracket between this constraint and primary constraints are

{Cβ
3 , Cα

1 } = − 128µ2κ2
1

(2κ1 − 3κ3)2
, {Cβ

3 , C
β
1 } = 0 , (65)

This means that the Lagrange multiplier λβ is not fixed from the time-evolution of Cβ
3 , and one can find Ċβ

3 = k2Cβ
2 ≈ 0

after substituting the solution of λα, implying that no more constraint is generated. Now we redefine Cβ
2 and Cβ

3 as

C̃β
2 = Cβ

2 − kCα
1 , C̃β

3 = Cβ
3 − kCα

2 , (66)

and then one can straightforwardly show that the constraints Cβ
1 , C̃

β
2 , and C̃β

3 commute with all constraints includ-

ing itself. Therefore, there are two primary constraints Cα
1 , C̃

β
1 , two secondary constraints Cα

2 , C̃
β
2 , and one tertiary

constraint C̃β
3 . The constraints Cβ

1 , C̃
β
2 , and C̃β

3 are first-class, and rest of them are second-class. Therefore,

scalar DOFs =
4× 2− 3 (1 primary & 1 secondary & 1 tertiary)× 2 (first-class)− 2 (1 primary & 1 secondary)

2
= 0 .

(67)

Therefore, in this case, the vector mode does not propagate and the total degrees of freedom is three.

Case IIb : µ1 = µ2 = 0,
If µ1 = µ2 = 0, both (62) and (63) vanish. In addition, Eqs. (70) and (64) imply Ċα

2 ∝ Cβ
2 ≈ 0 and Ċβ

2 ∝ Cα
2 ≈ 0 , and
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and
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1 . (56)

The evolution of the primary constraints automatically yields secondary constraints

Cα
2 = Ċα

1 = {Cα
1 , HT } = {Cα

1 , H} = cα2 α+ cR2 R+ cE2 E ≈ 0 , (57)

Cβ
2 = Ċβ

1 = {Cβ
1 , HT } = {Cβ

1 , H} = − 2κ1 − κ3

2κ1 − 3κ3
kπR − kπE + 4µ1β ≈ 0 , (58)

where we have defined the coefficients,

cα2 = −
8
[
µ1(2κ1 − 3κ3)− 4µ2κ1 + 2k2(2κ1 − κ3)(κ1 − κ3)

]

2κ1 − 3κ3
, (59)

cR2 = −
8
[
−3µ1(2κ1 − κ3)− 12µ2κ1 + 2k2(2κ1 − 3κ3)(κ1 − κ3)

]

2κ1 − 3κ3
, (60)

cE2 = −
8
[
µ1(2κ1 − κ3) + 4µ2κ1 − 2k2(2κ1 − κ3)(κ1 − κ3)

]

2κ1 − 3κ3
. (61)

Then the Poisson bracket between the primary and secondary constraints are given by

{Cα
2 , Cα

1 } = − 32

(2κ1 − 3κ3)2
[
µ1(4κ

2
1 − 6κ1κ3 + 3κ2

3) + 4µ2κ
2
1

]
, (62)

{Cβ
2 , Cβ

1 } = 4µ1 . (63)

Thus, as long as these Poisson brackets are non-vanishing, no more constraints will be generated. In this case, we have
two primary constraints Cα

1 , C
β
1 and two secondary constraints Cα

2 , C
β
2 , and all the constraints are second-class, which

implies the degrees of freedom is (8 − 4)/2 = 2. The explicit proof of the existence of an ghost degree of freedom is
given in the Appendix B 2. Therefore, one needs to eliminate an extra degrees of freedom. In order to have an extra
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2 ≈ 0, that is λα = −{Cα
2 , H}/{Cα

2 , Cα
1 }. On the other hand, the consistency of Cβ

2
yields a tertiary constraint,

Cβ
3 = Ċβ

2 = {Cβ
2 , HT } = {Cβ

2 , H}

=
k

κ1 − κ3

[
1

4
(2κ1 − κ3)Cα

2 +8κ1µ2 (α+ 3R− E)
]
≈ 0 . (64)
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1

(2κ1 − 3κ3)2
, {Cβ

3 , C
β
1 } = 0 , (65)
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3 = k2Cβ
2 ≈ 0

after substituting the solution of λα, implying that no more constraint is generated. Now we redefine Cβ
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1 , C̃β

3 = Cβ
3 − kCα

2 , (66)
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β
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ing itself. Therefore, there are two primary constraints Cα
1 , C̃

β
1 , two secondary constraints Cα

2 , C̃
β
2 , and one tertiary

constraint C̃β
3 . The constraints Cβ

1 , C̃
β
2 , and C̃β

3 are first-class, and rest of them are second-class. Therefore,

scalar DOFs =
4× 2− 3 (1 primary & 1 secondary & 1 tertiary)× 2 (first-class)− 2 (1 primary & 1 secondary)

2
= 0 .

(67)

Therefore, in this case, the vector mode does not propagate and the total degrees of freedom is three.
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If µ1 = µ2 = 0, both (62) and (63) vanish. In addition, Eqs. (70) and (64) imply Ċα
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2 ≈ 0 and Ċβ

2 ∝ Cα
2 ≈ 0 , and



Field Redefinition
• Possible field redefinition of hμν

• One can map the new theory to GR & FP theory

Case IIa

Case IIc Fierz-Pauli theory

Linearized GR

h̃µ⌫ = hµ⌫ + �Tr[h↵� ] ⌘µ⌫
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These theories can be mapped from GR and Fierz-Pauli theories
(In the absence of the coupling to extra field, these are the same theories)



• New kinetic and mass interactions for spin-2 theories 

• 4 independent classes

• Case I : DOF = 3 [2 tensor + 1 scalar] 

• Case IIa : DOF = 2 [2 tensor] (include GR)

• Case IIb : DOF = 2 [2 tensor] 

• Case IIc : DOF = 5 [2 tensor + 2 vector + 1 scalar] (include FP)

• Class IIa and IIc can be mapped with field redefinition from linearized 

general relativity and Fierz-Pauli theory

• Matter coupling might be a problem for case IIc… 

Summary
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where Fµ⌫ = @µÂ⌫�@⌫Âµ. Here, the self-interaction of the scalar mode does not contribute since it is total derivatives
just as in the case of the Fierz-Pauli case, and the interaction between vector and tensor goes to zero when taking
m ! 0. Since the matter Lagrangian is given by

Lmatter =
1

M
hµ⌫T

µ⌫
, (118)

where T
µ⌫ is the energy-momentum tensor, and M is a mass parameter, which corresponds to the Planck’s mass in

general relativity. Here we have used @µT
µ⌫ = 0. In the decoupling limit, the matter sector becomes

L(DL)
matter =

1

M
ĥµ⌫T

µ⌫ +
b

⇤3
3

⇤⇡T (119)

where T = ⌘µ⌫T
µ⌫ and ⇤ = (Mm

2)1/3. Here, we have kept ⇤3 fixed while M ! 1, and the interaction between
matter and vector field @

⇢
A⇢T goes away since it carries the energy scale ⇤2 = (Mm)1/2. The Lagrangian in the

decoupling limit can be diagonalized by introducing the following conformal transformation,

ĥµ⌫ = h̃µ⌫ � c1

1 � 3
⇡⌘µ⌫ , (120)

Then the final Lagrangian is given by

L(DL) = L(DL)
tensor[h̃]�

6c1
1

(@µ⇡)
2 +

1

M


h̃µ⌫T

µ⌫ � c1

1 � 3
⇡T

�
+

b

⇤3
3

⇤⇡T , (121)

Thus the equations of motion for ⇡ is given by

12c1
1

⇤⇡ =
1

M

c1

1 � 3
T � b

⇤3
3

⇤T (122)

Probably, there is a ghost degrees of freedom. This is because the matter sector is not invariant under the gauge
transformation that we have found. This implies that the gauge symmetry in the case S4 is immediately broken once
we introduce the matter Lagrangian.

VII. SUMMARY AND DISCUSSION

In the present paper, we constructed a massive spin-2 field in a flat space-time, whose Lagrangian consists of
the quadratic terms of the field and its first derivatives. By decomposing the spin-2 field hµ⌫ into the transverse-
traceless tensor, transverse vector, and scalar components, we classified theoretically consistent theories based on the
Hamiltonian analysis in a systematic manner. We found that the existence of the tensor degrees of freedom is always
controlled by one parameter 1, which is assumed to be non-zero although we imposed the degeneracy conditions in
order to eliminate extra degrees of freedom for the vector and scalar modes. Under the degeneracy condition, we
found two classes in the vector sector : 2 propagating vector degrees of freedom and no degrees of freedom. As in the
vector sector, we classified theories based on the Hamiltonian anaysis, and found seven classes. One of the classess,
with non-vanishing mass terms, is the new theory of a massive spin-2 field where five degrees of freedom propagate
in total, and this theory includes the Fierz-Pauli theory. The action of the new theory is given by

S =

Z
d4x

"
1hµ⌫ ,↵h

µ⌫ ,↵ � 21h
↵
µ ,↵h

�µ
,� + 3h

↵�
,↵h,� � 42

1 � 413 + 32
3

81
h,↵h

,↵

+m1

✓
hµ⌫h

µ⌫ � 1

42
1

(42
1 � 613 + 32

3)h
2

◆#
, (123)

where 1 6= 0 and m1 6= 0.
It is interesting to consider a non-linear extension of our new massive spin-2 theory. Let us consider the following

Lagrangian,

S =

Z
d4x

p
�g

h
a1R+ a2hR+ a3hµ⌫R

µ⌫ + K̃↵�|µ⌫⇢�r↵hµ⌫r�h⇢� + M̃µ⌫⇢�
hµ⌫h⇢� +O(h2

R, h
3)
i
, (124)



• No-go theorem ← true ?

• The starting point of the previous work was Fierz-Pauli theory

• Nonlinear counterparts of case Iic

Summary

• Does nonlinear theories contain ghost or not ?
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Lagrangian,

S =

Z
d4x

p
�g

h
a1R+ a2hR+ a3hµ⌫R

µ⌫ + K̃↵�|µ⌫⇢�r↵hµ⌫r�h⇢� + M̃µ⌫⇢�
hµ⌫h⇢� +O(h2

R, h
3)
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where the fluctuation tensor is defined by hµ⌫ = gµ⌫ � ⌘µ⌫ , the coe�cients of the kinetic terms and mass terms
K̃↵�|µ⌫⇢� and M̃µ⌫⇢� are functions of the metric gµ⌫ ,

K̃↵�|µ⌫⇢� = b1g
↵�

g
µ⇢
g
⌫� + b2g

µ↵
g
⇢�
g
⌫� + b3g

↵µ
g
⌫�
g
⇢� + b4g

↵�
g
µ⌫
g
⇢�

, (125)

M̃µ⌫⇢� = m1g
µ⇢
g
⌫� +m2g

µ⌫
g
⇢�

, (126)

and a1,2,3 and b1,2,3,4 are constant papameters. By expanding the action up to the quadratic term in hµ⌫ and
identifying this field as the massive spin-2 field introduced in this paper, we find that the relations between these
constant parameters and the  parameters introduced in the Lagrangian (1) are given by

1 = b1 �
1

2
a1 +

1

2
a3 , 2 = b2 + a1 � a3 , 3 = b3 � a1 � a2 �

1

2
a3 , 4 = b4 +

1

2
a1 + a2 . (127)

Note that the graviational action (124) is the most general action, which reproduce the Lagrangian (1) at the linear
level. Therefore it is for sure that this Lagrangian (124) with the conditions that we have obtained does not have an
extra degrees of freedom at linear order, however, non-linear behaviors has to be examined just as in the Fierz-Pauli
thoery. The fully non-linear extension of our theory will reported in ....

Appendix A: Boulware-Deser ghost

Let us consider the theory imposed

21 + 2 = 0, 42
1 � 413 + 32

3 + 814 = 0 . (A1)

In this case, as we have discussed, the physical degrees of freedom in the scalar sector is two, which implies the
presence of BD ghost in the theory. To see this, let us calculate the reduced action. We first redefine R as

Q = R+
21 � 3

21 � 33
↵ . (A2)

Then the equations of motion of ↵ and � gives constraints, and one can integrate out ↵ and � in the action. To
diagonalize the remanining variables Q and E , we further redefine Q as

Q̃ = Q� m1(21 � 33) + 4k21(21 � 3)

(3m1 + 4k21)(21 � 33)
E . (A3)

Then finally the reduced action is given by

Sreduced =

Z
dt d3k


KQ̃

˙̃
Q

2
+KE Ė2 + (mass terms)

�
, (A4)

where

KQ̃ = � (3m1 + 4k21)(21 � 33)2

2m11
, KE =

8m11

3m1 + 4k21
(A5)

Thus
KQ̃

KE
= � (3m1 + 4k21)2(21 � 33)2

16m2
1

2
1

< 0 (A6)

which implies one of the variables carries the ghost.
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and no degrees of freedom. As in the vector sector, we have also classified theories in the scalar sector based on the
Hamiltonian analysis. The classification of the obtained theories is summarized in Table. I. The case IIb and IIc are
a wider class of the known theories : linearized general relativity and Fierz-Pauli theory, and we have shown that the
case IIb and IIc can be mapped from these known theories by field redefinition. On the other hand, the case I and IIa
are new theories, which cannot be mapped from the known theories. The case IIa has the same number of degrees
of freedom in linearized general relativity, however, it has less gauge degrees of freedom, and it contains the trace of
the spin-2 field, which is non-dynamical. On the other hand, the case I has the dynamical degree of freedom coming
from the trace of the spin-2 field while the vector degrees of freedom is absent. The other remaining three cases : IIā,
IIb̄, and IIc̄, are the subset of the cases IIa, IIb, and IIc. We provided the conditions for avoiding the ghost, gradient,
and tachyonic instabilities by calculating reduced Lagrangian.

Non-linear extension It is interesting to consider a non-linear extension of the obtained theories for a spin-2
field. Let us consider the following Lagrangian3,

S =

∫
d4x
√
−g

[
a1R+ a2hR+ a3hµνR

µν + Kαβ|µνρσ∇αhµν∇βhρσ +Mµνρσhµνhρσ +O(h2R, h3)
]
, (93)

where the fluctuation tensor is defined by hµν = gµν − ηµν , the coefficients of the kinetic terms and mass terms
Kαβ|µνρσ and Mµνρσ are functions of the metric gµν ,

Kαβ|µνρσ = b1g
αβgµρgνσ + b2g

µαgρβgνσ + b3g
αµgνβgρσ + b4g

αβgµνgρσ , (94)

Mµνρσ = µ1g
µρgνσ + µ2g

µνgρσ , (95)

and a1,2,3 and b1,2,3,4 are constant parameters. By expanding the action up to the quadratic terms in hµν and
identifying this field as the massive spin-2 field introduced in this paper, one can find that the relations between these
constant parameters and the κ parameters introduced in the Lagrangian (1) are given by

κ1 = b1 −
1

2
a1 +

1

2
a3 , κ2 = b2 + a1 − a3 , κ3 = b3 − a1 − a2 −

1

2
a3 , κ4 = b4 +

1

2
a1 + a2 . (96)

Note that the graviational action (93) is the most general action, which reproduce the Lagrangian (1) at the linear
level. Therefore it is for sure that this Lagrangian (93) with the conditions that we have obtained does not have an
extra degrees of freedom at linear order, however, non-linear behaviors has to be examined just as in the nonlinear
Fierz-Pauli theory.

Matter coupling Although we have obtained the interesting theories of the spin-2 field, one carefully needs to
introduce a coupling to matter fields. To clarify this, let us consider the case IIc with the matter coupling hµνTµν/M ,
where Tµν is the energy-momentum tensor of an external source, and M is a mass parameter, which corresponds to
the Planck’s mass in general relativity. Ignoring the vector modes4, the Λ3 decoupling limit with the Stuckelberg
decomposition, hµν = ĥµν+2m2∂µ∂νπ+bm2 ηµν!π, and the conformal transformation, ĥµν = h̃µν−(c1/κ1 − κ3)πηµν
yields the following Lagrangian,

L(DL) = L(DL)
tensor[h̃]−

6c1
κ1

(∂µπ)
2 +

1

M

[
h̃µνT

µν − c1
κ1 − κ3

πT

]
+

b

Λ3
3

(
2∂µ∂νπT

µν +!πT
)
, (97)

where L(DL)
tensor[h̃] is the kinetic Lagrangian of the case IIc, µ1 = c1m2, m is a mass parameter, T = ηµνTµν and

Λ3 = (Mm2)1/3. Here, the new interaction appears if b ̸= 0 or traceless matter such as radiation, which cannot
be appeared in the Fierz-Pauli theory. The equation of motion for the scalar mode π naively constrains the second
derivatives of the energy-momentum tensor, which might lead to the higher derivatives, depending on matter fields.
Whether this matter coupling introduce an extra degree of freedom associated with higher derivatives or not will be
reported in future work.
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κ1 = b1 −
1

2
a1 +

1

2
a3 , κ2 = b2 + a1 − a3 , κ3 = b3 − a1 − a2 −

1

2
a3 , κ4 = b4 +

1

2
a1 + a2 . (96)
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yields the following Lagrangian,

L(DL) = L(DL)
tensor[h̃]−

6c1
κ1

(∂µπ)
2 +

1

M

[
h̃µνT

µν − c1
κ1 − κ3

πT

]
+

b

Λ3
3

(
2∂µ∂νπT

µν +!πT
)
, (97)

where L(DL)
tensor[h̃] is the kinetic Lagrangian of the case IIc, µ1 = c1m2, m is a mass parameter, T = ηµνTµν and

Λ3 = (Mm2)1/3. Here, the new interaction appears if b ̸= 0 or traceless matter such as radiation, which cannot
be appeared in the Fierz-Pauli theory. The equation of motion for the scalar mode π naively constrains the second
derivatives of the energy-momentum tensor, which might lead to the higher derivatives, depending on matter fields.
Whether this matter coupling introduce an extra degree of freedom associated with higher derivatives or not will be
reported in future work.

ACKNOWLEDGMENTS

We would like to thank Claudia de Rham, Kazuya Koyama and Nobuyoshi Ohta for fruitful discussions and useful
suggestions. This work was supported in part by JSPS Grant-in-Aid for Scientific Research Nos. JP17K14276 (RK),
JP25287054 (RK), 17K14304 (DY). A.N. is supported in part by a JST grant “Establishing a Consortium for the
Development of Human Resources in Science and Technology”. The work of A.N. is also partly supported by the
JSPS Grant-in-Aid for Scientific Research No.16H01092.

3 The Lagrangian considered in [30] is a subclass of our Lagrangian (93).
4 A careful analysis shows that the decoupling limit Lagrangian of the vector field becomes massless U(1) field, which completely decouples
from other modes.

12

and no degrees of freedom. As in the vector sector, we have also classified theories in the scalar sector based on the
Hamiltonian analysis. The classification of the obtained theories is summarized in Table. I. The case IIb and IIc are
a wider class of the known theories : linearized general relativity and Fierz-Pauli theory, and we have shown that the
case IIb and IIc can be mapped from these known theories by field redefinition. On the other hand, the case I and IIa
are new theories, which cannot be mapped from the known theories. The case IIa has the same number of degrees
of freedom in linearized general relativity, however, it has less gauge degrees of freedom, and it contains the trace of
the spin-2 field, which is non-dynamical. On the other hand, the case I has the dynamical degree of freedom coming
from the trace of the spin-2 field while the vector degrees of freedom is absent. The other remaining three cases : IIā,
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