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1. Intro



Don’t know what, but they do exist



Hierarchical structure formation



Imprint of inflation, the nature of DM, evolution history of the Galaxy, …



polating the subhalo mass function to the smallest scales gives us a
total number of substructure haloes NðM . 1026M(Þ< 5£ 1015

and the expected number density of subhaloes at the solar radius is
nðR(Þ< 500pc23; assuming that they trace the mass. Although this
extrapolation is made to much smaller masses than simulated
previously, the substructure within haloes collapsing at z < 15
with masses , 107M( fits the extrapolation from larger mass
scales23, even though they form from regions of the CDM power
spectra with effective index n < 2 2.95.
Can these structures survive the strong disruptive gravitational

forces from theGalaxy? The tidal radius is simply the inner Lagrange

point of the rotation of the two-body system. For haloes with power-
law density profiles r(r) / r22 we find rt ¼ ðRvsatÞ=ð

ffiffiffi
2

p
VparentÞ

where v sat and Vparent are the effective circular velocities ðV ¼ffiffiffiffiffiffiffiffiffiffiffiffi
GM=r

p
Þ of the satellite and main halo, R is the pericentric distance

of the satellite and G is the gravitational constant. For the smallest
mini-haloes v sat < 1m s21 and r200 ¼ 0.01 pc. Therefore, within
the Galactic potential these haloes could survive completely intact
to about 3 kpc from the centre, well within the galacto-centric
position of the Sun. Encounters between haloes and with stars and
molecular clouds may disrupt a small fraction of these structures,
but using the impulsive heating approximation, we estimate that
most will survive with little mass loss.

A significant fraction of the mass may lie within bound structures
at our location within the Galaxy, lowering the available smoothly
distributed matter necessary for direct detection experiments. The
Earth passes through a dark-matter mini-halo every 10,000 years, an
encounter which lasts for about 50 years, so thatmost of the time the
Earth is within an underdense region of dark matter. Integrating the
mass function from 1026M( to 1010M(; normalized such that 10%
of the mass is within the substructure above a mass scale of 107M(

(as given by simulations of Galactic haloes), we find that about 50%
of the mass is bound to dark-matter substructures. The velocity
perturbation to a planetary orbit or satellite is very small
(,1026m s21), well below the observational constraints. However,
resonant encounters and the cumulative effects of about 106

impulsive encounters may cause significant perturbations to some
of the bodies orbiting in the Oort cloud surrounding the Solar
System.

Compact objects in the mass range considered here could
produce a microlensing signal in a multiply lensed quasar image,
such as time-varying flux differences24. The lensing object needs to
be smaller than the Einstein radius (in centimetres):

rE ¼ 3:7£ 1016
ffiffiffiffiffiffiffiffiffiffi
M

hM(

r
ð1Þ

Figure 1 A zoom into one of the first objects to form in the Universe. The colours show the

density of dark matter at redshift z ¼ 26. Brighter colours correspond to regions of higher

concentrations of matter. The blue background image shows the small-scale structure in

the top cube (cube size ¼ [3 co-moving kpc]3) which has a filamentary topology similar to

the large-scale structure in the CDM Universe. The first red image zooms by a factor of

one hundred into the average-density high-resolution region. This region was initially a

cube of 60 co-moving pc3 resolved with 64 million particles with a gravitational softening

of 1022 co-moving parsecs and masses 1.2 £ 10210M ( ; M moon/300. The final

image shows a close-up of one of the individual dark-matter haloes in this region, again

zooming in by a factor of one hundred so that the box has a physical length of 0.024 pc.

This tiny triaxial Earth-mass halo has a central cusp-like density profile and is smooth,

devoid of the substructure that is found within galactic and cluster-mass dark-matter

haloes. Even though the index of the power spectrum is very steep on these scales

(n < 2 3), we find that haloes can collapse before merging into a larger system, rather

than the naive expectation that all scales are collapsing simultaneously and thus erasing

such structures.

Figure 2 Radial density profiles of three typical minihaloes at redshift z ¼ 26. The radial

distance is plotted in physical units and we show low-concentration abg-profiles for

comparison. We use the mean dark-matter profile inferred from the highest-resolution

galaxy-cluster simulations30, that is, (abg) ¼ (1, 3, 1.2). The vertical dotted line indicates

our force resolution and the arrows indicate the radii where the halo density is of 200

times the background density. Across the entire range of halo masses from 1026M ( to

101M (, we find small concentration parameters c , 3. We do not observe a trend of

concentration with mass, possibly because the haloes all form at a similar epoch, as

expected when the power spectrum is so steep.
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Figure 2. The top left-hand panel shows the projected dark matter density at z = 0 in a slice of thickness 13.7 Mpc through the full box (137 Mpc on a side) of
our 9003 parent simulation, centred on the ‘Aq-A’ halo that was selected for resimulation. The other five panels show this halo resimulated at different numerical
resolutions. In these panels, all particles within a cubic box of side length 2.5 × r50 centred on the halo are shown. The image brightness is proportional to the
logarithm of the squared dark matter density S(x, y) projected along the line of sight, and the colour hue encodes the local velocity dispersion weighted by the
squared density along the line of sight. We use a two-dimensional colour table (as shown on the left-hand side) to show both of these quantities simultaneously.
The colour hue information is orthogonal to the brightness information; when converted to black and white, only the density information remains, with a
one-dimensional grey-scale colour map as shown on the left-hand side. The circles mark r50.

excursion set method. Based on local dark matter density estimates
calculated with the SPH kernel interpolation approach for all high-
resolution particles, we first identify a set of subhalo candidates,
which are locally overdense structures found within a given input
group of particles identified with a FOF (friends-of-friends) group
finder (Davis et al. 1985). These are then subjected to a gravita-
tional unbinding procedure that iteratively eliminates all unbound
particles. Provided more than 20 bound particles remain, we record
the particle group as a genuine subhalo in our group catalogue. For
each subhalo, we calculate a number of physical properties, such

as the maximum circular velocity, spin and velocity dispersion, and
we store the particles in order of the gravitational binding energy,
which is useful for tracking subhaloes between simulation outputs
at different times. We have fully parallelized the SUBFIND and
FOF algorithms for distributed memory systems and inclined them
in our simulation code GADGET-3. Thus group finding can be done
on the fly during the simulation, if desired. This is often advanta-
geous as these calculations are computationally quite intense and
require equally large memory as the dynamical simulation code
itself.

C⃝ 2008 The Authors. Journal compilation C⃝ 2008 RAS, MNRAS 391, 1685–1711
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Figure 1. Distribution of dark matter in the A_N4096L200 simulation at z = 32, centered on the largest halo. The left panel shows the entire simulation volume. The
right panels are enlargements of the largest halo. The widths of the left, top right, and bottom right images correspond to 400, 100, and 25 comoving pc, respectively.
(A color version of this figure is available in the online journal.)

simulations were performed on 20483(10243) grid points and
the opening angle for the tree method was 0.5. Simulations
were terminated at z = 32, where long-wavelength perturba-
tions comparable to the box size were no longer negligible.

Halos were identified by the spherical overdensity method
(Lacey & Cole 1994). The virial radius of a halo rvir is
defined as the radius in which the spherical overdensity is
∆(z) = 18π2 + 82x − 39x2 times the critical value, where
x ≡ Ω(z)−1 (Bryan & Norman 1998). The virial mass of a halo
Mvir is defined as the mass within the virial radius. The most
massive halos identified in A_N4096L400, A_N4096L200, and
B_N2048L200 simulations contained 170918717, 48316099,
and 10505232 particles, respectively. The corresponding masses
of these halos were 5.84 × 10−3 M⊙, 2.08 × 10−4 M⊙, and
3.59 × 10−4 M⊙.

Figure 1 shows the dark matter distribution in the
A_N4096L200 simulation at z = 32, centered on the largest
halo. Several caustics are generated by nonlinear growth of long-
wavelength perturbations. The distributions differ from those of
large scale structure simulations, and are analogous to those ob-
tained in warm dark matter simulations (e.g., Bode et al. 2001).

3. RESULTS

3.1. Density Profiles

We calculated the spherically averaged radial density profile
of each halo within the range 0.02 ! r/rvir ! 1.0, divided
into 32 logarithmically equal intervals. Each density profile
deviates to varying extent from the average density profile,
mainly because subhalos exist in the halos. To minimize this
effect and obtain proper average radial density profiles of halos
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Figure 2. Residuals of stacked radial density profiles from simulation
A_N4096L400 (ρ400) to A_N4096L200 (ρ200) as a function of radius (normal-
ized by the virial radius). The mass resolution in the A_N4096L200 simulation
is eight times higher than that of A_N4096L400. The results of three different
mass bins are presented.
(A color version of this figure is available in the online journal.)

with a wide mass distribution, we stacked the profiles of similar-
mass halos.

Halos resolved by a small number of particles suffer from
numerical artifacts introduced by two-body relaxation. First, we
evaluate the minimum mass that yields a reliable density profile.
Figure 2 shows the normalized stacked density differences
at z = 32 between the A_N4096L400 simulation and the
A_N4096L200 simulation for halos of different masses (5 ×
10−7 M⊙, 1 × 10−6 M⊙ and 2 × 10−6 M⊙). The density profile
of the higher mass halo (2×10−6 M⊙) is almost identical in both
simulations. The difference is below 5% within the radial range

3

Single-Stream Regions 11

Figure 14. A thin slice (width 40 kpc) through a cosmological ⇤CDM simulation. Top right: density field (logarithmic). Other panels:
Classification into multi-stream regions (in black) and single-stream regions (color) for di↵erent di↵erent grid resolutions: top left 5123

bins, bottom left 10243 and bottom right 20483. Each distinct single-stream region is assigned a random color. Many of the connected
regions do not appear to be connected within this slice, but are connected through the third dimension. In the cases with 5123 and
10243 bins the single-stream regions do note percolate. In the 20483 case there is one region (dark blue) which percolates in the y-
dimension, but not in the x- and z-dimensions. Note that since this is a thin slice through Eulerian space, most structures that appear
string-like are slices through pancakes. We provide movies that scroll through the z-coordinate of these slices under wwwmpa.mpa-
garching.mpg.de/paper/singlestream2017/percolation.html.

Additionally, we determine for the re-sampled particles the
determinant of the real space distortion tensor

Dxq = det

✓
@~x
@~q

◆
(29)

where ~x are Eulerian and ~q are Lagrangian coordinates. We
determine all bins which contain any re-sampled particles
that have a negative determinant and classify them as multi-
stream regions. Note that this works, since all multi-stream

regions contain streams which have gone through at least
one caustic, and further, every time a particle goes through a
caustic, the determinant of the distortion tensor flips its sign
- starting with a positive sign initially (Vogelsberger et al.
2008; Vogelsberger & White 2011; Shandarin & Medvedev
2014). We give a more detailed description of this algorithm
in Appendix B. Note that this way of determining single-
stream regions is very robust and simple to implement. It
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2. DM clumps in the Galaxy



Dark matter clump formation

1) by the growth of adiabatic or iso-thermal fluctuations 
(originating at inflation) during matter dominated epoch

2) from the density fluctuations in models with                      
e.g., topological defects (cosmic strings, domain walls)

3) during radiation dominated epoch from                                
non-linear iso-thermal fluctuations                           
(originating in phase transitions in the early universe)

the most conservative case
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Fig. 1.—Topographical maps of one-dimensional Gaussian random density fields F(r, A) as a function of position and resolution for (a) sharp /c-space filtering 

and (b) Gaussian filtering. The spectra are n = 0 power laws. The depth dimension is log10 (Rf), with a spacing of 0.06 and depth coverage a factor of 1.5. The 
horizontal dimension is position r, the range is 1/64 of the box the field was generated on. The range in the rms amplitude is (32)1/2. 

shoreline Rf(r)—the first upcrossing contour. While we would also find inland bodies of water, and these might contain islands or 
peninsulas, these are clearly distinct from the ocean. 

We define a variable A = a j which in this paper will be called the “ resolution ” and which acts like a pseudo-time variable : 

A = <jj(Rf) = J (0 <1 Rf)l2> • (2-2) 

A is just the variance of the density field at resolution Rf. In this paper, we consider the following three filters : 
(1) Sharp /c-space: 

WK(r ; Rk) = (47rRfc/3)-13(sin x — x cos x)/x3 , x = r/Rk , 
WK(k; Rk) = S(\-kRk) ; (2.3a) 

(2) Gaussian: 
WG(r; Rf) = exp (-r2/2R2

f)(2nR2
fy3/2 , 

WG(k; Rf) = exp (-R2k2/2) ; (2.3b) 
(3) Top Hat: 

^th) = #^1 — ^ ^"3” > 

W^H(k ; Rth) = 3(sin x — x cos x)/x3 , x = kRTH . (2.3c) 

The choice of sharp /c-space or Gaussian filtering is primarily motivated by convenience of analysis. These filters have the 
disadvantage that it is not easy to associate a well-defined mass with Rf (beyond the simple dimensional consideration that M 
should scale as Rj). This is a serious disadvantage since the goal is to predict n(M)dM, i.e., the number density of objects in the mass 
range M to M + dM. The problem can only be solved by calibration against iV-body computations. The top hat filter partially 
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Dark matter clump formation

1) by the growth of adiabatic or iso-thermal fluctuations 
(originating at inflation) during matter dominated epoch
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We investigate the capability of pulsar timing arrays as a probe of small-scale clumps of dark
matter (DM). A clump passing nearby the Earth or a pulsar can give an impulse acceleration and
induces residuals on otherwise orderly pulsar timing data. We show that ... .

PACS numbers: Valid PACS appear here

I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
M�.

II. SMALL-SCALE CLUMPS IN THE GALAXY

There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.

In the spherical collapse model, the average density of
a clump formed from a ⌫-sigma fluctuation is (e.g., [8])

⇢̄i = ⇢eq


⌫�eq(M)

�c

�3
, (1)

where  = 18⇡2 ' 177.7, �c = 3(12⇡)2/3/20 ' 1.686,
⇢eq = ⇢0(1 + zeq)3, ⇢0 = 1.87847 ⇥ 10�29 ⌦mh

2 g cm�3,
and 1+ zeq = 2.35⇥ 104 ⌦mh

2. The radius of the clump
is

R̄ =

✓
3M

4⇡⇢̄i

◆1/3

. (2)

In the course of forming hierarchical structures, DM
clumps can be disrupted by the tidal interaction between

with each other. In this process, less dense clumps formed
from a smaller fluctuation are selectively disrupted. Sur-
viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
halo collapses, can be described as

⇠i
dM

M
' 0.02(3� n)

dM

M
(3)

where

n = �3


1 + 2

@ log �eq(M)

@ logM

�
. (4)

Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
given by Eisenstein and Hu [14], and then ⇢̄i, R̄i, n, and
⇠i from Eqs. (1-4). The average density of a small clump
is approximately given as

⇢̄i ⇠???⇥ 10�23 g cm�3
⇣
⌫

2

⌘3
✓

M

M�

◆�3↵

, (5)

and the radius of the clump is

R̄ ⇠??? AU
⇣
⌫

2

⌘�1
✓

M

M�

◆↵+1/3

, (6)

where ↵ = 0.0204. The dotted line in Fig. 2 shows the
result of ⇠i. How does it look like?
There can be a lower cut-o↵ mass scale depending on

the DM particle mass. For example, in the case of 100
GeV WIMP, the cuto↵ will be at ⇠ 10�6

M� while in the
case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12

M�
(cite a review of particle DM). The dotted-dash lines in
Fig. 2 show the impact of the free-streaming e↵ect.
The current mass distribution of clumps in the Galaxy

has been modified from Eq. (3); DM clumps can be
tidally disrupted by the tidal shock occurring especially
when the clumps cross the stellar disk. We estimate the
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I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
M�.

II. SMALL-SCALE CLUMPS IN THE GALAXY

There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.

In the spherical collapse model, the average density of
a clump formed from a ⌫-sigma fluctuation is (e.g., [8])

⇢̄i = ⇢eq


⌫�eq(M)

�c

�3
, (1)

where  = 18⇡2 ' 177.7, �c = 3(12⇡)2/3/20 ' 1.686,
⇢eq = ⇢0(1 + zeq)3, ⇢0 = 1.87847 ⇥ 10�29 ⌦mh

2 g cm�3,
and 1+ zeq = 2.35⇥ 104 ⌦mh

2. The radius of the clump
is

R̄ =

✓
3M

4⇡⇢̄i

◆1/3

. (2)

In the course of forming hierarchical structures, DM
clumps can be disrupted by the tidal interaction between

with each other. In this process, less dense clumps formed
from a smaller fluctuation are selectively disrupted. Sur-
viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
halo collapses, can be described as

⇠i
dM

M
' 0.02(3� n)

dM

M
(3)

where

n = �3


1 + 2

@ log �eq(M)

@ logM

�
. (4)

Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
given by Eisenstein and Hu [14], and then ⇢̄i, R̄i, n, and
⇠i from Eqs. (1-4). The average density of a small clump
is approximately given as

⇢̄i ⇠???⇥ 10�23 g cm�3
⇣
⌫

2

⌘3
✓

M

M�

◆�3↵

, (5)

and the radius of the clump is

R̄ ⇠??? AU
⇣
⌫

2

⌘�1
✓

M

M�

◆↵+1/3

, (6)

where ↵ = 0.0204. The dotted line in Fig. 2 shows the
result of ⇠i. How does it look like?
There can be a lower cut-o↵ mass scale depending on

the DM particle mass. For example, in the case of 100
GeV WIMP, the cuto↵ will be at ⇠ 10�6

M� while in the
case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12

M�
(cite a review of particle DM). The dotted-dash lines in
Fig. 2 show the impact of the free-streaming e↵ect.
The current mass distribution of clumps in the Galaxy

has been modified from Eq. (3); DM clumps can be
tidally disrupted by the tidal shock occurring especially
when the clumps cross the stellar disk. We estimate the
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I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
M�.

II. SMALL-SCALE CLUMPS IN THE GALAXY

There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.

In the spherical collapse model, the average density of
a clump formed from a ⌫-sigma fluctuation is (e.g., [8])

⇢̄i = ⇢eq


⌫�eq(M)

�c

�3
, (1)

where  = 18⇡2 ' 177.7, �c = 3(12⇡)2/3/20 ' 1.686,
⇢eq = ⇢0(1 + zeq)3, ⇢0 = 1.87847 ⇥ 10�29 ⌦mh

2 g cm�3,
and 1+ zeq = 2.35⇥ 104 ⌦mh

2. The radius of the clump
is

R̄ =

✓
3M

4⇡⇢̄i

◆1/3

. (2)

In the course of forming hierarchical structures, DM
clumps can be disrupted by the tidal interaction between

with each other. In this process, less dense clumps formed
from a smaller fluctuation are selectively disrupted. Sur-
viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
halo collapses, can be described as

⇠i
dM

M
' 0.02(3� n)

dM

M
(3)

where

n = �3


1 + 2

@ log �eq(M)

@ logM

�
. (4)

Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
given by Eisenstein and Hu [14], and then ⇢̄i, R̄i, n, and
⇠i from Eqs. (1-4). The average density of a small clump
is approximately given as
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where ↵ = 0.0204. The dotted line in Fig. 2 shows the
result of ⇠i. How does it look like?
There can be a lower cut-o↵ mass scale depending on

the DM particle mass. For example, in the case of 100
GeV WIMP, the cuto↵ will be at ⇠ 10�6

M� while in the
case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12

M�
(cite a review of particle DM). The dotted-dash lines in
Fig. 2 show the impact of the free-streaming e↵ect.
The current mass distribution of clumps in the Galaxy

has been modified from Eq. (3); DM clumps can be
tidally disrupted by the tidal shock occurring especially
when the clumps cross the stellar disk. We estimate the
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I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
M�.

II. SMALL-SCALE CLUMPS IN THE GALAXY

There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.

In the spherical collapse model, the average density of
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viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
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of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
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clumps with masses ranging from 10�12
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Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
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case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12
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I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
M�.

II. SMALL-SCALE CLUMPS IN THE GALAXY

There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.

In the spherical collapse model, the average density of
a clump formed from a ⌫-sigma fluctuation is (e.g., [8])

⇢̄i = ⇢eq
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⇢eq = ⇢0(1 + zeq)3, ⇢0 = 1.87847 ⇥ 10�29 ⌦mh
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is
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In the course of forming hierarchical structures, DM
clumps can be disrupted by the tidal interaction between

with each other. In this process, less dense clumps formed
from a smaller fluctuation are selectively disrupted. Sur-
viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
halo collapses, can be described as
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where
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Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
given by Eisenstein and Hu [14], and then ⇢̄i, R̄i, n, and
⇠i from Eqs. (1-4). The average density of a small clump
is approximately given as
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where ↵ = 0.0204. The dotted line in Fig. 2 shows the
result of ⇠i. How does it look like?
There can be a lower cut-o↵ mass scale depending on

the DM particle mass. For example, in the case of 100
GeV WIMP, the cuto↵ will be at ⇠ 10�6

M� while in the
case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12

M�
(cite a review of particle DM). The dotted-dash lines in
Fig. 2 show the impact of the free-streaming e↵ect.
The current mass distribution of clumps in the Galaxy

has been modified from Eq. (3); DM clumps can be
tidally disrupted by the tidal shock occurring especially
when the clumps cross the stellar disk. We estimate the
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I. INTRODUCTION

Dark matter (DM) is ubiquitous. Weakly interacting
massive particles (WIMPs)? Axions? Primordial black
holes (PBHs)? Fuzzy or not?

The structure formation theory generally predicts that
DM clumps are formed at high-z universe and a fraction
of them are survived until now also inside the Galaxy.
The mass density distribution and internal structure
(e.g., core or cusp) reflect the imprint of inflation, the na-
ture of DM and evolution history of the Galaxy, so prob-
ing these are important (see e.g., [1]). But DM clumps
are elusive.

In this paper, we propose to utilize pulsar timing arrays
(PTAs) for searching small-scale DM clumps. Previous
studies consider the Shapiro time delay [2–5]. Instead
we newly consider impulsive acceleration of the earth or
pulsars. The schematic picture is shown in Fig. I. The
same approach has been investigated in terms of search
PBHs [6, 7]. Our approach can put independent and
stringent constraints on the abundance of small-scale DM
clumps with masses ranging from 10�12

M� to 10�6
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There is no observational constraint on small-scale fluc-
tuations at k & 10 h Mpc�1.
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In the course of forming hierarchical structures, DM
clumps can be disrupted by the tidal interaction between

with each other. In this process, less dense clumps formed
from a smaller fluctuation are selectively disrupted. Sur-
viving clumps are mainly from ⌫ ⇡ 2 fluctuations and
the mass distribution, say at the redshift the Milky-way
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Numerical simulations predicts broadly consistent abun-
dances (e.g., [9–12]), although the uncertainties are still
large.
We calculate �eq(M) using the cosmological parame-

ters obtained by Planck [13] and the transfer function
given by Eisenstein and Hu [14], and then ⇢̄i, R̄i, n, and
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result of ⇠i. How does it look like?
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M� while in the
case of 10 µeV axion, the cuto↵ will be at ⇠ 10�12
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(cite a review of particle DM). The dotted-dash lines in
Fig. 2 show the impact of the free-streaming e↵ect.
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has been modified from Eq. (3); DM clumps can be
tidally disrupted by the tidal shock occurring especially
when the clumps cross the stellar disk. We estimate the

ü The survival probability of clumps with M (integrated over ν) 

The survived clumps are typically from ν ~ 2.

For a 1026M( object rE . 1027 pc; which is much smaller than the
size of the mini-haloes considered here, so it is unlikely that
gravitational lensing can provide a constraint on their presence,
either in our halo or on cosmological path lengths to distant
quasars.

Indirect detection is a more interesting possibility and several
ongoing and planned experiments aim to detect the atmospheric
Cerenkov light from g-rays produced by neutralino annihilation in
the cores of dark haloes7,25–28. Simple scaling arguments show that
minihaloes can have high relative luminosities in g-rays. The
absolute g-ray luminosity of a dark-matter halo with a Navarro–
Frenk–White (NFW) density profile is L/ r2s r

3
s ;where r s is the scale

radius of the NFW profile and r s ¼ r(r s) (ref. 29). The relative
luminosity that would arrive at the detector from a halo at a distance
d is then L rel / Ld22.

Now we compare the relative luminosity of a minihalo at a
distance of 0.1 pc (their expected mean separation) to the signal
from the centre of the Draco dwarf galaxy:

Lrel;mini

Lrel;draco
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1:7£ 105rcrit

! "2
0:005pc

300pc

! "3 0:1pc

82;000pc

! "21

< 5 ð2Þ

where we used the typical minihalo properties from our simu-
lations and where rcrit is the critical energy density. The large
abundance of the smallest subclumps compensates their smaller
absolute luminosity and the closest of them will be bright sources
of g-rays. The background flux will be enhanced by a boost factor
of over two orders of magnitude over a smooth Galactic dark-

matter potential. Current indirect detection experiments such as
VERITAS26, HESS27, MAGIC28 or CANGAROO-III25 can probe
part of the parameter space predicted by SUSY theory by observ-
ing the galactic centre. However this region is dynamically com-
plex because it contains numerous confusing astrophysical g-ray
sources and a supermassive black hole that can erase the central
cusp. CDM minihaloes are potentially bright and will not suffer
from these problems. All-sky surveys could detect some nearby
minihaloes that would have a characteristic extent on the sky,
similar to the extent expected for a more distant satellite galaxy
like Draco. A
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Figure 3 The abundance of collapsed and virialized dark-matter haloes of a given mass.
The same region was simulated twice using different types of initial fluctuations: (1) SUSY-

CDM with a 100-GeV neutralino (star symbols with 1-j error bars); and (2) an additional

model with no small-scale cut-off to the power spectrum (open circles) as might be

produced by an axion dark-matter candidate. Densities are given in co-moving units.

Model 2 has a steep mass function down to the resolution limit, whereas run 1 has many

fewer haloes below a mass of about 5 £ 1026h21M ( ¼ 3.5 £ 1026M (, where

h ¼ 0.71 is the normalized present-day Hubble expansion rate. (Our simulations do not

probe the mass range from about 3 £ 1024h21M ( to 2 £ 1021h21M (). The

dashed-dotted line shows an extrapolation of the number density of Galaxy haloes (from

ref. 21) assuming dn(M )/dlogM / M 21. The solid line is the function dn (M ) /

dlogM ¼ 2.8 £ 109(M/h21M ()
21 exp[2(M/M cut–off)

22/3] in units of (h21M pc)23,

with a cut-off mass M cut–off ¼ 5.7 £ 1026h21M (. The power spectrum cut-off is

P(k ) / exp[2(k /k fs]
2), where k fs is the free streaming scale and assuming k / M 21/3

motivates the exponent of 22/3 in our fitting function.
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compatible with numerical studies (see also, e.g., Springel et al 08, Ishiyama 14, Stucker et al. 17)
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Dark matter clump destruction 
by the tidal interaction

(2) with the Galactic disk and halo stars
e.g., an iso-thermal earth-mass scale clump passing the Galactic disk 
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FIG. 1. Schematic pictures of small scale dark matter (DM) clump searches using a pulsar timing array (PTA). The impulse
signal of a DM clump is characterized by its mass M , the relative velocity V to the target, the impact parameter b, and the
projection angle ✓ between the pulsar-Earth line and the closest approach. Left panel shows the case with a DM clump passing
nearby the Earth. The acceleration by the DM clump is imprinted in all the timing data available. By taking the correlation
of the timing data, the signal can be e↵ectively amplified by a factor of

p
NPSR. Right panel shows the case with a DM clump

passing near a pulsar. The DM clump modulates the timing data of the specific pulsar alone. The rate of such encounter is
proportional to the number of pulsars NPSR.

surviving probability of clumps following [15–18]. To this
end, ... . We assume the NFW profile;

⇢h(r) =
⇢̄h

(r/L)(1 + r/L)2
(7)

with ⇢̄h = 1.4⇥ 107 M� kpc�3 and L = 16 kpc, and the
surface density of the stellar disk as

�d(r) =
md

2⇡rd2
e
�r/rd (8)

with md = 6⇥ 1010 M� and rd = 2.6 kpc [19]. I should
check [20, 21]. The survival probability also depends on
the inner density structure of DM clumps. Here we con-
sider an isothermal profile;

⇢ =
⇢̄i

3

✓
R

R̄

◆�2

, (9)

for representative purpose. The density profile of small-
scale DM clumps may or may not be steeper (e.g., [22]
and references therein).

The thick and thin solid black lines in Fig. 2 show the
current mass distribution of DM clumps at the Galactic
radii of 8 kpc and 3 kpc, respectively. How does it look
like?

III. DARK MATTER CLUMP DETECTION
WITH PULSAR TIMING ARRAYS

In this paper, we assume that our PTAs are composed
by totally NPSR pulsars with roughly the same level of
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FIG. 2. Sensitivity of a pulsar timing array for small-scale
dark-matter clumps. The red and blue solid lines indicate the
parameter region detectable using the Earth and pulsar terms,
respectively. The thick and thin black solid lines show the
current mass density distribution of dark-matter clumps at 8
and 3 kpc from the Galactic center, respectively. The dotted
line indicates the cosmological mass density distribution (see
Eq.3).

timing noises. We further assume that the noises are
white and have no correlation between di↵erent pulsars
(see [? ] for impacts of red noises). Note that the total
numbers of the Earth terms and the pulsar terms are
both NPSR.

In Fig.1, we provide schematic pictures of DM clump
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passing near a pulsar. The DM clump modulates the timing data of the specific pulsar alone. The rate of such encounter is
proportional to the number of pulsars NPSR.

surviving probability of clumps following [15–18]. To this
end, ... . We assume the NFW profile;

⇢h(r) =
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(r/L)(1 + r/L)2
(7)

with ⇢̄h = 1.4⇥ 107 M� kpc�3 and L = 16 kpc, and the
surface density of the stellar disk as

�d(r) =
md
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e
�r/rd (8)

with md = 6⇥ 1010 M� and rd = 2.6 kpc [19]. I should
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the inner density structure of DM clumps. Here we con-
sider an isothermal profile;
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for representative purpose. The density profile of small-
scale DM clumps may or may not be steeper (e.g., [22]
and references therein).

The thick and thin solid black lines in Fig. 2 show the
current mass distribution of DM clumps at the Galactic
radii of 8 kpc and 3 kpc, respectively. How does it look
like?
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line indicates the cosmological mass density distribution (see
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timing noises. We further assume that the noises are
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numbers of the Earth terms and the pulsar terms are
both NPSR.
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Dark matter clump destruction 
by the tidal interaction

(2) with the Galactic disk and halo stars
e.g., an iso-thermal earth-mass scale clump passing the Galactic disk 
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à Clumps with a circular motion at the solar system radii are destructed within the Galaxy age.

But a non-negligible fraction of clumps have eccentric orbits and cross the disk less than ~100 times!



Dark matter clump destruction 
by the tidal interaction

(2) with the Galactic disk and halo stars

How many times a clump crosses the Galactic disk depends on 
i) energy E
ii) angular momentum L

of the clump. 

The distribution of (E, L) and thus of orbits and survival probabilities at the Galactic age
can be calculated for a given MW DM halo profile (e.g., NFW profile).



10-6

10-5

10-4

10-3

10-2

10-1

100

10-13 10-12 10-11 10-10 10-9 10-8 10-7 10-6 10-5

10
0 G

eV
 W

IM
P

10 µe
V ax

ion

ξ (8 kpc)

ξ (3 kpc)

ξi

D
ar

k-
M

at
te

r-
C

lu
m

p 
M

as
s D

en
si

ty

Dark-Matter-Clump Mass [M⊙]



3. Sensitivity of a PTA



https://vimeo.com/123422738

credit: David J. Champion
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Parkes 
20 PSRs with timing precision ~100 ns

SKA 
>100 PSRs with timing precision ~10 ns?

Reardon et al 15
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FIG. 1. Schematic pictures of small scale dark matter (DM) clump searches using a pulsar timing array (PTA). The impulse
signal of a DM clump is characterized by its mass M , the relative velocity V to the target, the impact parameter b, and the
projection angle ✓ between the pulsar-Earth line and the closest approach. Left panel shows the case with a DM clump passing
nearby the Earth. The acceleration by the DM clump is imprinted in all the timing data available. By taking the correlation
of the timing data, the signal can be e↵ectively amplified by a factor of

p
NPSR. Right panel shows the case with a DM clump

passing near a pulsar. The DM clump modulates the timing data of the specific pulsar alone. The rate of such encounter is
proportional to the number of pulsars NPSR.

surviving probability of clumps following [15–18]. To this
end, ... . We assume the NFW profile;

⇢h(r) =
⇢̄h

(r/L)(1 + r/L)2
(7)

with ⇢̄h = 1.4⇥ 107 M� kpc�3 and L = 16 kpc, and the
surface density of the stellar disk as

�d(r) =
md

2⇡rd2
e
�r/rd (8)

with md = 6⇥ 1010 M� and rd = 2.6 kpc [19]. I should
check [20, 21]. The survival probability also depends on
the inner density structure of DM clumps. Here we con-
sider an isothermal profile;

⇢ =
⇢̄i
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for representative purpose. The density profile of small-
scale DM clumps may or may not be steeper (e.g., [22]
and references therein).

The thick and thin solid black lines in Fig. 2 show the
current mass distribution of DM clumps at the Galactic
radii of 8 kpc and 3 kpc, respectively. How does it look
like?

III. DARK MATTER CLUMP DETECTION
WITH PULSAR TIMING ARRAYS

In this paper, we assume that our PTAs are composed
by totally NPSR pulsars with roughly the same level of
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FIG. 2. Sensitivity of a pulsar timing array for small-scale
dark-matter clumps. The red and blue solid lines indicate the
parameter region detectable using the Earth and pulsar terms,
respectively. The thick and thin black solid lines show the
current mass density distribution of dark-matter clumps at 8
and 3 kpc from the Galactic center, respectively. The dotted
line indicates the cosmological mass density distribution (see
Eq.3).

timing noises. We further assume that the noises are
white and have no correlation between di↵erent pulsars
(see [? ] for impacts of red noises). Note that the total
numbers of the Earth terms and the pulsar terms are
both NPSR.

In Fig.1, we provide schematic pictures of DM clump

Our proposal 
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Signal
In the Fourier space, the main contribution of the impulse acceleration 
is the mode with the frequency f = 1/T , where

3

search with a PTA. The left panel shows the case in which
a DM clump passes nearby the solar system and excites
the Earth terms coherently for the TOA data of all the
pulsars. In the right panel a DM clump flybys a pulsar
and modulates only the specific pulsar term.

As mentioned earlier, we can amplify the sensitivity of
the Earth terms by a factor of ⇠ 1/

p
NPSR using their

coherent structure. In contrast, the flybys of DM clumps
around the whole pulsars occur ⇠ NPSR times more fre-
quently than those around the Earth alone.

We hereafter assume that, when a PTA is available,
the coherent Earth term can be removed from TOA data
of each pulsar, and its pulsar term can be analyzed sep-
arately.

A. Signal to Noise Ratio

Here we estimate the signal-to-noise ratio (S/N) of a
flyby event in the TOA data of a PTA. The target mass
can be the Earth or one of the pulsars. In the Fourier
space, the main contribution of the impulse acceleration
is the mode with the frequency f = 1/T , where T is the
time scale for the clump passing around the target. In
the same manner, the amplitude sf of the mode can be
estimated as sf ⇡ (aT 2

/c) ⇥ | cos ✓|. Here a is the peak
magnitude of acceleration and ✓ is the angle between the
pulsar-Earth line and the closest approach (see Fig.1).
With the impact parameter b and the relative velocity
V , the two quantities T and a are given as

T ⇡ b

V
⇠ 10 yr

✓
b

740 AU

◆✓
V

350 km/s

◆�1

, (10)

and a ⇡ GMc/b
2, whereMc is the mass of the DM clump.

Then the Fourier amplitude of the timing residual is ex-
pressed as sf ⇡ (GMc/cV

2)⇥ | cos ✓|, or

sf ⇠ 10 ns

✓
Mc

1025 g

◆✓
V

350 km/s

◆�2 ✓ | cos ✓|
0.58

◆
. (11)

Next we evaluate the noise associated with the timing
analysis. Using the sampling rate ⌫ of TOAs and the
rms noise � of each TOA, the Fourier mode of the timing
noise at the frequency f = 1/T is given as ⇠ �/

p
T⌫.

This result is for TOA data of a single pulsar. When we
deal with a PTA, it is important to distinguish whether
we examine the Earth terms or a pulsar term. For the
former, we have the statistical reduction factor 1/

p
NPSR

from the coherence of the signals. Therefore, the e↵ective

noise level for the impulse search can be expressed as

nf ⇠ 6.2ns
⇣

�

100 ns

⌘✓
T

10 yr

◆�1/2 ✓
⌫

0.50 wk�1

◆�1/2

NPSR
�E/2

(12)
with E = 0 or 1 for a pulsar term and the Earth terms,
respectively. From Eqs.(11) and (12) the signal-to-noise
ratio of the flyby detection is now given as S/N ⌘ sf/nf .
The signal of DM clump is observationally character-

ized by the duration T and the amplitude sf . On the
other hand, there are four physical parameters, b, Mc, V ,
and ✓. [23] Thus, in general, we can obtain only two con-
straints between these four parameters, even if the signal
is detected with a high signal-to-noise ratio. However,
when constraining the parameters of DM clumps, we can
set fiducial values for V and ✓ based on the following con-
siderations. The rms velocity for halo DM relative to the
solar system is dynamically estimated to be ⇠ 350km/s
[24]. Besides, the typical peculiar velocity of the observed
MSPs are relatively small . 100km/s [? ]. Thus, it is
reasonable to fix V = 350km/s for discussing both the
Earth and pulsar terms induced by DM clumps. Fur-
thermore, if the scatterings between DM clumps and the
targets occur isotropically, the ensemble average of the
projection angle ✓ becomes

p
hcos2 ✓i = 1/

p
3 ⇠ 0.58.

Hereafter we fix | cos ✓| = 0.58 as the fiducial value. Now
the observational parameters (T and sf ) and the physical
parameters (b and Mc) have one-to-one correspondence
in our order-of-magnitude estimation. [25]
Now we can estimate the event rate of DM clumps

passing one of the pulsars or the earth with an impact
parameter of b. The total event rate and the distribution
of the S/N depends on the DM model.

IV. DISCUSSION

• Comparison with other method to costrain the
small-scale DM clumps: Our approach is com-
plementary to using micro-lensing? As for ultra-
compact minihalos, the constraints obtained by
Fermi is more stringent? To use the Shapiro time
delay is sensitive to larger clump masses.

• Contamination sources: Gravitational waves from
binary super-massive black holes and floating plan-
ets.
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Noise
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Using the sampling rate ν of timing of arrivals (TOAs)
and the rms noise σ each TOA, the Fourier mode of 
the timing noise at the frequency f = 1/T is 

nf ⇡ �p
T⌫

⇠ 6.2 ns
⇣ �

100 ns

⌘✓
T

10 yr

◆�1/2 ⇣ ⌫

0.5 wk�1

⌘�1/2

üPulsar term

ü Earth term
The noise can be reduced by a factor of (NPSR)1/2.



Event rate

For a given DM density,

the event rate of close encounter of a DM clump with the earth is   
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signal of a DM clump is characterized by its mass M , the relative velocity V to the target, the impact parameter b, and the
projection angle ✓ between the pulsar-Earth line and the closest approach. Left panel shows the case with a DM clump passing
nearby the Earth. The acceleration by the DM clump is imprinted in all the timing data available. By taking the correlation
of the timing data, the signal can be e↵ectively amplified by a factor of

p
NPSR. Right panel shows the case with a DM clump

passing near a pulsar. The DM clump modulates the timing data of the specific pulsar alone. The rate of such encounter is
proportional to the number of pulsars NPSR.

surviving probability of clumps following [15–18]. To this
end, ... . We assume the NFW profile;

⇢h(r) =
⇢̄h

(r/L)(1 + r/L)2
(7)

with ⇢̄h = 1.4⇥ 107 M� kpc�3 and L = 16 kpc, and the
surface density of the stellar disk as

�d(r) =
md

2⇡rd2
e
�r/rd (8)

with md = 6⇥ 1010 M� and rd = 2.6 kpc [19]. I should
check [20, 21]. The survival probability also depends on
the inner density structure of DM clumps. Here we con-
sider an isothermal profile;

⇢ =
⇢̄i

3

✓
R

R̄

◆�2

, (9)

for representative purpose. The density profile of small-
scale DM clumps may or may not be steeper (e.g., [22]
and references therein).

The thick and thin solid black lines in Fig. 2 show the
current mass distribution of DM clumps at the Galactic
radii of 8 kpc and 3 kpc, respectively. How does it look
like?

III. DARK MATTER CLUMP DETECTION
WITH PULSAR TIMING ARRAYS

In this paper, we assume that our PTAs are composed
by totally NPSR pulsars with roughly the same level of
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FIG. 2. Sensitivity of a pulsar timing array for small-scale
dark-matter clumps. The red and blue solid lines indicate the
parameter region detectable using the Earth and pulsar terms,
respectively. The thick and thin black solid lines show the
current mass density distribution of dark-matter clumps at 8
and 3 kpc from the Galactic center, respectively. The dotted
line indicates the cosmological mass density distribution (see
Eq.3).

timing noises. We further assume that the noises are
white and have no correlation between di↵erent pulsars
(see [? ] for impacts of red noises). Note that the total
numbers of the Earth terms and the pulsar terms are
both NPSR.

In Fig.1, we provide schematic pictures of DM clump

and a survival probability, 

ü Earth term
⇠(M, r)

R ⇡ ⇡b2V
⇠(M, r)⇢h(r)

M

����
r�
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◆

üPulsar term
The event rate is much larger by a factor of NPSR
(but also depends on ξ(r), ρh(r), V at each pulsar’s position).



Conditions for detections 

1. S/N is larger than a threshold value, e.g., 

2. At least one event occurs during the observation time;

3. The duration of signal is shorter than the observation time;

sf/nf > 3

RTobs > 1

T < Tobs
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